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PREFACE 

TO THE AMERICAN EDITION. 

v. , 

The Editor, in offering to the public Dr. Brewster's 
translation of Legendre's Geometry under its present 
form, is fully impressed with the responsibility he 
assumes in making alterations in a work of such de- 
served celebrity* 

In the original work, as well as in the translations 
of Dr. Brewster and Professor Farrar, the proposi- 
tions are not enunciated in general terms, but with 
reference to, and by the aid of, the particular diagrams 
used for the demonstrations. It is believed that this 
^ departure from the method of Euclid has been gene- 
5* rally regretted. The propositions of Geometry are 
% general truths, and as such, should be stated in gene- 
5 ral terms, and without reference to particular figures. 
^ The method of enunciating them by tho aid of particu- 
^ lar diagrams seems to have been adopted to avoid the 
difficulty which beginners experience in comprehend- 
mg abstract propositions. But in avoiding this diffi* 
culty, and thus lessening, at first, the intellectual 
fabour^ the faculty of abstraction, which it is one of 
the primary objects of the study of Geometry to 
strengthen, remains, to a certain extent, unimproved. 
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!▼ PREFACE. 

Besides the alterations in the enunciation ojf tM 
propositions, others of considerable importance have 
also been made in the present edition. , The propo- 
sition in Book V., which proves that a polygon and 
circle may be made to coincide so nearly, as to differ 
from each other by less than any assignable quantity, 
has been taken from the Edinburgh Encyclopedia. 
It is proved in the corollaries that a polygon of an 
infinite number of sides becomes a circle, and this 
pnnciple is made the basis of several important de- 
monstrations in Book VIII. 

Book II.,Qn Ratios and Proportions, has been partly- 
adopted from the Encyclopedia Metropolitana, and 
will, it is believec}, supply a deficiency in the original 
work. 

Very considerable alterations have also been made 

in thjB manner of treating the subjects of Plane and 

Spherical Trigonometry. It has also been thought 

best to pubHsh with the present edition a table of 

logarithms and logarithmic sines, and to apply the 
principles of geometry to the mensuration of sur- 
faces and solids. 
Military Academy, 

West Point, March, 1834. 
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ELEMENTS OF GEOMETRY. 



BOOK I. 

THE PRINCIPLES. 

Definitions. 

1. Geometry is the science which has for its object the 
measurement of extension. 

Extension has three dimensions, length, breadth, and height, 
or thickness. 

2. A line is length without breadth, or thickness. 

The extremities of a line are called points : a point, there- 
fore, has neither length, breadth, nor thickness, but position 
only. 

3. A straight line is 'the shortest distance from one point to 
another. 

4. Every line which is not straight, or composed of straight 
lines, is a curved line. 

Thus, AB is a straight line ; ACDB is a 
broken line, or one composed of straight A.i 
lines; and AEB is a curved line. 



The word line, when used alone, will designate a straight 
line ; and the word curve, a curved line. 

5. A surface is that which has length and breadth, without 
height or thickness. 

6. A plane is a surface, in which, if two points be assumed 
at pleasure, and connected by a straight line, that line will lie 
wholly in the surface. 

7. Every surface, which is not a plane surface, or composed 
of plane surfaces, is a curved surface. ' 

8. A solid or body is that which has length, breadth, and 
thickness ; and therefore combines the three dimensions of 
extension. 
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9. When two straight lines, AB, AC, meet 
each other, their inclination or opening is call- 
ed an angle^ which is greater or less as the 
lines are more or less inclined or opened. The 
point of intersection A is the vertex of the j^ 
angle, and the lines AB, AC, are its sides. 

The angle is sometimes designated simply by the letter at 
the vertex A ; sometimes by the three letters fiAC, or CAB, 
the letter at the vertex being always placed in the middle. 

Angles, like all other quantities, are susceptible of addition, 
subtraction, multiplication, and division. 



Thus the angle DCE is the sum of 
the two angles DCB, BCE ; and the an- 
gle DCB is the difrei;ence of the two 
angles DCE, BCE. 




10. When a straight line AB meets another 
straight line CD, so as to make the adjacent 
angles BAC, BAD, equal to each other, each 
of those angles is called a right angle ; and the 
line AB is. said to be perpendicular to CD. z 



D 



11. Every angle BAC, less than a^ 
right angle, is an ojcute angle; ^nd 
every angle DEF, greater than a right 
angle, is an ohtuse angle, . 




12. Two lines are said to be parallel^ when 

being situated in the same plane, they cannot 
meet, how fqjr soever, either way, both of them 
be produced. 

13. A plane figure is a plane terminated on 
all sides by lines, either straight or curved. 

If the lines are straight, the space they enclose 
is called a rectilineal figure^ or polygon^ and the 
lines themselves, taken together,, form the contour, 
or perimeter of the polygon. 

14. The polygon of three sides, the simplest of all, is called 
a triangle ; that of fbiir sides, a quadrilateral; that of five, a 
pentagon; that of six, a hexagon ; that of seven, a heptagon; 
that of eight, an octagon ; that of nine^ a nonag<m; that of ten, a 
decagon ; and that of twelve, a dodecagon. 
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15. An tquilateral triangle is one which has its three sides 
equal ; an isosceles triangle, one which has two of its sides 
equal ; a scalene triangle, one which has its three sides unequal. 

16. A right-angled triangle is one which q 
has a right angle. The side opposite the 
right angle is called the hypothenuse. Thus, 
in the triangle ABC, right-angled at A, the 
side BC is the hypothenuse. 

17. Among the quadrilaterals, we distinguish : 

The square^ which has its sides equal, and its an 
gles right-angles. 



The rectangle, which has its angles right an- 
gles^ without having its sides equal. 

The parallelogram, or rhomboid, which 
has its opposite sides parallel. 



The rhombus^ or lozenge, which has its sides equal, 
without having its angles right angles. 




And lastly, the trapezoid^ only two of whose sides 
are parallel. 



18. A diagonal is a line which joins the ver- 
tices of two angles not adjacent to each cither. 
Thus, AF, AE, AD, AC, are diagonals. 



19. An equilateral polygon is one which has all its sides 
equal ; an equiangular polygon, one wHich has idl its angles 
equal. 

20. Two polygons are mutually equilateral, when they have 
their sides equal each to each, and placed m the same order ; 

Digitized by V^OOQIC 




12 GEOMETRY. 

that is to say, when following their perimeters ip the same di- 
rection, the first side of the one is equal to the first side of the 
other, the second of the one to the second of the other, the 
third to the third, and so on. The phrase, mutually equian^ 
guhr, has a corresponding signification, with respect to the 
angles. 

In both cases, the equal sides, or the equal angles, are named 
homologous sides or angles. 



Definitions of terms employed in Geometry. 

An axiom is a self-evident proposition. 

A theorem is a truth, which becomes evident by means of a 
train of reasoning called a demonstration. 

A problem is a question proposed, which requires a solu- 
tion. 

A lemma is a subsidiary tnUh, employed for the demonstra- 
tion of a theorem, or the solution of a problem. 

The common name, proposition, is applied indifferently, to 
theorems, problems, and lemmas. 

A corollary is an obvious consequence, deduced from one or 
several propositions. 

A scholium is a remark on one or several preceding propo- 
sitions, which tends to point out their connexion, their use; their 
restriction, or their extension. 

A hypothesis is a supposition, made either in the enunciation 
of a proposition, or in the course of a demonstration. 



Explanation of the symbols to he employed. 

The sign = is the sign of equality; thus, the expression 
A=B, signifies that A is equal to B. 

To signify that A is smaller than B, the expression A<B 
is used. 

To signify that A is greater than B, the expression A>B 
\s used ; the smaller quantity being always at the vortex of the 
angle. 

The sign + is called plus : it indicates addition. 

The sign — is called minus : it indicates subtraction. 
Thus, A+B, represents the sum of the quantities A and B; 
A — ^B represents their difference, or what remains after B is 
taken from A ; and A — ^B-f-C, or A+C — ^B, signifies that A 
and C^are to be added together, and that B is to be subtracte 
fipom their sum. 
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The sign x indicates multiplication : thus, A x B represents 
the product of A and B. Instead of the sign k , a point is 
sometimes employed ; thus, A.B is the same thing as A x B. , 
The same product is also designated without any intermediate 
sign, by Ad ; but this expression should not be employed, whep 
there is any danger of confounding it with that of the line AB, 
which expresses the distance between the points A and B. 

The expression Ax (B-fC — D) represents the product of 
A by the quantity B + C — ^D. If A+B were to be multiplied 
by A — B+C, the product would be indicated thus, (A+B) x 
(A — B + C), whatever is enclosed within the curved lines, being 
considered as a single quantity. 

A number placed before a line, or a quantity, serves as a 
multiplier to that line or quantity ; thus, 3AB signifies that 
the line AB is taken three times ; i A signifies the half of the 
angle A. 

The square of the line AB is designated by AB^; its cube 
by AB*. What is meant by the square and cube of a line, will 
be explained in its proper place. 

The sign V indicates a ro ot to be extracted; thus V2 
means the square-root of 2 ; V A x B means the square-root of 
the product of A and B. 

Axioms. 

1. Things which are equal to the same thing, are equal to 
each other. 

2. If equals be added to equals, the wholes will be equal* 

3. If equals he taken from equals, the remainders will be 
equal. 

4. If equals be added to unequals, the wholes will be un« 
equal. 

5. If equals be taken from unequals, the remainders will be 
unequal. 

6. Things which are double of the same tlung, are equal to 
each other. 

7. Things which are halves of the same thing, are equal to 
each other, 

8. The whole is greater than any of its parts. 

9. The whole is equal to the sum of all its parts. 

10. All right angles are equal to each other. 

1 1 From one point to another only one straight line can be 
drawn. 

12. Through the same point, only one straight line can be 
drawn which shall be J[)arallel to a given line. 

13. Magnitudes, which being appued to each other, coincide 
throughout their whole extent, are equaL > 
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PROPOSITION I. THEOREM. 

If' one straight line meet Another straight line, the sum of the 
two adjacent angles will be equal to two right angles. 

Let the straight line DC meet the straight 
line AB at C, 3ien will the angle ACD + 
the angle DCB, be equal to two right angles. 

At the point C, erect CE perpendicular to 

AB. The angle ACD is the sum of the an--r— ^ ^ 

gles ACE, ECD: therefore ACD 4- DCB is 
the sum of the three angles ACE, ECD, DCB : but the first 
of these three angles is a right angle, and the other two 
make up the right angle ECB ; hence, the sum of the two an- 
gles ACD and DCB, is equal to two right angles. 

Cor, 1. If one of the angles ACD, DCB, is a right angle, 
the other must be a right angle also. 

Cor. 2. If the line DE is perpendicular 
to AB, reciprocally, AB will be perpendicu- 
lar to DE. 

For, since DE is perpendicular to AB, the 
itngle ACD must be equal to its adjacent an- 
gle DCB, and both of them must be right 
angles (Def. 10.). But since ACD is a 
right angle, its adjacent angle ACE must also be a right angle 
(Cor. 1.). Hence the angle ACD is equal to the angle ACE, 
(Ax. 10.) : therefore AB is perpendicular to D£. 

Cor, 3. The sum of all the successive 
angles, BAC, CAD, DAE, EAF, formed 
on the same side of the straight line BF, 
is equal to two right angles ; for their sum 
is equal to that of the two adjacent an __ 
gles, BAC, CAF. ^ 



E 




PROPOSITION II. THEOREM. 

Two Straight Unes, which hnve two points common, coincide with 
each other throughout their whole extent, and fortn one and 
the same straight line. 

Let A and B be the two common 
points. In the first place it is evident 
that the two lines must coincide entirely 
between A and B, for othej^ise llicr^ 
would be two straight lines between A 
and B, which is imr^ossible (Ax. 1 1-'^. Sup- ' 
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pose, however, that on being produced, these lines begin to 
separate at C, the one becoming CD, the other CE. From 
the point C draw the line CF, making with AC the right angle 
ACF. Now, since ACD is a straight line, the angle FCD will 
be a right angle (Prop. I. Cor. 1.) ; and since ACE i§ a straight 
line, the angle FCE will likewise be a right angle. Hence, the 
angle FCD is equal to the angle '^CE (Ax. 10.); which can 
only be the case when the lines Ci) and CE coincide : there- 
fore, the straight Unes which have two points A and B com- 
mon, cannot separate at any point, when produced ; hence they 
form one and the same straight line. 

' PROPOSITION III, THEOREM. 

If a straight line meet two other straight lines at a common 
pointy making the sum of the two adjacent aiigles equal to two 
right angles^ the two straight lines which are met, will form 
one and the same straight line. 

Let the straight line CD meet the 
two hnes AC, CB, at their common 
point C, making the sum of the two 
adjacent angles DCA, DCB, equal to aT 
two right angles ; then will CB be the 
prolongation of AC, or AC and CB 
will form one and the same straight line. 

For, if CB is not the prolongation of AC, let CE be that pro- 
longation: then the line ACE being straight, the sum of the 
angles ACD, DCE, will be equal to two right angles (Prop. L). 
But by hypothesis, the sum of the angles ACD, DCB, is also 
equal to two right angles : therefore, ACD -f- DCE must be equal 
to ACD + DCB ; and taking away the angle ACD from each, 
there remains the angle DCE equal to the angle DCB, which 
can only be the case when the lines CE and CB coincide ; 
hence, AC, CB, form one and the same straight line. 

PROPOSITION IV. THEOREM. 

When two straight lines intersect each other ^ the opposite or ver- 
tical angles^ which they form^ are equal. 
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Let AB and DE be two straight^ 
lines, intersecting each other at C ; 
then will the angle ECB be equal to 
the angle ACD, and the angle ACE to 
the angle DCB. T) :fi^ 

For, since the straight line DE is met by the straight line 
AC, the sum of the angles ACE, ACD, is equal to two riglit 
angles (Prop. L) ; and since the straight line AB, is met by the 
straight line EC, the sum of the angles ACE and ECB, is equal 
to two right angles: hence the sum ACE + ACD is equal to 
the sum ACE -f ECB (Ax. 1.). Take away from both, the com- 
mon angle ACE, there remains the angle ACD, equal to its 
opposite or vertical angle ECB (Ax. 3.). 

Scholiufn. The four angles formed about a point by two 
straight lines, which intersect each other, are together equal to 
four right angles : for the sum of jthe two angles ACE, ECB, 
is equal to two right angles ; and the sum of the other two, 
ACD, DCB, is also equal to two right angles : therefore, the 
sum of the four is equal to four right angles. 

In general, if any number of straight lines 
CA, CB, CD, &c. meet in a point C, the ^^^ 
sumof all the successive angles ACB, BCD, 
DCE, ECF, FCA, will be equal to four 
right angles : for, if four right angles were 
formed about the point C, by two lines per- 
pendicular to each other, the same space 
would be occupied by the four right angles, as bv the succes- 
sive angles ACB, BCD, DCE, ECF, FCA. 




PROPOSITION V. THEOREM. 

If two triangles have two sides and the included angle of the one^ 
equal to two sides and the included angle of tlie other, each to 
each, the two triangles will he equal. 

Let the side ED be equal 
to the side BA, the side DF 
to the side AC, and the an- 
gle D to the angle A ; then 
will the triangle EDF be 
equal to the tnangle BAC. 

For, these triangles may be so applied to each other, that they 
shall exactly coincide. Let the triangle EDF, be placed upon 
^he triangle BAC, so that the point E shall fall upon B, and the 
side ED on the equal side BA^Aen, since the an^e D is equal 
to the angle A, the side DF will take the direction AC. But 
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DP is equal to AC ; therefore, the point F will fall on C, and 
the third side £F, will coincide with the third side BC (Ax. 1 1.): 
therefore, the triangle EDF is equal to the triangle BAG 
(Ax. 13.). 

Cor. When two triangles have these three things equal, 
namely, the side ED=BA, the side DF=AC, and the angle 
D=A, the remaining three are also respectively equal, namely, 
the side EF=BC, the angle E=B, and the angle F=C 



PROPOSITION VI, THEOREM. 

If two triangles have two angles and the included side oft/ie one^ 
equal to two angles and the included side oft/ie oilier^ each to 
each, the two triangles will be equal. 

Let the angle E be equal 
to the angle 6, the angle F 
to the angle C, and the in- 
cluded side EF to fhe in- 
cluded side BC ; then will 

the triangle EDF be equal ^ 

to the triangle BAG. ^ ^^ C 

For to apply the one to the other, let the side EF be placed 
on its equal BC, the point E falling on B, and the point F on 
C ; then, since the angle E is equal to the angle B, the side ED 
will take the direction BA ; and hence the point D will be found 
somewhere in the line BA. In like manner, since the angle 
F is equal to the argle C, the line FD will take the direction 
CA, and the point D will be found somewhere in the line CA. 
Hence, the point D, falling at the same time in the two straight 
lines BA and CA, must fall at their intersection A: hence, the 
two triangles EDF, BAC, coincide with each other, and are 
therefore equal (Ax. 13.). 

Cor. Whenever, in two triangles, these tliree things are equal, 
namely, the angle E=B, the angle F=C, and the included side 
EF equal to the included side BC, it may be inferred that the 
remaining three are also respectively equal, namely, the angle 
D=A, the side ED=BA, and the side DF=AC. 

Scholium. Two triangles are said to be equal, when being 
applied to each other, they will exactly coincide (Ax. 13.). 
Hence, equal triangles have their like parts equal, each to each, 
since those parts must coincide with each other. The converse 
of this proposition is also true, namely, that two triangles which 
have aU the parts of the one eqtuU to the parts of the other ^ each 
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to each^ are equal ; for they may be applied to each other, and 
the equal parts will mutually coincide. ^ 

PROPOSITION VII. THEOREM. 

Tlie sum of any two sides of a triangle^ is greater than the 
third side. 

Let ABC be a triangle : then will the 
sum of two of its sides, as AC, CB, be 
greater than the third side AB. 

For the straight line AB is the short- 
est distance between the points A and 
B (Def. 3.) ; hence AC + CB is greater 
than AB, 




PROPOSITION VIII. THEOREM. 

If from any point within a irianghy two straight lines he drawn 
to the extremities of either side^ their sum will be less than the 
sum of the two other sides of the triangle. " 

Let any point, as O, be taken within the trian- 
gle BAC, and let the lines OB, OC, be drawn 
to the extremities of either side, as BC ; then 
willOB + OC<BA+AC. 

Let BO be produced till it meets the side AC „ 
in D : then the line OC is shorter than OD + DC^ 
(Prop. VII.): add BO to each, and we have BO-f OC<BO-} 
OD + DC (Ax. 4.), or BO + OC<BD-f DC 

Again, BD<BA+ AD: add DC to each, and we have ED 4 
DC<BA + AC. But it has just been found that BO + OC< 
BD + DC ; therefore, still moreisBO + OC<BA-l-AC. 




•PROPOSITION IX. THEOREM. 

If two tHangles have two sides of the one equal to two sides of the 
other, each to each, and the included angles unequal, the third 
sides will he unequal ; and the greater side will belong to the 
triangle which has the greater included angle. 

Let BAC and EDF * 
be two triangles, having 
the sideAB=DE, AC 
=DF, and the angle 
A>D ; then wiU BC> 
EF. 

. Make the angle CAGB- 
6=D; take AG=DE, 
and draw 06. The 
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triangle GAC is equal to DEF, since, by construction, they 
have an equa> angle in each, contained by equal sides, (Prop. 
V.) ; therefore CG is equal to EF. Now, there may be three 
cases in the proposition, according as the point G fails without 
the triangle ABC, or upon its base BC, or within it. 

First Case. The straight line GC<GI+IC, and the straight 
Une AB<AI+IB; therefore, GC+AB<GI+AI+IG4-IB, 
or, which is the same thing, 60 + AB<AG-f BC. Take away 
AB from the one side, and its equal AG from the other; and 
there remains GC<BC (Ax. 5.) ; but we have found GC=EF, 
therefore, BC>EF. 



Second Case. If the point G 
fall on the side BC, it is evident 
that GC, or its equal EF, will be 
shorter than BC (Ax. 8.). 



Third Case. Lastly, if the point G 
fall within the triangle BAC, we shall 
have, by the preceding theorem, AG + 
GC<AB + BC; and, taking AG from 
the one, and its equal AB from the other, 
there will remain GC<BCorBC>EF. 



Scholium. Conversely, if two sides 
BA, AC, of the triangle BAC, are equal 
to the two ED, DF,of the triangle EDF, 
each to each, while the third side BC of 
the first triangle Is greater tlian the third 
side EF of the second ; then will the an- 
gle BAC of the first triangle, be greater 
than the angle EDF of the second. 

For, if not, the angle BAC must be equal to EDF, or less 

than it. In the first case, the side BC would be equal to EF, 

(Prop. V. Cor.) ; in the second, CB would be less, than EF ; but 

eitherof these results contradicts the hypothesis: therefore, BAG 

* is greater than EDF.. 




PROPOSITION X. THEOREM. 



Jfiwo triangles have the three sides of the one equal to the three 
sides of the oiher^ each to eachy the three angles mil also be 
$qualp each to each^ and the triangles themselves wUl be equal. 
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Let the side ED=BA, 
the side EF=BC, and the 
side DF=AC ; then will 
the angle D=A,the angle 

E=B, and the angle F 

= C. E T B C 

For, if the angle D were greater than A, while the sides 
ED, DF, were equal to BA, AC, each to each, it would fol- 
low, by the last proposition, that the side EF must be greater 
than BC ; and if the angle D were less than A, it would follow, 
that the side EF must be less than BC : but EF is equal to BC, 
by hypothesis ; therefore, the angle D can neither be greater 
nor less than A ; therefore it must be equal to it. In the same 
manner it may be shown that the angle E is equal to B, and 
the angle F to C : hence the two triangles are equal (Prop. 
VI. Sch.). 

Scholium. It may, be observed that the equal angles lie op- 
posite the equal sides : thus, the equal angles D and A, lie op- 
posite the equal sides EF and BC. 




PROPOSITION XI, THEOREM. 

In an isosceles triangle, the angles opposite uie equai sides 
are equal 

I^et the side BA be equal to the side AC ; then 
will the angle C be equal to the angle B. 

For, join the vertex A, and D the middle point 
of the base BC. Then, the triangles Bx\D, DAC, 
will have all the sides of the one equal to those 
of the other, each to each ; for BA is equal to AC,^ 
by hypothesis; AD is common, and BD is equal 
to DC by construction : therefore, by the last proposition, the 
angle B is equal to the angle C. 

Cor. An equilateral triangle is likewise equiangular, that is 
to say, has all its angles equal. 

Scholium. The equality of the triangles BAD, DAC, proves 
also that the angle BAD, is equal to DAC, and BDA.to ADC, 
hence the latter two are right angles ; therefore, the line drawn 
from the vertex of an isosceles triangle to the middle point of its 
base, is perpendicular to the base, and divides the angle at the 
vertex into two equ/zl parts. 

In a triangle which is not isosceles, any side may be assumed 
indifferently as the base ; and the vertex is, in that case, thtt 
vertex of tlie opposite angle. In an isosceles triangle, however. 
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that side is generally assumed as the base, which is not equal 
to either of the other two. 



PROPOSITION XII. THEOREM. 

Conversely, if two angles of a triangle are equal, the sides oppo 
site them are also equal, and the triangle is isosceles 

Let the angle ABC be equal to the angle ACB ; 
then will the side AC be equal to the side AB. 

For, if these sides are not equal, suppose AB 
to be the greater. Then, take BD equal to AC, 
and draw CD. Now, in the two triangles BDC, 
BAC, we have BD=AC, by construction ; the 
angle B equal to the angle ACB, by hypothesis;^ 
ana the side BC common : therefore, the two 
triangles, BDC, BAC, have two sides and the included angle in 
the one, equal to two sides and the included angle in the other, 
each to each : hence they are equal (Prop. V.). But the part 
cannot be equal to the whole (Ax. 8.) ; hence, there is no 
inequalitjr between the sides BA, AC ; therefore, the triangle 
BAC is isosceles. 



PROPOSITION XIII. THEOREM. 

The greater side of every triangle is opposite to the greater an^ 
gle; and conversely, the greater angle is opposite to the 
greater side. 

First, Let the angle C be greater than thie angle 
B ; then will the side'AB, opposite C, be greater 
than AC, opposite B. 

For, make the angle BCD=B. Then, in the 
triangleCDB,weshall have CD=BD (Prop. XII.). 
Now, the side AC<AD + CD; butAD+CD=C" 
AD+DB=AB: therefore AC<AB. 

Secondly t Suppose the side AB>AC; then will the angle C, 
opposite to AB, be greater than the angle 6, opposite to AC. 

For, if the angle C<B, it follows, from what has just been 
proved, that AB< AC ; which is contrary to the hypothesis. If 
the angle C=B, then the side AB=AC (Prop. XII.) ; which i4 
also contrary to the supposition. Therefore, when AB>AC, 
the angle C must be greater than B. 
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PROPOSITION XIV. THEOREM. 

From a given point, without a straight line, only 07«,i; ijerpendicu- 
lar can he drawn to that line. 

Let A be the point, and CE the given 
line. 

Let us suppose that we can draw two 
perpendiculars, AB, AC. Produce either 
of them, as AB, till BF 's equal to AB, and D- 
draw FC. Then, the two triangles CAB, 
CBF, will be equal: for, the angles CBA, 
and CBF are right angles, the side CB is NF 

common, and the side AB equal to BF, by construction ; there- 
fore, the triangles are equal- '''•i the angle ACB=BCF (Prop. 
V. Cor.). But the angle AuB is a right angle, by hypothesis ; 
therefore, BCF must likewise be a right angle. But if the adja- 
cent angles BCA, BCF, are together equal to two right angles, 
ACF must be a straight line (Prop. IIL): from whence it fol- 
lows, that between the same two points, A and F, two straight 
lines can be di'awn, which is impossible (Ax. 11.): hence, two 
perpendiculars cannot be drawn from the same point to the 
same straight line. 

Scholium. At a given point. C, in the line j^j / 

AB, it is equally impossible to erect two per- j /" 

pendiculars to that line. For, if CD* CE, j / 

were those two perpendiculars, the angles ! / 

BCD, BCE, would both be right angles: Li — 

hence they would be equal (Ax. 10.); and*^ , ^ 

the line CD would coincide withCE; otherwise, a part would 

be equal to the whole, which is impossible (Ax. 8.). 



PROPOSITION XV. THEOREM, r 

If from a point without a straight line, a perpendicular he let 
* fall on the line, and ohlique lines he drawn to different points : 

1st, The perpendicular will he shorter than any oblique line. 

2d, Any two ohlique lines, drawn on different sides oftheperpen* 
dicular, cutting off equal distances on the other line, will be 
equal. 

&d. Of two ohlique lines, drawn at pleasure, that which isfarthei 
from the peipendicuJar will be the longer. 



Digitized by 



Google 




BOOK I. 28 

Let A be the given point, DE the given 
line, AB the perpendicular, and AD, AC, 
AE, the oblique lines. 

Produce the perpendicular AB till BF 
IS equal to AB, and draw FC, FD. D< 

IHrst • The triangle BCF, is equal to the 
triangle BCA, for they have the right angle 
CBF=CBA, the side CB common, and the ^F 

sideBF=BA: hence the third sides, CF and CA are equal 
(Prop. V. Cor.;. But ABF, being a straight line, is shorter than 
ACF, which is a broken line (Def. 3.) ; therefore, AB, the half 
of ABF, is shorter than AC, the half of ACF; hence, the per- 
pendicular is shorter than any oblique line. 

Secondly. Let us suppose BC=BE; then will the triangle 
CAB be equal to the the triangle BAE ; for BC=BE,the side 
AB is common, and the angle CBA=ABE ; hence the sides 
AC and AE are equal (Prop. V. Cor.) : therefore, two oblique, 
lines, equally distant from the perpendicular, are equal. 

. Thirdly. In the triangle DFA, the sum of the lines AC, CF, 
is less than the sum of tLe sides AD, DF (Prop. VIII.) ; there- 
fore, AC, the half of the line ACF, is shorter than AD, the half 
of the line ADF : therefore, the oblique line, which is farther 
from the perpendicular, is longer than the one which is nearer. 

Cor. 1. The perpendicular measures the shortest distance 
of a point from a line. 

Con 2. From the same point to the same straight line, only 
two equal straight lines can be drawn ; for, if there could be 
more, we should have at least two equal oblique lines on the 
same side of the perpendicular, wliich is impossible. 



PROPOSITION XVI. "THEOREM. 

If from the middle point of a straight line, a perpendicular be 
drawn to this line ; 

1st, Every point of the perpendicular will he equally distant 
from the extremities of the line, 

2d, Every point, without the perpendicular, will be unequally dis- 
tant from those extremities. 
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Let AB be the given straight line, C the 
middle point, and EOF the perpendicular. 

Jf^V^^, Since AC=CB, the two oblique lines 
AD, DB, are equally distant from the perpen* 
dicular, and therefore equal (Prop. XV.). So, 
likewise, are Ibe two oblique lines AE, EB, the^ 
two AF, FB, and so on. Therefore every point 
in the perpendicular is equally distant from the 
extremities A and B. 

Secondly, Let I be a point out of the perpen- * -^ 
dicular. If lA and IB be drawn, one of these lines will cut 
the perpendicular in D ; from which, drawing DB, we shall 
haVe DB=DA. But the straight line IB is less than ID+DB, 
and ID+DB=ID + DA^IA; therefore, IB<IA; therefore, 
every point out of the perpendicular, is unequally distant from 
the extremities A and B. 

Cor, If a straight line have two points D and F, equally dis- 
tant from the extremities A and B, it will be perpendicular to 
AB at the middle point C. 




PROPOSITION XVII. THEOREM. 

IfUm right angled tHangles have the hypothenuse and a side oj 
the one, equal to the hypothenuse and a side of the other, each to 
each, the remaining parts will also he equal, each to each^ and 
the triangles themselves will he equal. 

In the two right angled ^ 
triangles BAC, EDF, let the 
hypothenuse AC=DF, and 
the side BA=ED: then will 
the side BC=EF, the an*gle ^ 
A=D, and the angle C=^F. . 

If the side BC is equal to EF, the hke angles of the two 
triangles are equal (Prop. X.). Now, if it be possible, suppose 
these two sides to be unequal, and that BC is the greater. 

On BC take BG=EF, and draw AG. Then, in the two 
triangles BAG, DEF, the angles B and E are equal, being right 
angles, the side BA=ED by hypothesis, and the side BG=1;F 
by construction : coifsequently, AG=DF (Prop. V. Cor.), But, 
by hypothesis AC=DF; and therefore, AC=AG (Ax. 1.). 
But the oblique line AC cannot be equal to AG, which lies 
nearer the perpendicular AB (Prop. XV.) ; therefore, BC and 
£F cannot be unequal, and hence the angle A=D, and thr 
angle C=F ; and therefore, the triangles iswe equal (Prop, VI 
Sch.). 
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PROPOSITION XVIIl. THEOREM. 

If two straight lines are perpendicular to a third line, they will 
be parallel to each other : in other wordSy they will never meet^ 
how far soever either way, both of them be produced. 

Let the two lines AC, BD, A C 

be perpendicular to AB ; then 
will they be parallel. 

For, if they could meet in 
a point O, on either side of 



:;:.:r==-o 



AB, there would be two per- ^ ^ 

pendiculars OA, OB, let fall from the same point on the same 
straight line; which is impossible (Prop. XIV.). 



PROPOSITION XIX. THEOREM. 

Jf two straight lines meet a third line, making the sum of the 
interior angles on the same side of the line m^i, equal to two 
right angles, the two lines will be parallel. 

Let the two lines EC, BD, meet 

ihe third line BA, making, the an- ^ A ^ 

gles BAC, ABD, together equal to j / 

two right angles: then the lines nY 

EC, BD, will be parallel % 

From G, the middle point ^of / \ 

BA, draw the straight line EGF, -r^^- — Ij . 

perpendicular to EC. It will also ^ ^ ^ 

be perpendicular to BD. For, the sum BAC + ABD is equal 
to two right angles, by hypothesis ; the sum BAC+BAE is 
likewise equal to two right angles (Prop. I.) ; and taking away 
BAC from both, there will remain the angle ABD=BAE. 

Again, the angles EGA, BGF, are equal (Prop. IV.) ; there, 
fore, the triangles EGA and BGF, have each a side aild two 
adjacent angles equal ; therefore, they are themselves equal, 
and the angle GEA is equal to the angle GFB (Prop. VI. Cor.) : 
but GEA is a right angle by construction ; therefore, GFB is a 
right angle ; hence the two lines EC, BD, are perpendicular to 



the same straight line, and are therefore parallel (Prop. X VIII.). 
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Scholium. When two parallel 
straight lines AB, CD, are met by a 
third, line F£, the angles which are 
formed take particular names. 

Interior angles on the sair^e side, are 
those which lie within the parallels, g- 
and on the same side of the secant 
line : thus, 0GB, GOD, are interior 
angles on the same side ; and so also 
are the the angles OGA, GOC. 

Alternate angles X\q within the parallels, and on different 
sides of the secant line: AGO, DOG, are alternate angles; 
and so also are the angles COG, BGO. 

Alternate exterior angles lie without the parallels, and on dif- 
ferent sides of the secant line : EGB, COF, are alternate exte- 
rior angles ; so also, are the angles AGE, FOD. 

Opposite exterior and interior angles lie on the same side of the 
secant line, the one without and the other within the parallels, 
but not adjacent : thus, EGB, GOD, are opposite exterior and 
interior angles ; and so also, are the angles AGE, GOC. 

Cor. 1. If a straight line EF, meet two straight lines CD, 
AB, fnaking the alternate angles AGO, GOD, equal to each 
other, the two lines will be parallel. For, to each add the an- 
gle 0GB; we shall then have, AGO + 0GB = GOD + 0GB 
but AGO + 0GB is equal to two right angles (Prop. I.) ; hence 
GOD -f 0GB is equal to two right angles : therefore, CD, AB, 
are parallel. 

Cor, 2. If a straight line EF, meet two straight lines CD, 
AB, making the exterior angle EGB equal to the interior and 
opposite angle GOD, the two lin^s will be parallel. For, to each 
add the angle OGB: we shall then have EGB + OGB=GOD 
+ OGB : but EGB + OGB is equal to two right angles ; hence, 
GOD + OGB is equal to two right angles; therefore, CD, AB, 
are parallel. 

PROPOSITION XX. THEOREM. 

If a straight line meet two parallel straight lines, the sum oftlie 

interior angles on the same side will be equal to two right angles. 

Let the parallels AB,CD,be 
met by the secant line FE: then 
will OGB + GOD, or 0,GA+ 

GOC, be equal to two right an- A ^^^''''""^;^ ^B 

gles. 

For, if OGB + GOD be not 

equal to two right angles, let «__ 

IGH be drawn, making the sum C /O ^I> 

OGH+GOD equal to two S 
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right angles ; then III and CD will be parallel (Prop. XIX.), 
and hence we shall have two lines GB, GH, drawn through 
tiie same point G and parallel to CD, which is impossible (Ax. 
12.): hence, GB and GH should coincide, and 0GB + GOD is 
equal to two right angles. In the same manner it may be proved 
that OGA+GOC is equal to two right angles. 

Cor. 1. If 0GB is a right angle, GOD will be a right angle 
also : therefore, every straight line perpendicular to one of two 
parallels, is perpendicular to the otk^r. 

Cor. 2. If a straight line ineet two 
parallel lines^ the alternate angles will 
be equal. 

Let AB, CD, be the parallels, and 
FE the secant line. The sum 0GB + 
GOD is equal to two right angles. Butg- 
the sum OGB + OGA is also equal to 
two right angles (Prop. I.). Taking 
from each, the angle 0GB, and there 
remains OGA=GOD. In the same manner we may prove that 
GOC=OGB. 

Cor. 3. If a straight line meet two parallel lines, the oppo- 
site exterior and interior a'^gles will be equal. For, the sum 
OGB + GOD is equal to two right angles. But the sum 0GB 
-f EGB is also equal to two right angles. Taking from each the 
angle 0GB, and there remains GOD=EGB. In the same 
manner we may prove that AGE =GOC. 

Cor. 4. We see that of the eight angles formed by a line 
cutting two parallel lines obliquely, the four acute angles are 
equal to each other, and so also are the four obtuse angles. 

PROPOSITION XXI. THEOREM. 

If a straight line meet two other straight lines, making the sum of 
the interior angles on the same side less than two right angles^ 
the two lines will meet if sufficiently produced^ 

Let the line EF meet the two 
lines CD, IH, making the sum 
ef the interior angles OGH, 
€rOD, less than two right an- 
gles : then will IH and CD 
meet if jsufficiently produced. 

For, if they do not meet they 
are parallel (Def.l2.). But they 
are not parallel, for if they were, 
the sum of the interior angles OGH, GOD, would be equal to 
two right angles (Prop. XX.), whereas it is less by hypothestt : 
hence, the lines IH, CD, are not paralleL and will therefore 
meoC 4 sufficiently produced Digitized by v^OOg le 
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Cor. It is evident that the two lines IH, CD, will meet ok 
that side of EF on which the sum of the two angles OGH, 
GOD, is less than two right angles. 



PROPOSITION XXII. THEOREM. 

Two Straight lines which are parallel to a third line, are parallel 
to each other. 



Let CD and AB be parallel to the third line EF ; then arc 
they parallel to each other. 

Draw PQR perpendicular to EF, and 

cutting AB, CD. Since AB is parallel to 

EF, PR will be perpendicular to AB (Prop.E 

XX. Cor. 1.) ; and since CD is parallel to 

EF, PR will for a like reason be perpen-C 

dicular to CD. Hence AB and CD are 

perpendicular to the same straight line ;'^ 
hence they are parallel (Prop. XVIII.). 




PROPOSITION XXIII. THEOREM. 
Two parallels are every where equally distant. 

Two parallels AB, CD, being c 
given, ii through two points E 
and F, assumed at pleasure, the 
straight Unes EG, FH, be drawn 
perpendicular to AB,these straight ^ 
lines will at the same time be -^ 
perpendicular to CD (Prop. XX. Cor. 1.) : and we are now to 
show that they will be equal to each other. 

If GF be drawn, the angles GFE, FGH, considered in refer- 
ence to the parallels AB, CD, will be alternate angles, and 
therefore equal to each other (Prop. XX. Cor. 2.)/ Also, the 
straight lines EG, FH, being perpendicular to the same straight 
line AB, are parallel (Prop. XVIII.) ; and the angles EGF, 
GFH, considered in reference to the parallels EG, FH, will be 
alternate angles, and therefore equal. Hence the two trian- 
gles EFG, FGH, have a common side, and two adjacent angles 
m each equal ; hence these triangles are equal (Prop. VI.) ; 
therefore, the side EG, which measures the distance of the 
parallels AB and CD at the point E, is equal to the side FH« 
which measures the distance of the same paraltels at the 
pmntF. 
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PROPOSITION XXIV. THEOREM. 




If two angles have their sides parallel and lying in the same di 
rection^ the two angles will he equal. 

Let BAG and DEF be the two angles, 
having AB parallel to ED, and AC to £F ; 
then will the angles be equal. 

tor, produce DE, if necessary, till it 

meets AC in G. Then, since EF is par- ^ 

allelto GC, the angle DEF is equal to =: '""" K 

DGC (Prop. XX. Cor. 3.); and since 

DG is parallel to AB, the angle DGC is equal to BAC ; hence^ 

the angle DEF is equal to BAC (Ax. 1.). 

Scholium. The restriction of this proposition to the case 
where the i^ide EF hes in the same direction with AC, and ED 
in the same direction with AB, is necessary, because if FE 
were produced towards H, the angle DEH would have its sides 
parallel to those of the angle BAC, but would not be equal to 
it. In that case, DEH and BAC would be together equal to 
two right angles. For, DEH + DJEF is equal to two right angles 
(Prop. I.) ; but DEF is equal to BAC : hence, DEH -f BAG is 
equal to two right angles. 

PRorosiTio:? xxv. theorem. 

In every triangle the sum of the three angles is eqiuil to two 
right angles. 

Let ABC be any triangle : then will the an- 
gle C + A+B be equal to two right angles. 

For, produce the side CA towards D, and at 
the point A, draw AE parallel to BC. Then, 

Bince AE, CB, are parallel, and CAD cuts them, , 

the exterior angle DAE will be equal to its inte-C A D 

rior opposite one ACB (Prop. XX. Cor. 3.) ; in like manner, 
since AE, CB, are parallel, and AB cuts them, the alternate 
angles ABC, BAE, will be equal : hience the three angles of 
the triangle ABC make up the same sum as the three angles 
CAB, BAE, EAD ; hence, the sum of the three angles is equal 
to two right angles (Prop. L). # 

Cor. 1. Two angles of a triangle being given, or merely 
their sum, the third will be found by subtracting that sum from 
two right angles. 
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Cor. 2. If two angles of one triangle are respectively equal 
to two angles of another, the third angles will also be equal 
and the two triangles will be mutually equiangular. 

Cor^ 3. In any triangle there can be but one right ande ; 
for if there were two, the third angle must be nothing. Still 
less, can a triangle have more than one obtuse angle. 

Car, 4. In every right angled triangle, the sum of the two 
acute angles is equal to one right angle. 

Cor. 5. Since every ecjuilateral triangle is also equiangular 
(Prop. XL Cor.), each of its angles will be equal to the third 
part of two right angles ; so that, if the right angle is expressed 
by unity, the angle of an equilateral triangle will be expressed 

byf. 

Cor. 6. In every triangle ABC, the exterior angle BAD is 
equal to the supi of the two interior opposite angles B and C. 
For, AE being parallel to BC, the part BAE is equal to tho 
angle B, and the other part DAE is equal to the angle C. 



PROPOSITION XXVI. THEOREM. 

The stem of all the interior angles of a polygon, is equal to two 
right angles, taken as many times less twOf as the figure has 




Let ABCDEFG be the proposed polygon. 
If from the vertex of anyone angle A, diagonals jj^ 
AC, AD, AE, AF, be drawn to the vertices of 
all the opposite angles, it is plain that the poly-^ 
gon will be divided into five triangles, if it has' 
seven sides ; into six triangles, if it has eight; and, 
in general, into as many triangles, less two, as 
tlie polygon has sides ; for, these triangles may be considered 
as having the point A for a common vertex, and for bases, the 
several sides of the polygon, excepting the two sides which form 
ther angle A. It is evident, also, that the ^m of all the angles 
in these triangles does not differ from tiie sum of all the angles 
m the polygon : hence the sum of all the angles of the polygon 
is equal to two right angles, taken as many times as there are 
triangles in the figure ; in other words, as there are units in th« 
numter of sides diminished by two. 

Cor. 1. The sum of the angles in a quadrilateral is equal 
to two right angles multiplied by 4 — 2^ which amounts to four 
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right angles : hence, if all the angles of a quadrilateral are 
equal, each of them will be a right angle ; a conclusion which 
sanctions the seventeenth Definition, where the four angles of 
a quadrilateral are asserted to be right angles, in the case of the 
rectangle and the square. 

Cor. 2. The sum of the angles of a pentagon is equal to 
two right angles multiplied by 5—2, which amounts to six right 
angles : hence, when a pentagon is equiangular, each angle 
is equal to the fifth part of six right angles, or to | of one right 
angle. « 

Cor. 3. The sum of the angles of a hexagon is equal to 
2 X (6— -2,) or eight right angles ; hence in the equiangular 
hexagon, each angle is the sixth part of eight right angles, or f 
of one. 

Scholium. When this proposition is applied to 
polygons which have re-entrant angles, each re-* 
entrant angle must be regarded as greater than 
two right angles. But to avoid all ambiguity, we 
shall henceforth limit our reasoning to polygons 
with salient angles, which might otherwise be named convex 
polygons. Every convex polygon is such that a straight line, 
drawn at pleasure, cannot meet the contour of the polygon in 
more than two points. 



PROPOSITION XXVII. THEOREM. 

If the sides of any polygon he produced out, in the same direc- 
tion, the sum oftJte exterior angles will be equal to four right 
angles. 

Let the sides of the polygon ABCD- 
FG, be produced, in the same direction ; 
then will the sum of the exterior angles 
a+fe + c + rf+/+g-, be equal to four right 
angles. 

For, each interior angle, plus its ex- 
terior angle, as A + a, is eqwal to two 
right angles (Prop. I.). But there are 
as many exterior as interior angles, and as many of each as 
there are sides of the polygon : hence, the sum of all the inte- 
rior and exterior angles is equal to twice "as many right angles 
as the polygon has sides. Again, the sum of all the interior 
angles is equal to two right angles, taken as many times, less 
two, as the polygon has sides (Prop. XXVI.) ; that is, equal to 
twice as many right angles as the figure has sides, wanting 
four right angles. Hence, the interior angles plus four right 
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angles, is equal to twice as many right angles as the polygon 
has sides, and consequently, equal to the sum of the interior 
angles plus the exterior angles. Taking from each the sum of 
the interior angles, and there remains the exterior angles, equal 
to four right angles. 



PROPOSITION XXVIII. THEOREM. 

In every parallelogram^ tlie opposite sides and angles are equal. 

' Let ABCD be a parallelogram : then will 
AB=DC, AD=BC, A=C,and ADC=ABC. 

For, draw the diagonal BD. The triangles 
ABD, DBC, have a common side BD ; and 
since AD, BC, are parallel, they have also the 
angle ADB=DBC, rProp. XX. Cor. 2.) ; and since AB, CD, 
are parallel, the angle ABD=BDC : hence the two triangles 
arfe equal (Prop. VI.)'; therefore the side AB, opposite the an- 

fle ADB, is equal to the side 'DC, opposite the equal angle 
)BC ; and the third sides AD, BC, are equal: hence the op« 
posite sides of a parallelogram are equal. 

Again, since the triangles are equal, it follows that the angle 
A is equal tathe angle ,C ; and also that the angle ADC com- 
posed of the two ADB, BDC, is equal to ABC, composed of 
the two equal angles DBC, ABD : hence the opposite angles 
of a parallelogram are also equal. 

Cor. Two parallels AB, CD, included between two other 
parallels AD, BC, are equal ; and the diagonal DB divides the 
parallelogram into two equal triangles. 



PROPOSITION XXIX. THEOREM. 

If the opposite sides of a quadrilateral are equal, each to each^ 
the equal sides will be parallel^ and the figure will he a par^ 
allelogram. 

Let ABCD be a quadrilateral, having 
its opposite sides respectively equal, viz. 
AP=DC, and AD=BC ; then will these 
sides be parallel, and the figure be a par- 
allelogram. 

For, having drawn the diagonal BD, 
the triangles ABD, BDC, have all the sides of the one equal to 
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the corresponding sides of the other ; therefore they are equal, 
and the angle ADB, opposite the side AB, is equal to DEC, 
opposite CD (Prop. X.) ; therefore, the side AD is parallel to 
BC (Prop. XIX. Cor. 1.). For a like reason AB is parallel to 
CD : therefore the quadrilateral ABCD is a parallelogram, 

PROPOSITION XXX. THEOREM. 

If two opposite sides of a quadrilateral are equal and parallel^ 
Uie remaining sides will also he equal and parallel, and the 
figure will be a parallelogram. 

Let ABCD be a quadrilateral, having 
the sides AB, CD, equal and parallel; 
then will the figure be a parallelogram! 

For, draw the diagonal DB, dividing 
the quadrilateral into two triangles. Then, 
since AB is parallel to DC, the alternate 
angles ABD, BDC, are equal (Prop. XX. Cor. 2.) ; moreover, 
the side DB is common, and the side AB=DC ; hence the tri- 
angle ABD is equal to the triangle DBC (Prop. V.) ; therefore, 
the side AD is equal to BC, the angle ADB=I)BC, and conse- 
quently AD is parallel to BC ; hence the figure ABCD is a 
parallelogram. 

PROPOSITION XXXI. THEOREM. 

The two diagonals of a parallelogram divide each other into eqtcal 
partSf or mutually bisect each otJier. 

Let ABCD be a parallelogram, AC and 3 
DB its diagonals, intersecting at E, then will 
AE=EC, and DEziEB. 

Comparing the triangles ADE, CEB, we 
find the side AD=CB (Prop. XXVIII.), 
the angle ADE=CBE, and the angle 
DAE=ECB (Prop. XX. Cor. 2.) ; hence those triangles are 
equal (Prop. VI.) ; hence, AE, the side opposite the angle 
ADE, is equal to EC, opposite EBC ; hence also D£ is equal 
toEB. 

Scholium. In the case of the rhombus, the sides AB, BC, 
being equal, the triangles AEB, EBC, have all the sides of the 
one equal to the corresponding sides of the other, and are 
therefore equal : whence it follows that the angles AEB, BEC, 
are equal, and theiofore, that the two diagonals of a rhombus 
cut each other at right angles. 
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BOOK II. 

OF RATIOS AND PROPORTIONS. 

I 

Definitions. 

1. ilatio is the quot'ent arising from dividing one quantity 
by another quantity of the same kind. Thus, if A and B rep- 
resent quantities of the same kind, the ratio of A to B is ex- 
pressed by -J-. 

The ratios of magnitudes may be expressed by numbers, 
either exactly or approximatively ; and in the latter case, the 
approximation may be brought nearer to the true ratio than 
any assignable dift'erence. 

Thus, of two magnitudes, one of them may be considered to 
be divided into some number of equal parts, each of the same 
kind as the whole, and one of those parts being considered as 
an unit of measure, the magnitude may be expressed by the 
number of units it contains. If the other magnitude contain 
a certain number of those units, it also may be expressed by 
the number of its units, and the two quantities are then said 
to be commensurable. 

If the second magnitude do not contain the measuring unit 
an exact number of times, there may perhaps be a smaller unit 
which will be contained an exact number of times in each of 
the magnitudes. But if there is no unit of an assignabk value, 
which shall be contained an exact number of times in each of 
the magnitudes, the magnitudes are said to be incommensurable. 

It is plain, however, that the unit of measure, repeated as 
many times as it is contained in the second magnitude, would 
always differ from the second magnitude by a quantity less 
than the unit of measure, since the remainder is always less 
than the divisor. Now, since the unit of measure may be made 
as small as we please, it follows, that magnitudes may be rep- 
resented by numbers to any degree of exactness, or they will 
differ from their numerical representatives by less than any 
assignable quantity. 

Therefore, of two magnitudes, A and B, we may conceive 
A to be divided into M number of units, each equal to A' : 
then A=M x A': let B be divided into N number of equal unitSt 
each.equal to A'; then B =:N x A'; M and N being integral num- 
bers. Now the ratio of A to B, will be the same as the ratio 
of M X A' to N X A'; that is the same as the ratio of M to N, since 
A is a common unit. 
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In the same manner, the ratio of any other two magnitudes 
C and D may be expressed by P x C to Q x C, P and Q being 
also integral numbers, and their ratio will be the same as that 
ofPtoQ. 

2. If there be four magnitudes A, B, C, and D, having such 

B L)" 

values that ---is equal to-— , then A is said to have the same ratio 
A C 

to B, that C has to D, or the ratio of A to B is ^qual to the ratio 

of C to D, When four quantities have this relation to each 

other, they are said to be in proportion. 

To indicate that the ratio of A to B is equal to die ratio of 

C to D, the quantities are usually written thus, A : B : : C : D, 

and read, A is to B as C is to D. The quantities which are 

compared together are called the terms of the proportion. The 

first and last terms are called the two extremes^ and the second 

and third terms, the two means. 

3. Of four proportional quantities, the first and third are 
called the antecedents, and the second and fourth the conse- 
qiients ; and the last is said to be a fourth proportional to the 
other three taken in order. 

4. Three quantities are in proportion, when the first has the 
same ratio to the second, that the second has to the third ; and 
then the middle term is said to be a mean proportional between 
the other two. 

5. Magnitudes are said to be in proportion by inversion, or 
inversely, when the consequents are taken as antecedents, and 

. the antecedents as consequents. 

6. Magnitudes are in proportion by alternation,rr alternately, 
when antecedent is compared with antecedent, an8 consequent 
with consequent. 

7. Magnitudes are in proportion by composition, when, the 
sum of the antecedent and consequent is compared either with 
antecedent or consequent. 

8. Magnitudes are said to be in proportion by division, when 
the difference of the antecedent and consequent is compared 
either with antecedent or consequent. 

9. Equimultiples of two quantities are the products which 
arise from multiplying the quantities by the same number : 
thus, m X A, m X B, ai'e equimultiples of A and B, the common 
multiplier being m, 

10. Two quantities A and B are said to be reciprocally 
proportional, or inversely proportional, when one increases in 
the same ratio as the other diminishes. In such case, either 
of them is equal to a constant quantity divided by the oth^r, 

and their pror^nrt »«! f»/N--*««^* 
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PROPOSITION I. THEOKEM. 



When four quantities are in proportion^ the product of the 
two extremes is equal to the product of the two means. 

Let A, B, C, D, be four quantities in proportion, and M : N 
• : P : Q be their numerical representatives ; then will M x Q= 

N O 
Nx P; for since the quantities are in proportion ^^— there- 
fore N=Mxpi,orNxP=MxQ. 

por. If there are three proportional quantities (Def. 4.), the 
product of the extremes will be equal to the square of the 
mean. 



PROPOSITION II. THEOREM. 

If the product of two quantities he equal to the product of two other 
quantities, two of them will he the extremes and the other two 
the m^ans of a proportion. 

Let Mx Q=NxP; then will M: N : : P : Q. 

For, if P have not to Q the ratio which M has to N, let P 
have to Q', a number greater or less than Q, the same ratio 
that M has to N; that is, let M : N : : P : Q' ; then MxQ = 

NxP (Prop. L) : hence, Q'= ^^^ ; but Q=Z^ ; con- 

M M 

sequently, Q=Q' and the four quantities are proportional; that 
is,M:Nr:P:Q. 



PROPOSITION III. THEOREM. 

If four quantities are in proportion, they will he in proportion 
when taken alternately. 

Let M, N, P, Q, be th6 numerical representatives of foui 
quanties in proportion ; so that 

M : N : : P : Q, then will M : P : : N : Q. 

Since M : N : : P : Q, by supposition, M x Q=N x P ; there- 
fore, M and Q may be made the extremes, and N and P the 
means of a proportion (Prop. IL) ; hence, M : P : : N : Q. 
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PROPOSITION IV. THEOREM. 

If there he four proportional quantitie^y arid four other propor- 
tional quantities, having the antecedents the same in bothj the. 
consequents will be proportionxiL 



Let 
and 
then will 


M:N::P:Q 
M:R::P:S 
N:Q::R:S 


For, by alternation 


M:P::N:Q.or |4 


an^ 


P s 
M:P::R;S,or j^=^ 


hence 


j^=g^;or N:Q::R:S. 



Cor, If there be two sets of proportionals, having an ante- 
cedent and consequent of the first, equal to an antecedent and 
consequent of the second, the remaining terms will be propor 
tiona^ 



PROPOSITION V. THEOREM. 

If four quantities be in proportion^hey will be in proportion when 
taken inversely. 

Let M:N::P:Q; then will 

N : M : : Q : P. 
For, from the first proportion we have M x Q=N x P, or 
NxP=MxQ. 

But the products N x P and M x Q are the products of the 
extremes and means of the four quantities N, M, Q, P, and these 
products being equal, 

N:M::Q:P(Prop.IL). 



PROPOSITION VI. THEOREM. 

fffour quantities are in proportion, they unit be in proportion kf 
composition, or division. 



Digitized by 



Googk 



38 GEOMETRY. 

Let, as before, M, N, P, Q,be the numerical representative^^ 
of the four quantities, so that 

M : N : : P : Q ; then will 
M=bN:M::P=bQ:P. 
For, from the first proportion, we have 

MxQ=NxP,orNxP=:MxQ; 
Add each of the members of the last equation to, or subtract 
it from M.P, and we shall have, 

M.PdbN.P=M.P±M.Q; or 
(M=fcN)xP=:=(P=fcQ)xM. 
But M rtN and P, may be considered the two extremes, and 
P±Q and M, the two means of a proportion : hence, 
MdbN : M : : IHbQ : P. 



PROPOSITION VII. THEOREM. 

Equimultiples of any two quantities^ have the same ratio as th$ 
quantities themselves. 

Let M and N be any two quantities, and m any integral 
number ; then will ' 

m. M : m. N : : M : N. For 

m, MxN=w. NxM, since the quantities in 
each member are the same ; therefore, the quantities are pro- 
portional (Prop. II.) ; or 

m. M : 771. N : : M : N. 



PROPOSITION VIII. THEOREM. 

Of four proportional quantities, if there he taken any equimul- 
tiples of the two antecedents, and any equimuUiples of the two 
consequents^ the four resulting quantities loill be proportional. 

Let M, N, P, Q, be the numerical representatives of four 
quantities in proportion ; and let m and n be any numbers 
whatever, then will 

771. M : 71. N : : m. P : n. Q. 

For, since M : N : : P : Q, we have M x Q=N x P ; hence, 
«i. M X n. Q=n. N x tti. P, by multiplying both members of the 
equation by tti x n. But m. M and n. Q, may be regarded as 
the two extremes, and n. N and m. P, as the means of a propor- 
lioa ; hence, w. M : ti. N : : m, P : n. Q, 
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PROPOSITION IX. THEOREM. 



Of four proportional quantities^ if the two consequents be either 
augmented or diminished by quantities which have the same 
ratio as the antecedents^ the resulting quantities and tlie ante- 
cedents will be proportional. 



Let 


M : N : : P : Q, and let also 




M : P : : m : n, then will 




M : P : : Nrhwi : Qrh^i. 


For, since 


M : N : : P : Q, MxQ=NxP. 


And since 


M : P : : m : n, Mxn=Pxm 


Therefore, 


MxQ=fcMxn=NxP±Pxm 


or. 


Mx(Q=fzn)=Px(Nd=m): 

M : P : : N±m : Qzizn (Prop. II.) 


hence 



PROPOSITION X. THEOREM. 

If any number of quantities are proportionals, any one antece- 
dent will be to its consequent, as the sum of all the antecedents 
to tlie sum of the consequents. 



Let 


M : N : : P : Q : : R : S, die. then will 


For, since 
And since 
Add 
and we have, 
or 
therefore. 


M : N : : M + P+R : N+Q+S 

M : N : : P : Q, we have MxQ=NxP 

M : N : : R : S, we have M xS=NxR 

MxN=MxN 
M.N+M.Q+M.S=M.N+N.P+N.R 
Mx(N+Q+S)=Nx (M+P+R) 

M : N : : M+P+R : N+Q+S, 
PROPaSITION XI. THE©REM. 



If two magnitudes be each ina^ecLsed or diminished by like parts 
of each, the resulting qvxmtities vnll have the same ratio as the 
magnitudes themselves. 
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Let M and N be any two magnitudes, and— and — be like 

I tn tn 

parts of each : then will 

M : N : : M±M : N =fc— 



771 771 



For, it is obvious that M x (N=t_\ =N x (Md=_\ since 

771 / 771 / 

N M 
each is equal to M.N=t_-. Consequently, the four quan 

titles are proportional (Prop. II.). 



PROPOSITION XII. THEOREM. 

If four quantities are proportional, their squares or cubes will ' 
also be proportional. 

Let M : N : P : Q, 

then will M^ : N^ : : P^ : Q* 

and JM3 : N3 : : P3 : Q3 

For,. MxQ=NxP, since M- : N : : P : Q 

or, M* X Q^=N^ x P^ by squaring both numbers, 
and M^ X Q^=N^ X P^ by cubing both numbers ; 
therefore, M^ : N* : : P^ : Q2 
and M^ : N3 : : F : Q^ 

Cor. In the same way it may be shown that like powders or 
roots of proportional quantities are proportionals. 



PROPOSITION XIII. THEOREM. 

If there be two sets of proportional quantities, the products qftht 
corresponding terms will be proportional. 



Let 


M : N ; : P : Q 


and 


R : S : : T : V 


then wUl 


MxR : NxS : : PxT : QxV. 


For since 


MxQ=NxP 


and 


R X V= S X T, we shall have 




MxQxRxV=NxPxSxT 


or 


MxRxQxV=NxSxPxT 



therefore, MxR : NxS : : PxT : QxV. 
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BOOK III. 

THE CIRCLE, AND THE MEASUREMENT OF ANGLES 

Definitions, 

1/The circumference of a circle is a 
curved line, all the points of which are 
equally distant from a point within, 
called the centre. 

The circle is the space terminated by A-j- 
this curved line.* 

2. Every straight line, CA, CE, CD, 
drawn from the centre to the circum- 
ference, is called a radius or semidiam- E" 
eter; every line which, like AB, passes through the centre, and 
is terminated on both sides by the circumference, is called a 
diameter. 

From the definition of a circle, it follows that all the radii 
are equal ; that all the diameters are equal also, and each 
double of the radius. 

3. A portion of the circumference, such as FHG, is called 
an arc. 

The chord, or subtense of an arc, is the straight line FG, which 
joins its two extremities.! 

4. A segment is the surface or portion of a circle, included 
between an arc and its chord. 

5. A sector is the part of the circle included between an 
arc DE, and the two radii CD, CE, drawn to the extremities 
of the arc. 

6. A straight line is said to be inscribed in 
a circle, when its extremities are in the cir- 
cumference, as AB. 

An inscribed angle is one which, like BAC, I 
has its vertex in the circumference, and is ^ 
formed by two chords. 



* Note. In common languagre, the circle is sometimes confounded with it» 
circumference : but the correct expression maj always be easily recur^eS to if 
we bear in mind that the circle is a surface which has length and breadth, 
while the circumference is but a line. * 

t Note. In all cases, the same chord F6 belonj^ to two ares, F6H, FE6, 
md consequently also to two segments : but the sm&Uer one is aiwajs mMSi. 
vnless tb« coatrajry is expressed. 

D»6 ^ , 
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Ah inscribed triangle is one which, like BAC^ has it& three 
angular points in the circumference. 

And, generally, an inscribed figure is one, of which all the 
angles have their vertices in the circumference. The circle is 
then said to circumscribe such a figure. 

7. A secant is a line which meets the circum- 
ference in two points, and lies partly within ■ 
and partly without the circle. AB is a secant 

8. A tangent is a lind which has but one 
point in common with the circumference. CD 
18 a tangent. 

The point M, where the tangent touches the ^ 
circumference, is called the point of contact. 



In like manner, two circumferences touch 
each other when they have but one point in 
common. 




9. A polygon is circumscribed about a 
circlSf when all its sides are tangents to 
the circumference : in the same case, the 
circle is said to be inscmbed in the po- 
lygon. 



PROPOSITION I. THEOREM. 

Every diameter divides the circk and its circumference into two 
equal parts. 

Let AEDF be a circle^ and AB a diameter. 
Now, if the figure AEB be applied to AFB, 
their common base AB retaining its position, 
the ^urve line AEB must fall exactly on the 
Cfffve-line AFB, otherwise there would, in 
the one or the other, be points unequally dis* 
tent from the centre, which is contrary to 
the definition of a circle. 
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PROPOSITION 11, THEOREM. 
Every chord is less than the diameter. 



Let AD be any chord. Draw the radii 
CA, CD, to its extremities. We shall then 
have AD<AC+CD (Book I. Prop. VII.*); 
or AD<AB. 



Cor. Hence the greatest line which can be in.jcribed in a 
•ircle is its diameter. , 



PROPOSITION III. THEOREM. 

A st7'aight line cannot meet the circumference of a circle in more 
than two points. 

For, if it could meet it in three, those three points would be 
equally distant from the centre ; and ^enpe, there would be 
three equal straight lines drawn from the same point to the 
same straight line, wHich is impossible (Book I. Prop. XV. 
Cor. 2.). 



PROPOSITION IV. THEOREM. 

In the same circle^ or in equal circles^ equal arcs are subtended by 
equal chords ; and, conversely , eqiml chords subtend equal arcs 



Note, When reference is made from one proposition to another, in th* 
I Book, the number of the proposition referred to is alone given; but when 

the proposition is found in* a different Book, the^ numbw of the Book is ak« 

fiyeo. 
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If the radii AC, EO, are 
equal, and also the arcs 
AMD,ENG; then the chord ^ 
AD will be equal to the aJl 
chord EG. 

For, since the diameters 
AB, EF, are equal, the semi- 
circle AJSIDB maybe applied 
exactly to the semicircle ENGF, and the curve line AMDB 
will coincide entirely with the curve line ENGF. But the 
part AMD is equal to the part ENG, by hypothesis ; hence, the 
point D will fall on G ; therefore, the chord AD is equal to the 
chord EG. 

Conversely, supposing again the radii AC, EO, to be equal, 
if the chord AD is equal to the chord EG, the arcs AMD, 
ENG will also be equal. 

For, if the ridii CD, OG, be drawn, the triangles ACD, 
EOG, will have all their sides equal, each to each, namely, 
AC=^EO, CD=OG, and AD=EG ; hence the triangles are 
themselves equal ; and, consequently, the angle ACD is equal 
EOG (Book I. Prop. X.). Now, placing the semicircle ADB 
on its equal EGF, since the angles ACD, EOG, are equal, it is 
plain that the rac^ius CD will fall on the radius OG, and the 
point D on the point G ; therefore the ai-c AMD is equal to th« 
arc ENG. 



PROPOSITION V. THEOREM. 

hi the same circle/or in equal circiss, a greater arc is subtended 
by a greater chord, and conversely, the greater chord subtends 
i!he greater arc. 

Let the arc AH be greater than 
the arc AD ; then will the chord AH 
be greater than the chord AD. 

For, draw the radii CD, CH. The 
two sides AC, CH, of the triangle . 1/ 
ACH are equal to the two AC, CD, -^^ 
of the triangle ACD, and the angle 
ACH is greater than ACD ; hence, the 
third side AH is greater than the third 
Bide AD (Book I. Prop. IX.) ; there- ^^ 

fore the chord, which subtends the greater arc, is the greater. 
Conversely, if the chord AH is greater than AD, it will follow, 
on- comparing the same triangles, that the angle ACH is 
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greater than ACD (Bk, I. Prop; IX. Sch.) ; and hence that 
the arc AH is greater than AD ; since the whole is greater 
than its part. 

Scholium, The arcs here treated of are each less than the 
semicircumference. If they were greater, the reverse pro- 
perty would have place ; for, as the arcs increase, the chords 
would diminish, and conversely. Thus, the arc AKBD is 
greater than AKBH, and the chord AD, of the first, is less 
than the chord AH of the second. 



PROPOSITION VI. THEOREM. 

The radius which is perpendicular to a chord, bisects the chord, 
and bisects also the subtended arc of the chord. 

Let AB be a chord, and CG the ra- 
dius perpendicular to it : then will AD= 
DB, and the arc AG-=GB. 

For, draw the radii CA, CB. Then 
the two right angled triangles ADC, 
CDB, will have AC=CB, and CD com- 
mon ; hence, AD is equal to DB (Book A 
I. Prop. XVII.). ^^ 

Again, since AD, DB, are equal, CG 
is a perpendicular erected from the mid- 
dle of AB ; hence every point of this perpendicular must be 
equally distant from its two extremities A and B (Book I. Prop. 
XVI.). Now, G is one of these points ; therefore AG, BG, are 
equal. But if the chord AG is equal to the .chord GB, the art 
AG will be equal to the arc GB (Prop. IV.) ; hence, the radius 
CG, at right angles to the chord AB, divides the arc subtended 
by that chord into two equal parts at the point G. 

Scholium. The centre C, the middle point D, of the chord 
AB, and the middle point G, of the arc subtended by this 
chord, are three points of the same line perpendicular to the 
chord. But two points are sufficient to determine the position 
of a straight line ; hence every straight line which passes through 
two of the points just mentioned, will necessarily pass through 
the third, and be perpendicular to the chord. 

It follows, likewise, that the perpendicular raised from the 
middle of a chord passes through the centre of the circle, and 
through the middle of the arc subtended by that chord. 

For, this perpendicular is the same as the one let fall from 
the centre on the same chord, since both of them pass through 
the centre and middle of the chord. 
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PROPOSITION VII. THEOKUiM. 

Through three given points not in the same straight line, one dr" 
cumference may always be made to pass, and but one* 

Let A, B, and C, be the given 
points. 

Draw AB, BC, and bisect these 
straight lines by the perpendiculars 
DE, FG : we say first, that DE and 
FG, will meet in some point O. 

For, they must necessarily cut 
each other, if they are not parallel. 
Now, if they were parallel, the line AB, which is perpendicular 
to DE, would also be perpendicular to FG, and the angle K 
would be a right angle (Book I. Prop. XX. Cor. 1.). But BK, 
tlie prolongation of BD, is a diflerent line from BF, because the 
three points A, B, C, are not in the same straight line ; hence 
there would be two perpendiculars, BF, BK, let fall from the 
same point B, on the same straight line, which is impossible 
(Book I. Prop. XIV.) ; hence DE, FG, will always meet in 
some point O. 

And moreover, this point O, since it lies in the perpendicular 
DE, is equally distant from the two pgints, A and B (Book 1. 
Prop. XVI.) ; and since the same point O lies in the perpen- 
dicular FG, it is also equally distant from the two points B and 
C : hence the three distances OA, OB, OC, are equal ; there- 
fore the circumference described from the centre O, with the 
radius OB, will pass through the three given points A, B, C. 

We have now shown that one circumference can always be 
made to pass through three given points, not in the same 
straight line : we say farther, that but one can be described 
through them. 

For, if there were a se1:ond circumference passing through tbe 
three given points A, B, C, its centre could not be out of the 
line DE, for then it would be unequally distant from A and B 
(Book I. Prop. XVI.); neither could it be out of the line FG, for 
a like reason ; therefore, it would be in both the lines DE, FG. 
But two straight lines cannot cut each other in more than one 
point ; hence there is but one circumference which can pass 
tlirough three given points. 

Cor. Two circumferences cannot meet in more than two 
pomts ; for, if they have three common points, there would be 
two circumferences passing through the same three points; 
which has been shown by the proposition to be impossible. 
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PROPOSITION VIII. THEOREM. 

Two equal cliords are equally distant from the centre ; andoftw 
unequal chords^ the less is at the greater distance from ths 




First. Suppose the chord AB = 
DE. Bisect these chords by the per- 
pendiculars CF, CG, and draw the 
radii CA, CD. 

In the right angled triangles CAF, 
DCG, the hypotiienuses CA, CD, are 
equal ; and the side AF, the half of 
AB, is'equal to the side DG, the half 
of DE : hence the triangles are equal, 
and CFis equal to CG (Book I. Prop. 
XVII.) ; hence, the two equal chords 
AB, DE, are equally distant from the centre. 

Secondly Let the chord AH be greater than DE. Tlie 
arc AKH will be greater than DME (Prop. V.) : cut off from 
,tlie former, a part ANB, equal to DME ; draw the chord AB, 
and lot fall CF pei-pendicular to this chord, and GI perpendicu- 
lar to AH. It is evident that CF is greater than CO, and CO 
than CI (Book I. Prop. XV.) ; therefore, CF is still greater 
than CI. But CF is equal to CG, because the chords AB, 
DE, are equal : hence we have CG>CI; hence of two unr^i'nl 
«i>ords, the less is the farther from .the centre. 



PROPOSITIOjS^ IX. THEOREM. 



A straight line perpendicular to a radius, at its extremity ^ is a 
tangent to the circumference. 



Let BD be perpendicular to the B 
radius CA, at -its extremity A ; then 
will it be tangent to the circumfe- 
rence. 

For, every oblique line CE, is 
longer than the perpendicular CA 
(Book I. Prop. XV.); hence the 
point E is without the circle ; therefore, BD has no point but 
A common to it and the circumference ;. consequently BD is a 
tangent (Def. 8.). 
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Scholium. , At a given point A, only one tangent AD can 
be drawn to the circumference ; for, if another could be drawn, 
it would not be perpendicular to the radius CA (Book I. Prop. 
XIV. Sch.) ; hence in reference to this new tangent, the radius 
AC would be an oblique line, and the pei-pendicular let fall 
from the centre upon this tangent would be shorter than CA ; 
hence this supposed tangent would enter the circle, and bie a 
secant. 



PROPOSITION X. THEOREM. 




Two parallels intercept equal arcs on the circumfsj^ence. 

There may be three cases. 

First. If the two parallels are se- 
cants, draw the radius CH perpendicu- 
lar to the chord MP. It will, at the 
same time be perpendicular to NQ 
(Book I.Prop.XX.Cor.l .); therefore, the 
point H will be at once the middle of 
the arc MIIP, and of the arc NHQ 
(Prop. VI.) ; therefore, we shall have 
the arc MH=IIP, and the arc NH= 
HQ; and therefore MH—NH= HP— HQ ; in other words, 
MN=PQ. 

Second. When, of the two paral- 
lels AB, DE, one is a secant, the 
other a tangent, draw the radius CH 
to the point of contact II ; it will be 
perpendicular to the 'tangent DE 
(Prop. IX.), and ^Iso to its parallel 
MP. But, since CH is perpendicular 
to the chord MP, the point H must be 
the middle of the arc MHP (Prop. 
VI.) ; therefore the arcs MH, HP, in- 
cluded between the parallels AB, DE, are equal. 

Third. If the two parallels DE, IL, are tangents, the one 
at H, the other at K, draw the parallel secant AB ; and, from 
what has just been shown, we shall have MH=HP, MK=KP; 
and hence the whole arc HMK=HPK. It is farther evident 
that each of the^e arcs is a^semicircumference. 
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PROPOSITION XI. THEOREM. 



If two circles cut each other in two points^ the line which passes 
through their centres, will be perpendicular to the chord which 
joins the points of intersection, and will divide it into two 
equalparts. 

For, let the line AB join the points of intersection. It will 
be a common chord to the two circles. Now if a perpendicular 





be erected from the middle of this chord, it will pass through 
each of the two centres C and D (Prop. VI. Sch.). But no 
more than one straight line can be drawn through two points ; 
hence the straight line, which passes through the centres, wiU 
bisect the chord at right angles. 



PROPOSITION Xn. THEOREM. 

If the distance between the centres of two circles is less than tne 
sum of the radii, the greater radius being at the same time 
less than the sum of the smaller and the distance between the 
centres, the two circumferences will cut each other. 

For, to make an interseclion 
possible, the triangle CAD must 
be possible. Hence, not only 
must we have CD < AC + AD, 
but also the greater radius AD< 
AC + CD (Book I. Prop. VII.). 
And, whenever the triangle CAD 
can be constructed, it is plain 
that the circles described from the centres C and D, will cut 
each other in A and B. 
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PROPOSITION XIII. THEOREM. 



If the distance between the centres of two circles is equal to tne 
sum of their radii^ the two circles will touch each other exter- 
nally. 



Let C and D be the centres at a 
distance from each other equal to 
CA+AD. 

The circles will evidently have the 
prtnt A common, and they will have 
no other; because, if they had two 
points common, the distance between 



their centres must be less than the sum of their radii. 




PROPOSITION XIV. THEOREM. 



If the distance between the centres of two circles is equal to the 
difference of their radiu the two circles will touch each other 
internally. 

Let C and D be the centres at a dis- 
tance from each other equal to AD — CA. 

It is evident, as before, that they will 
have the point A common : they can have 
no other; because, if they had, the greater 
radius AD must be les^ than the sum of 
the radius AC and the distanceCD between 
the centres (Prop. XII.); which is contraiy 
to the supposition. 

Cor. Hence, if two circles touch each other, either extei 
nally or internally, their centres and the point of contact will 
be in the same right line. 

t&cnohum. All circles which have their centres on tne nglit 
iiftc AD, and which pass through the point A, are tangent to 
each other. For, they have only the point A common, and it 
through the point A, AE be drawn perpendicular to AD, the 
itraight line AE will be a common tangent to all the circles. 
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PROPOSITION XV. THEOREM. 

In tJie same circle, or in equal circles, equal angles having theii 
. vertices at the centre, intercept equal arcs on the circumference : 
and conversely, if the arcs intercepted are equal, the angles 
contained by the radii will also be equal. 

Let C and C be the centres of equal circles, and the angle 
ACB=DCE. 

First, Since the angles ACB, 
DCE, are equal, they may be 
placed upon each other; and 
since their sides are equal, the 
point A will evidently fall on D, 
and the point B on E. But, in 
that case, the arc AB must also 
fall on the arc DE ; for if the arcs did not (exactly coincide, there 
would, in the one or the other, be pj)ints unequally distant from 
the centre ; which is impossible : "^hence the arc AB is equal 
to DE. 

Secondly. If we suppose AB=DE, the angle ACB will be 
equal to DCE. For, if these angles are not equal, suppose 
ACB to be the greater, and let ACI be taken equal to DCE. 
From what has just been shown, we shall have AI=DE : but, 
by hypothesis, AB is equal to DE ; hence AI must be equal to 
AB, or a part to the whole, which is absurd (Ax. 8.) : henc^ 
the angle ACB is equal to DCE. 



PROPOSITION XVI. THEOREM. 

In the same circle, or in equal circles, if two angles at the centre 
are to each other in the proportion of two whole numbers, the 
intercepted arcs will: be to each other in the proportion of the 
same numbers, and we shall have the angle to the angle, as the 
corresponding arc to tlie corresponding arc. 
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Suppose, for example, that the angles ACB, DCE, are to 
each other as 7 is to 4 ; or, which is the same thing, suppose 
that the angle M, which may serve as a common measure, is 
contained 7 times in the angle ACB, and 4 times in DCE 




The seven partial angles ACm, mCn, nCjo, &c., into which 
ACB is divided, being each equal to any of the four partial 
angles into which DCE is divided ; each of the partial arcs 
Am, mn. Tip, &c., will be equal to each of the partial arcs Dx, 
ay, &c. (Prop. XV.). Therefore the whole arc AB will be to 
the whole arc DE, as 7 is to 4. But the same reasoning would 
evidently apply, if in place of 7 and 4 any numbers whatever 
were employed ; hence, if the ratio c^ the angles ACB, DCE, 
can be expressed in whole numbers, the arcs AB, DE, will be 
to each other as the angles ACB, DCE. 

Schotinm. Conversely, if the arcs, AB, DE, are to each 
other as two whole numbers, the angles ACB, DCE will be to 
each other as the same whole numbers, and we &hall have 
ACB : DCE : : AB : DE. For the partial arcs. Am, win, &c. 
and Par, xy^ &c., being equal, the partial angles ACwi, mC», 
&c. and DCar, a£Jy, &c. will also be equal. 



PROPOSITION XVII. THEOREM. 

. Whatever te the ratio of two angles j they will always he to each 
other as the arcs intercepted between their sides ; the arcs being 
described from the vertices of the angles as centres with equal 
radii. 



Let ACB be the greater and 
ACD the less angle. 

Let the less angle be placed 
CO the greater. If the propo- 
sition is not true, the angle 
ACB will beto the angle ACD 
as the arc AB is to an arc 

E-eater or less than AD. Suppose this arc to be greater, and 
t it be represented by AO ; we shall thus have, the angle 
ACB : angle ACD : : arc AB : arc AO. Next conceive the ar« 
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AB to be divided into equal parts, each of which is less than 
DO ; there will be at least one point of division between D and 
O ; let I be that point ; and draw CI, The arcs AB, AI, wiH be 
to each other as two whole numbers, and by the preceding 
theorem, we shall have, the angle ACB : angle ACI : : arc AB 
: arc AI. Comparing these two proportions with each other, 
we see that the antecedents are the same : hence, the conse- 
quents are proportional (Book IL Prop. IV.) ; and thus we find 
the angle ACD : angle ACI : : arc AO : <arc AI. But the arc 
AO is greater than the arc AI ; hence, if this proportion is true, 
the angle ACD must be greater than the angle ACI : on the 
contrary, however, it is less ; hence the angle ACB cannot be 
to the angle ACD as the arc AB is to an arc greater than AD. 
By a process of reasoning entirely similar, it may be shown 
that the fourth term of the proportion cannot be less than AD ; 
hence it is AD itself; therefore we have 

Angle ACB : angle ACD : : arc AB : arc AD. 

Cor. Since the angle at the centre of a circle, and the arc 
intercepted by its sides, have such a connexion, that if the one 
be augmented or diminished in any ratio, the other will be 
augmented or diminished in the same ratio, we are authorized 
to establish the one of those magnitudes as the measure of the 
other ; and we shall henceforth assume the arc AB as the mea- 
siu'e of the angle ACB. It is only necessary that, in the com- 
parison of angles with each other, the arcs which serve to 
measure them, be described with equal radii, as is implied in 
all the foregoing propositions. 

sScholium I. It appears mast natural to measure a quantltjr 
by a quantity of the same species ; and upon this principle it 
would be convenient to refer all angles to the right angle ; 
which, being made the unit of measure, an acute angle would 
be expressed by some number between and 1 ; an obtuse an- 
gle by some number between 1 and 2. This' mode of express- 
ing angles would not, however^ be the most convenient in 
practice. It has been found more simple to measure them by 
arcs of a circle, on account of the facility with which arcs can 
be made equal to given arcs, and for various other reasons. At 
all events, if the measurement of angles by arcs of a circle 
is in any degree indirect, it is still equally easy to obtain the 
direct and absolute measure by this method ; since, on 
comparing the arc which serves as a measure to any an- 
gle, with the fourth part of the circumference, we find the 
ratio of the given angle to a right angle, which is the absolute 
measure. 
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Scholium 2. All that has been demonstrated in the last three 
propositions, concerning the comparison of angles with arcs, 
holdatrue equally, if applied to the comparison of sectors with 
arcs ; for sectors are not only equal when their ancles are bo, 
but are in all respects proportional to their angles ; hence, two 
sectors ACB, ACD, taken in the same circle^ or in equal circles^ 
are to each other as Uic arcs AB, AD, the bases of those sectors. 
It is hence evident ^.aat the arcs of the circle, which serve as a 
measure of the different angles, are proportional to the different 
sectors, in the s-^me circle, or in equal circles. 



PROPOSITION XVIII. THEOREM. 

An " ^ ribed angle is measured by half the arc included between 

its sides. 




Let BAD be an inscribed angle, and let 
us first suppose that the centre of the cir- 
cle lies within the angle BAD. Draw the 
diameter AE, and the radii CB, CD. 

The angle BCE, being exterior to the 
triangle ABC, is equal to the sum of the 
two interior angles CAB, ABC (Book I. 
Prop. XXV. Cor. 6.) : but the triangle BAC 
being isosceles, the angle CAB is equal to 
ABC ; hence the angle BCE is double of BAC. Since BCE lies 
at the centre, it is measured by the arc BE ; hence PAC will be 
measured by the half of BE. For a like reason, the angle CAT) 
will be measured by the half of ED ; hence BAC + CAD, or BAU 
will be measured by half of BE + ED, or of BED. 

Suppose, in the second place, that the 
centre C lies without the angle BAD. Then 
drawing the diameter AE, the angle BAE 
will be measured by the half of BE ; the 
at^e DAE by the half of DE : hence their 
difterence BAD will be measured by the 
half of BE minus the half of ED, or by the 
half of BD. 

Hence every inscribed angle is measured 
bv half of the arc included between its sides. 
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Cor. 1. All the angles BAC, BDC, 
BEC, inscribed in the same segment are 
equal ; because they are all measured by 
. the hsilf of the same arc BOC. 



Cor. 2. 5very angle BAD, inscribed in a 
semicircle is aright angle ; because it is mea- 
sured by half the semicircumference BOD, 
that is, by the fourth part of the whole cir- 
cumference. 



Cor. 3. Every angle BAC, inscribed in a 
segment greater than a semicircle, is an acute 
angle ; for it is measured by half of the arc 
BOC, less than a semicircumference. 

And every angle BOC, inscribed in a 
segment less Htmn a semicircle, is an obtuse 
angle ; for it is measured by half of the arc 
BAC, greater than a semicircumference. 

Cor. 4. The opposite angles A and C, of 
an inscribed quadrilateral ABCD, are to- 
gether equal to two right angles : for the an- 
gle BAD is measured by half the arc BCD, 
the angle BCD is measured by half the arc 
BAD ; hence the two angles BAD, BCD, ta-i^ 
ken together, are measured by the half of the 
circumference ; hence their sura is equal to two right angles. 




PROPOSITION XIX. THJIOREM. 

7^6 angle formed by two chords^ which intersect each other^ is 
measured by half the sum of the arcs included between its sides. 
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Let AB, CD, be two chords intersecting 
each other at £ : then will the angle 
AEC, or DEB, be measured by half of 
AC+DB. 

Draw AF parallel to DC : then will 
the arc DF be equal to A(} (Prop. X.) ; 
and the angle FAB equal to the angle 
DEB (Book I. Prop. XX. Cor. 3.). But 
the angle FAB is measured by half the 
arcFDB (Prop.XVIIL); therefore, DEB 
is measured by half of FDB ; that is, by half of DB+DF, or 
half of DB + AC. In the same manner it might be proved that 
the angle AED is measured by half of AFD+BC. 




PROPOSITION XX. THEOREM. 



The angle formed by two secants, is measured by half the diffe^ 
rence of the arcs included between its sides. 



Let AB, AC, be two secants : then 
will the an^Ie BAC be measured by 
half the diflerence of the arcs BEC 
and DF. 

Draw DE parallel to AC : then will 
the arc EC be equal to DF, and the 
angle BDE equal to the angle BAC. 
But BDE is measured by half the arc 
BE ; hence, BAC is also measured by 
half the arc BE ; that is, by half the 
difference of BEC and EC, or half the 
difference of BEC and DF. 




PROPOSITION XXI. THEOREM. 



The angle formed by a tangent and a chords is measured by half 
of the arc included between its sides. 
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Let BE be the tangent, and AC the chord. 

From A, the point of contact, draw the 
diameter AD. The angle BAD is a right 
angle (Prop. IX.), and is measured by 
half thne semi circumference AMD ; the 
angle DAC is measured by the half of 
DC: hence, BAD + DAC, or BAC, is 
measured by the half of AMD plus the 
half of DC, or by half the whole arc 
AMDC. 

It might be shown, by taking the difference between the an- 
gles DAE, DAC, that the angle CAE is measured by half the 
arc AC, included between its sides. 




— M(«^9««— 



PROBLEMS RELATING TO THE FIRST AND THIRD BOOKS 



PROBLEM L 



To divide a given straight line into two equal parts. 



■r 



Let AB be the given straight line. ^^ 

From the points A and B as centres, with /N 

a radius greater than the half of AB, describe ^ ^ 

two arcs cutting each other in D ; the point 
D will be equally distant from A and B. Find, 
in like manner, above or beneath the line AB, j 
a second point E, equally distant from the 
points A and B ; through the two points D 
and E, draw the line DE : it will bisect the vUo 

line AB in C. ^ 

For, the two points D and E, being each equally distant from 
the extremities A and B, must both lie in the perpendicular 
raised from the middle of AB (Book I. Prop. Xvl. Cor.). But 
only one straight line can pass through two given points ; hence 
the line DE must itself bd that perpendicular, which divides 
AB into two equal parts at the point C. 
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PROBLEM II. 

At a given pointy in a given straight line, to erect a perpendicu- 
lar to this line. 



>K° 



Ji. 



Let A be the given point, and EC the 
given line. 

Take the points B and C at equal dis- 
tances from A ; then from the points B and 
C as centres, with a radius greater than — t 
BA, describe two arcs intersecting each 
other in D ; draw AD : it w ill be the perpendicular required. 

For, the point D, being equally distant from B and C, must 
be in the perpendicular raised from the middle of BC (Book !• 
Prop. XVI.) ; and since two points determine iline, AI) is that 
perpendicular. 

Scholium. The same construction serves for nxaking a right 
angle BAD, at a given point A, on a given straight line BC 



PROBLEM III. 

From a given point, without a straight line, to let fall a perpen^ 
dicular on this line. 



Let A be the point, and BD the straight 
line. 

From tbo point A as a centre, and with 
a radius sufficiently great, describe an 
arc cutting the line BD- in the two points 
B and D ; then ma A a point E, equally 
distant from the points B and D, and 
draw AE : it will be the perpendicular required. 

For, the two points A and E are each equally distant from 
the points B and D ; hence the line AE is a perpendicular 
passing through the middle of BD (Book L Prop. XVI. Cor.). 




PROBLEM IV. 



Ai a point in a given line, to make an angle equal to a given 

angle. 
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Let A be the given point, AB the given line, and IKL the 
given angle. 

From the vertex K, as a cen- t q^ 

tre, with any radius, describe the ^y^ ^y^ 

arc IL, terminating in the two ^^^ \ ^^^ ^ 

sides of the angle. From the IK>^^- 1 a B* 

point A as a centre, with a dis- 
tance AB, equal to Ki, describe the indefinite arc BO ; then 
take a radius equal to the chord LI, with which, from the point 
B as a centre, describe an arc cutting the indefinite-arc BO, in 
D ; draw AD ; and the angle DAB will be equ^l to the given 
angle K. 

For, the two arcs BD, LI, have equal radii, and equal chords^ 
hence tiiey are equal (Prop. IV.) ; therefore the angles BAD, 
IKL, measured by them, are equal. , 



PROBLEM v. 

To divide a given arc, or a given angle, into two equal parts 

First. Let it be required to divide the 
arc AEB into two equal parts. From the 
points A and B, as centres, with the same 
radius, describe two arcs cutting each other 
in D ; through the point D and the centre 
C draw CD : it will bisect the arc AB in 
.the point E. 

• For, the two points CJ and D are each 
equally distant from'tlie extremities A and 
B of the chord AB ; hence the'Iine CD bi- 
sects jthe chord* at right angles (Book I. . Prop. XVI. Coc.) ; 
hence, it bisects the arc AB in the point E (Prop.- VI.). 

Secondly. Let it be required to divide the angle ACB into' 
two equiil parts. We begin by describing, fron^ the vertex C 
as a ce|ltre,the^arc AEB ; which is then bisected as above. It 
is plain that the line CD will divide the angle ACB into two 
equal parts. 

ScholitgHn. By the same construction, each of the halves 
AE, EB, may be divided into two equal parts ; and thus, by 
successive subdivisions, a given ^ngle, pr a given^^rc may 
be divided into four equal parts, into eight, into sixteen, 
and so on. 
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PROBLEM VI. 



Through a given point, to draw a parallel to a given straight 

line. 

Let A be the given point, and BC 
the given line. 

From the point A as a centre, with 
a radius greater than the shortest dis- 
tance from A to BC, describe the in- A W 
definite arc EO ; from the point E as O 
a centre, with \he same radius, describe the arc AF ; make 
ED=AF, and draw AD : this will be the parallel required. 

For, drawing AE, the alternate angles AEF, EAD, are evi- 
dently equal ; therefore, the lines AD, EF, are parallel (Book I. 
Prop. XIX. Cor. 1.). 




PROBLEM VII. 



Two angles of a triangle being given, to find the third. 



Draw the indefinite line DEF; 
at any point as E, make the an- 
gle DEC equal to one of the 
given angles, and the angle 
CEH equal to the other : the 
remaining angle IIEF will be 
the third angle required ; be- 
cause those three angles 
together equal to two 
XXV). 




are 
right 



angles 



(Book I. Prop. I. and 



PROBLEM VIII. 



Two sides of a triangle, and the angle which they contain, being 
given, to descHbe the triangle. 



Let the lines B and C be equal to 
the given sides, and A the given an- 
gle. 

Having drawn the indefinite line 
DE, at the point D, make the angle 
EDF equal to the given angle A ; 
then take DG=:B, DU=C, and draw GH ; DGH will be the 
triangle required (Book I. Prop. V.I. 
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PROBLEM IX. 



A side and two angles of a triangle being given, to describe th^ 

triangle. 

The two angles will either be both ad- 
jacent to the given side, or the one adja- 
cent, and the other opposite : in the lat- 
ter case, find the third angle (Prob. 

VII.) ; and the two adjacent angles will 

thus be known : draw the straight line ^ "' ^ 

DE equal to the given side : at the point D, make an angle 
EDF equal to one of the adjacent angles, and at E; an angle 
DEG equal to the other ; the two lines DF, EG, will cut each 
other in H ; and DEH will be the triangle required (Book I. 
Prop. VI.). 




PROBLEM X. 



The three sides of a triangle being given, to describe the triangle. 

Let A, B, and C, be the sides. 

Draw DE equal to the side A ; 
from the point E ?is a centre, with 
a radius equal to the second side B, 
describe an arc ; from D as a cen- 
tre, with a radius equal to the third 
side C, describe another arc inter- 
secting the former in F ; draw DF, 
EF ; and DEF will be the triangle 
required (Book I. Prop. X.). 

Scholium. If one of the sides were greater than the sum of 
the other two, the arcs would not intersect each other : but th^ 
solution will always be possible, when the sum of two iides, any 
how taken, is greater than the third. 
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PROBLEM XI. 



Two sides of a triangle, and the angle opposite one of them, being 
given, to describe the triangle. 

Let A and B be the given sides, and C the given angle. 
There are two cases. 

First When the angle C is a right 
angle, or when it is obtuse, make 
the angle EDF=C; take DE=A ; 
from the point E as a centre, 
with a radius equal to the given 
side B, describe an arc cutting DF 
in F; draw EF : then DEF will be 
the triangle required. 

In this first case, the side B must 
be greater than A ; for the angle C, 
being a right angle, or an obtuse an- 
gle, is the greatest angle of the tri- 
angle, and the side opposite to it must, therefore, alsd be the 
greatest (Book I. Prop. XllL). 




Secondly. If the angle C is 
acute, and B greater than A, the 
same construclion will again ap- 
ply, and DEF will be the triangle 
required. 



But if the angle C is acute, and 
me side B less than A, then the 
arc described from the centre E, 
with the radius EF=B, will cut 
the side DF in two points F and 
G, lying on the same side of D : 
bence there will be two triangles 
DEF, DEG, either of which wiU 
satisfy the conditions of the pro- 
blem. 



3i~ 




Scholium. If the arc described with E as a centre, should 
be tangent to the Une DG, the triangle would be right angled, 
and there would be but one solution. The problem would ba 
impossible in all cases, if the side B were less than the perpen- 
dicular let fall from E on the line DF. 
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PROBLEM XII. 

The adjacent sides of a parallelogram, with the angle which they 
contain, being given, to describe the parallelogram. 

Let A and B oe the given sides, and C the given angle. 

Draw the line DE=A; at the 
point D, make the angle EPF= 
C ; take DF=B ; describe two 
arcs, the. one from F as a cen- 
tre, with a radius FG=DE, the 
other from E as a centre, with 
a radius EG==DF; to the point Ah 
G, where these arcs intersect b h- 
each other, draw FG, EG ; 
DEGF'will be thfe parallelogram required. 

For, the opposite sides are equal, by construction ; hence the 
figure is a parallelogram (Book I. Prop. XXIX.) : and it is 
fornied with the given sides and the given angle. 

Cor. If the given angle is a right angle, the figure will be 
a rectangle ; if, in addition to this, the sides are equal, it will 
be a square. 



PROBLEM XIIL 

To find the centre of a given circle or arc. 

Take three points, A, B, C, any 
where in the circumference, or the 
arc; drawAB,BC, or suppose them 
to be drawn ; bisect those two lines 
by the perpendiculars DE, FG : 
the point O, where these perpen- 
diculars meet, will be the centre 
sought (Prop. VI. Sch.). 

Scholium. The same construe* 
tion serves for making a circum- 
ference pass through three given points A, B, C ; and also for 
describing a circumference, in which, a given triangle ABC 
shall be inscribed. 
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PltOBLEM XIV. 
Through a given point, to draw a tangent to a given circk. 



If the given point A lies in the circum- 
ference, draw the radius CA, and erect 
AD perpendicular to it : AD will be the 
tangent required (Prop. IX.). 



If the point A lies without the circle, 

i'oin A and the centre, by tlie straight 
ine CA : bisect CA in O ; from O as a 
centre, with the radius OC, describe a 
circumference intersecting the given cir- 
cumference in B ; draw AB : this will be 
the tangent required. 

For, drawing CB, the angle CBA be- 
ing inscribed in a semicircle is a right 
angle (Prop. XVIII. Cor. 2.) ; therefore 
AB is a perpendicular at the extremity 
of the radius CB ; therefore it is a tan- 
gent. 

Scholium, When the point A lies without the circle, ther« 
will evidently be always two equal tangents AB, AD, passing 
through the point A : they are equal, because the right angled 
triangles CBA, CDA, have the hypothenuse CA common, and 
the side CB = CD; hence they are equal (Book I. Prop. XVII.); 
hence AD is equal to AB, and also the angle CAD to CAB. 
And as there can be but one hne bisecting the angle BAC, it 
follows, that the line which bisects the angle formed by two 
tangents^ mu^st pass through the centre of the circle. 




PROBLEM XV. 



To inscribe a circle in a given triangle. 



Let ABC be the given triangle. 

Bisect the angles A and B, by 
the lines AO and BO, meeting in 
the point O ; from the point O, 
let fall the perpendiculars OD, 
OE, OF, on the three sides of the 
triangle: these perpendiculars will 
all be equal. For, by construc- 
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tion, we have the angle DAO=OAF, the right angle ADO= 
AFO ; hence the third angle AOD is equal to the third AOF 
(Book I. Prop. XXV. Cor. 2.). Moreover, the side AO is com- 
mon to the two triangles AOD, AOF ; and the angles adjacent 
to the equal side are equal : hence the triangles themselves are 
equal (Book I. Prop. VI.) ; and DO is equal to OF. In the same 
manner it may be shown that the two triangles BOD, BOE, 
are equal ; therefore OD is equal to OE ; therefore the three 
perpendiculars OD, OE, OF, are all equal. 

Now, if from the point O as a centre, with the radius OD, 
a circle be described, ihis circle will evidently be inscribed in 
the triangle ABC ; for the side AB, being perpendicular to the 
radius at its extremity, is a tangent ; and the same thing is true 
ofthe sides BC, AC. 

Scholium. The three lines which bisect the angles of a tri- . 
angle meet in the same point. 



PROBLEM XVI. 

On a given straight line to describe a segment that shall contain 
a given angle ; that is to say, a segment suchy that all the an- 
gles inscribed in it, shall be equal to the given angle. 

Let AB be the given straight line, and C the given angle. 

/E "^^^^^— -- 





Produce AB towards D ; at the point B, make the angle 
DBE=C ; draw BO perpendicular to BE, and GO perpen- 
dicular to AB, through the middle point G ; and from the point 
O, where these perpendiculars meet, as a centre, with a dis- 
tance OB, describe a circle : the required segment will be 
AMB. 

For, since BF is a perpendicular at the extremity of the 
radius OB, it is a tangent, and the angle ABF is measured by 
half the arc AKB (Prop. XXI.). Also, the angle AMB, being 
an inscribed angle, is measured by half the arc AKB : hence 
we have AMB=ABF=EBD=C: hence all the angles in- 
scribed in the segment AMB are equal to the given angle C» 

F*9 
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Sclwlium. If the given angle were a right angle, the required 
segment would be a semicircle, described on AB as a diameter. 



PROBLEM XVII. 

7b find the numerical ratio of two given straight lines, these hues 
being supposed to have a common measure. 

Let AB and CD be the given lines. A C 

From the greater AB cut off a part equal to the less ^ 
CD, as many times as possible ; for example, twice, 
with the remainder BE. -1^ 

From the line CD, cut off a part equal to the re- 
mainder BE, as many times as possible ; once, for ex- 
ample, with the remainder DP. 

From the first remainder BE, cut off a part equal to 
the second DF, as many times as possible ; once, for 
example, with the remainder BG. 

From the second remainder DF, cut off a part equal J^q- 
to BG the third, as many times as possible. 

Continue this process, till a remainder occurs, which ^ 
is contained exactly a certain number of times in the preced- 
ing one. 

Then this last remainder will be the common measure of the 
proposed lines ; and regarding it as unity, we shall easily find 
the values of the preceding remainders ; and at last, those of 
the two proposed lines, and hence their ratio in numbers. 

Suppose, for instance, we find GB to be contained exactly 
twice in FD ; BG w ill be the common measure of the two pro- 
posed lines. Put BG=1 ; we shall have FD=2 : but EB con- 
tains FD once, plus GB ; therefore we have EB=3 : CD con- 
tains EB once, plus FT); therefore we have CD=5 : and, 
lastly, AB contains CD twice, plus EB ; therefore we have 
AB = 13 ; hence the ratio of the lines is that of 13 to 5. If the 
line CD were taken for unity, the line AB would be y ; if AB 
were taken for unity, CD would he j%* 



-^ 



Scholium, The method just explained is the same as that 
employed in arithmetic to find the common divisor of two num- 
bers : it has no need, therefore, of any other demonstration. i 

How far soever the operation be continued, it is possible 
that no remainder may ever be found, which shall be contained 
an exact number of times in the preceding one. When this 
happens, the two lines have no common measure, and are said 
to be incommensurable. An instance of this will be seen after* 
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wards, in the ratio of the diagonal to the side of the Square. 
In those cases, therefore, the exact ratio in numbers cannot be 
found ; but, by neglecting the last remainder, an approximate 
ratio will be obtained, more or less correct, according as the 
operation has been continued a greater or less number of times. 



PROBLEM XVIII. 

Two angles being given, to find their common measure, if they 
have one, and by means of it, their ratio in numbers. 

Let A and B be the given an- 
gles. 

With equal radii describe the 
arcs CD, EF, to serve as mea- 
sures for the angles : proceed 
afterwards in the comparison of 
the arcs CD, EF, as in the last 
problem, since an arc may be cut off from an arc of the same 
radius, as a straight line from a straight line. We shall thus 
arrive at the common measure of the arcs CD, EF, if they have 
one, and thereby at their ratio in numbers. This ratio will be 
the same as that of the given angles (Prop. XVII.) ; and if DO 
is the common measure of the arcs, DAO will be that of the' 
angles. 

Scholium. According to this method, the absolute value of 
an angle may be found by comparing the arc which measures 
it to the whole circumference. If the arc CD, for example, is 
to the circumference, as 3 is to 25, the angle A will be ^^ol' four 
right angles, or ^f of one right angle. 

It may also happen, that the arcs compared have no com- 
mon measure ; in which case, the numerical ratios of the angles 
will only be found approximatively with more or less correct- 
ness, according as the operation has been continued a greater 
or less number of times. 
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OF THE PROPORTIONS OF FIGURES, AND THE MEASUREMENT 
OF AREAS. 



Definitions, 



1. Similar figures are those which have the angles of the one 
equal to the angles of the other, each to each, and the sides 
about the equal angles proportional. 

2. Any two sides, or any two angles, which have like po- 
sitions in two similar figures, are called homologous sides or 
angles. 

3. In two different circles, similar arcs, sectors^ or segmentSf 
are those which correspond to equal angles at the centre. 

Thus, if the angles A and O are equal, 
the arc BC will be similar to DE, the 
sector BAG to ^the sector DOE, and. the 
segment whose chord is BC, to the seg- 
ment whose chord is DE. 

4. The base of any rectilineal figure, is the side on which 
the figure is supposed to stand. 

5. The altitude of a triangle is the per- j^ 
pendicular let fall from the vertex of an 
angle on the opposite side, taken as a 
base. Thus, AD is the altitude of the 
triangle BAG 





33 B 
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6. The altitude of a parallelogram is the 
perpendicular which measures the distance 
between two opposite sides taken as bases. 
Thus, EF is the altitude of tlie parallelo- 
gram DB. 

7. The altitude of a trapezoid is the per- 
pendicular drawn between its two parallel 
sides. Thus, EF is the altitude of the trape- 
zoid DB. 

8. The area and surface of a figure, are terms very nearly 
synonymous. The area designates more particularly the super- 
ficial content of the figur6. The area is expressed numeri- 
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cafly by the number of times which the figure contains some 
other area, that is assumed for its measuring unit. 

9. Figures have equal areas, when they contain the same 
measuring unit an equal number of times. 

10. Figures which have equal areas are called equivalent 
The term equal, when applied to figures, designates those which 
are equal in every respect, and which being applied to each 
other will coincide in all their parts (Ax. 13.) : the term equi- 
valent implies an equality in one respect only : namely, an 
equality between the measures of figures. 

We may here premise, that several of the demonstrations 
are grounded on some of the simpler operations of algebra, 
which are themselves dependent on admitted axioms. Thus, 
if we have A=B + C, and if each member is multiplied by the 
same quantity M, we may infer that AxM=BxM+CxM; 
in like manner, if we have, A=B + C, and D==E — C, and if the 
equal quantities are added together, then expunging the +C 
and — C, which destroy each other, we inferthat A-f-D=B + 
E, and so of others. AH this is evident enough of itself; but 
in cases of difficulty, it will be useful to consult some agebrai- 
cal treatise, and tlius to combine the study of the two sciences. 



PROPOSITION I. THEOREM. 

Parallelograms which have equal bases and equal altititdes, are 

equivalent. 

Let AB be the common base of -J) c I* E D !F C JB 
the two parallelograms ABCD, V U T Vl VH 
ABEF: and since they are sup- \ /\ / \ / \ / 

posed to have the same altitude, xZ V^ V V 

their upper b^ses DC, F£, will be A B A B 

both situated in one straight line parallel to AB. 

Now, from the nature of parallelograms, we have AD=BC, 
andAF=BE; for the same reasdn, we have DC=AB, and 
FE=AB ; hence DC=FE : hence, if DC and FE be taken 
away from the same line DE, the remainders CE and DP will 
be equal : hence it follows that the triangles DAF, CBE, are 
mutually eqilateral, and consequently equal (Book I. Prop. X.). 

But if from the quadrilateral ABED, we take away the tri- 
angle ADF, there will remain the parallelogram ABEF ; and 
if from the same quadrilateral ABED, we take away the equal 
triangle CBE, there will remain the parallelogram ABCD, 
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Hence these two parallelograms ABCD, ABEF, which have 
the same base and altitude, are equivalent. 

Cor, Every parallelogram is equivalent to the rectangle 
which has the same base and the same altitude. 



PROPOSITION II. THEOREM. 

Eveiy triangle is lialfthe parallelogram which has the same base 
and the same altitude. 

Let ABCD be a parallelo- 
gram, and ABE a triangle, 
having the same base AB, 
and the same altitude : then 

will the triangle be half the ^ 

parallelogram. E A i3 

For, since the triangle and the parallelogram have the same 
altitude, the vertex E of the triangle, wil! be in the line EC, par- 
allel to the base AB. Produce BA, and from E draw EF 
parallel to AD. The triangle FBE is half the parallelogram 
FC, and the triangle FAE half the parallelogram FD (Book I. 
Prop. XXVIII. Cor.). 

Now^Vfrom the parallelogram FC, there be taken the par- 
allelogrfim FD, there will remain the parallelogram AC : and 
if fro^ the triangle FBE, which is half the first parallelogram, 
there be taken the triangle FAE, half the second, there will re- 
main the triangle ABE, equal to half the parallelogram AC. 

Cor 1 . Hence a triangle ABE is half of the rectangle ABGH, 
which has the same base AB, and the same altitude AH : for 
the rectangle ABGH is equivalent to the parallelogram A^BCD 
(Prop. I. Cor.). 

Cor. 2. All triangles, which have equal bases and altitudeSt 
are equivalent, being halves of equivalent parallelograms. 



PROPOSITION III. THEOREM. 

Two rectangles having the same altitude^ are to each other as their 

bases. 
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Let ABCD, AEFD,be two rectan- 3?_ 
gles haying the common altitode AD: 
they are to each other as their bases 
AB,AE. 

Suppose, first, that the bases are Jt W 

commensurable, and are to each other, 

for example, as the numbers 7 and 4. If AB be divided into 7 
equal parts, AE will contain 4 of those parts : at each point of 
division erect a perpendicular to the base ; seven partial rect- 
angles will thus be formed, all equal to each other, because all 
have the same base and altitude. The rectangle ABCD will 
contain seven partial rectangles, while AEFD will contain four : 
hence the rectangle ABCD is to AEFD as 7 is to 4, or as AB 
is to AE. The same reasoning may be applied to any other 
ratio equally with that of 7 to 4 : hence, whatever be that ratio, 
if its terms be commensurable, we shall have 

ABCD : AEFD : : AB : AE. 

Suppose, in the second place, that the bases 
AB, AE, are incommensurable : it is to be 
shown that we shall still have 

ABCD : AEFD : : AB : AE. 

For if not, the first three terms contifiuing 
the same, the fourth must be greater or less 
than AE. Suppose it to be greater, and that we have 

ABCD : AEFD : : AB : AO. 

Divide the line AB into equal parts, each less than EO. 
There will be at least one point I of division between E and 
O : from this point draw IK perpendicular to AI : the bases 
AB, AI, will be commensurable, and thus, from what is proved 
above, we shall have 

ABCD : AIKD : : AB : AI. 

But by hypothesis we have 

ABCD : AEFD 



FK C 



EIOB 



AB : AO. 



In these two proportions the antecedents are equal ; hence 
the consequents are proportional (Book II. Prop. IV.) ; and 
we find 

AIKD : AEFD : : AI : AO. 

But AO is greater than AI ; hence, if this proportion is cor- 
rect, the rectangle AEFD must be greater than AIKD : on 
the contrary, however, it is less ; hence the proportion is im- 
possible ; therefore ABCD cannot be to AEFD, as AB is to a 
line 'greater than AE. 
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Exactly in the same manner, it maybe shown that the fourth 
term of the proportion cannot be less than A£ ; therefore it is 
equal to AE. 

Hence, whatever be the ratio of the bases, two rectangles 
ABCD, AEFD, of the same altitude, are to each other as theii 
bases A6, AE. 



PROPOSITION IV. THEOREM. 
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Any two rectangles are to each other as the products of their bases 
multiplied by their altitudes. 

Let ABCD, AEGF, be two rectangles ; then will the rect 
angle, 

ABCD : AEGF : : AB.AD : ARAE. 

Having placed the two rectangles, 
so that the angles at A are vertical, 
produce the sides GE, CD, till they 
meet in H. The two rectangles 
ABCD, AEHD, having the same al- 
titude AD, are to each other as their 
bases AB, AE : in like manner the 
two rectangles AEHD, AEGF, having the same altitude AE, 
are to each other as their bases AD, AF : thus we have the 
two proportions, 

ABCD : AEHD : : AB : AE, 
AEHD : AEGF : : AD : AF. 

Multiplying the corresponding terms of these proportions 
together, and observing that the term AEHD may be omit- 
ted, since it is a multiplier of both the antecedent and the con- 
sequent, we shall have 

ABCD : AEGF : : ABxAD : AExAF. 

Scholium, Hence the product of the base by the altitude may- 
be assumed as the measure of a rectangle, provided we under- 
stand by this product, the product of two numbers, one of 
which is the number of linear units contained in the base, the 
other the number of linear units contained in the altitude. This 
product will give the number of superficial units in the surface ; 
because, for one unit in height, there are as many superficial 
units as there are linear units in Ae base ; for two units in 
height twice as many ; for three units in height, three times as 
many, &c. 

8till this measure is not absolute^ but relative : it supposes 
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that the area of any other rectangle is computed in a similar 
manner, by measuring its sides with the same linear unit ; a 
second product is thus obtained, and the ratio of the two pro- 
ducts is the same as, that of the rectangles, agreeably to the 
proposition just demonstrated. 

For example, if the base of the rectangle A contains three 
units, and its altitude ten, that rectangle will be represented 
by the number 3 x 10, or 30, a number which signifies nothing 
while thus isolated ; but if there is a second rectangle B, the 
base of which contains twelve units, and the altitude seven, this 
second rectangle will be represented by the number 12x7= 
84 ; and we shall hence be entitled to conclude that the two 
rectangles are to each other as 30 is to 84 ; and therefore, if 
the rectangle A were to be assumed as the unit of measurement 
in surfaces, the rectangle B would then have ||^ for its absolute 
measure, in other words, it would be equal to || of a super- 
ficial unit. 

It is more common and more 
simple, to assume the square as 
the unit of surface ; and to se- 
lect that square, whose side i^ 
the unit of length. In this case 
the me^urement which we have 

regarded merely as relative, becomes absolute : the number 90, 
for instance, by which the rectangle A was measured, now 
represents 30 superficial units, or 30 of those squares, which 
have each of their sides equal to miity, as the diagram exhibits. 

In geometry the product of two lines frequently means the 
same thing as their rectcmghf and this expression has passed 
into arithmetic, where it serves to designate the product of two 
unequal numbers, the expression square being employed to 
designate the product of a number multipUed by itself. ^ 

The arithmetical squares of 1, 2, 3, 
&c. are 1, 4, 9, &c. So likewise, the 
geometrical square constructed on a 
double line is evidently four times 
greater than the square on a single one ; 
on a triple line it is nine times great, 
er, &C. 

10 



A 



Qigitized by 



Google 



T4 GEOMETRY. 



PROPOSITION V. THEOREM. 

The area of any paralkhgram is equal to the product of its bcue 
by its altitude. 

For, the paralleloOTam ABCD is equivalent p T) B C 
to the rectangle AB£F, Tvhich has the same 
base AB, and the same akitude BE (Prop. I. 
Cor.) : but this rectangle is measured by AB 



;r7 



X BE (Prop. IV. Sch.); therefore, AB x BE -A. 
is equal to the area of the parallelogram ABCD. 

Cor. Parallelograms of the same base are to each other as 
their altitudes ; and parallelograms of the same altitude are to 
each other as their bases : for, let B be the common base, and 
C and D the altitudes of two parallelograms : 

then, BxC : BxD : : C : D, (Book IL Prop. VII.) 

And if A and B be the bases, and C the common altitude, 
we shall have 

AxC : BxC : : A : B. 

And parallelograms, generally, are to each other as the pro> 
ducts of their bases and altitudes. 



PROPOSITION VI. THEOREM 

The area of a triangle is equal to the product of its base by hdff 
its attitude. 

For, the triangle ABC is half of the par- 
allelogram ABCE, which has the same base 
BC, and the same altitude AD (Prop. II.) ; 
but the area of the parallelogram is equal to 
BC X AD (Prop. V.) ; hence that of the trian- 
gle must be ^BC x AD, or BC x i AD. 

Cor. Two triangles of the same altitude are to each other ai 
their bases, and two triangles of the same base are to each 
other as their altitudes. And triangles generally, are to each 
other, as the products of their bases and altitudes. 
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PROPOSITION VII. THEOREM. 

The area of a trapezoid is equal to its aUitude multiplied by tk^ 
^ half sum of its parallel bases. 

J^t A6CD be a trapezoid, EF its alti- 
tude, AB and CD its parallel bases ; then 
will its area be equal to EF x KAB + CD), 

Through I, the middle point of the side 
BC, draw KL parallel to the opposite side 
AD ; and produce DC till it meets KL. 

In the triangles IBL, ICK, we have the side IB=IC, by 
construction; the angle LIB=CIK; and since CK and BL 
are parallel, the angle IBL = ICK (BookL Prop. XX. Cor. 2.); 
hence the triangles are equal (Book I. Prop. VI.) ; therefore, 
the trapezoid ABCD is equivalent to the parallelogram ADKJL, 
and is measured by EF x AL. 

But we have AL=DK; and since the triangles IBL and 
KCI are equal, the side BL=CK: hence, AB + CD =r:AL+ 
DK=2AL ; hence AL is the half sura of the bases AB, CD ; 
hence the area of the trapezoid ABCD, is equal to the altitude 
EF multiplied by the half sum of the bases AB, CD, a result 

which is expressed thus : ABCD=EF x ^1±£P. . 

Scholium. If through I, the middle point of BC, the line IH 
be drawn parallel to the base AB, the point H will also be the 
' middle of AD. For, since the figure AHIL is a parallelogram, 
as also DHIK, their opposite sides being parallel, we have 
AH=IL, and I)H=IK; but since the triangles BIL,CIK,are 
equal, we already have IL=IKj therefore, AH=DH. 

It may be observed, that the line HI=AL is equal to 

AB 4- CD 

— ^ ; hence the area of the trapezoid may also be ex- 
pressed by EFx HI : it is therefore equal to the altitude of the 
trapezoid multiplied by the line which connects the middle 
points of its inclined siden 
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PROPOSITION VIIL THEOBEM. 

Ijf a Kne is divided into two parts, the square described on the 
whole line is equivalent to the sum of the squares described on 
the parts, together with twice the rectangle contained by the 
parts. 

Let AC be the line, and B the point of division ; then, is 
AC2 or (AB-|-BC)*=ABHBC«+2ABxBC. 

Construct the square ACDE; take AF=: 
AB ; draw FG parallel to AC, and BH par- 
allel to AE. 

The square ACDE is made up of four parts ; 
the first ABIF is the square described on AB, 
nnce we made AF=AB : the second IDGH is 
the square described on IG, or BC ; for since we have AC= 
AE and AB=AF, the difference, AC — AB must be equal to 
the difference AE— AF, which gives BC:?=EF ; but IG is equal 
to BC, and DG to EF, since the lines are parallel ; therefore 
IGDH is equal to a square described on BC. And those two 
squares being taken away from the whole square, there re- 
mains the two rectangles BCGI, EFIH, each of which is mea' 
sured by AB x BC : hence the large squai;e is equivalent to tlie 
two small squares, together with the two rectangles. 

Cor. If the line AC were divided into two equal parts, th* 
two rectangles EI, IC, would become squares, and the square 
described on the whole line would be equivalent to four timea 
the square described on half the line. 

Scholium. This property is equivalent to the property de- 
monstrated in algebra, in obtaining the square of a binominal : 
which is expressed thus : 



PROPOSITION IX. THEOREM. 

JTie square described on the difference of two lines^ is equivalent 
to the sum of the squares described on the lines, minus twice 
(Ae rectangle contained by the lines. 
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Let AB and BC be two lines, AC th^ir difference ; then ii 
AC?, or (AB— BC)«=ABHBC2— 2ABxBC. 

Describe the square ABIF ; take AE Jt 
= AC ; draw CG parallel to to BI, HK " 
parallel to AB, and complete the square 
EFLK. 

The two rectangles CBIG, GLKD, 
are each measured by AB x BC ; take 

them away from the whole figure ^ 

ABILKEA, which is equivalent to ^ -* 

AB^+BC*, and there will evidently remain the square ACDE; 
hence the theorem is true. 

Scholium. This proposition is equivalent to the algebraical 
formula, {a—hf=a^—2db^h\ 



PROPOSITION X.. THEOREM. 

The rectangle contained hy the sum and the difference of two 
tineSy is equivalent to the difference of the squares of thos^ 
Knes. 
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Let AB, BC, be two lines ; then, will 

(AB +BC) X (AB— BC) = AB^- BC. 

On AB and AC, describe the squares -^ 
ABIF, ACDE ; produce AB till the pro- 
duced part BK is equal to BC ; and ^ 
complete the rectangle AKLE» 

The base AK of the rectangle EK, 
is the sum of the two lines AB, BC ; its 
altitude AE is the difference of the 
same lines ; therefore the rectangle 
AKLE is equal to (AB+BC) x (AB— 
BC). But this rectangle is composed of the two parts ABHE 
+BHLK ; and the part BHLK is equal to the rectangle EDGE, 
because BH is equal to DE, and BK to EF ; hence AEXE is 
equal to ABHE + EDGF. These two parts make up the square 
ABIF minus the square DHIG, wliich latter is equal to a 
square described on BC : hence wc have 

(AB+BC) X (AB— BC)=AB«— BCT 

Scholium. This proposition is equivalent to the algebiliical 
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tjvf&uitufii, jLiiis prupusiiiuii IS 

formula^ (a+b)x (a— fc)i=aV-6^ 



Q^ 



Digitized by 



Googk 



w 



GKOMETRY. 




PROPOSITION XI. TH£OREH. 

Tke square described on the hypothenuse of a right angled tri- 
angle is equivalent to the stun of the squares described on ti0 
other two sides. 

Let the triangle ABC be right 
uigled at A. Having described 
Aqnares on the three sides, let 
fall from A, on the hypothenuse, 
the perpendicular AD, which 
produce to E; and draw the 
diagonals AF, CH. 

The angle ABF is made up 
of the angle ABC, together with 
the right angle CBF ; the angle 
CBH is made up of the same 
ancle ABC, together with the 
ri^t angle ABH ; hence the _ 

aagle ABF is equal to HBC. But we have AB=BH, being 
sides of the same square ; and BF=BC, for the same reason : 
therefore the triangles ABF, HBC, have two sides and the in- 
cluded angle in each equal ; therefore they are themselves 
equal (Book I. Prop. V.). 

The triangle ABF is half of the rectangle BE, because they 
have the same base BF, and the same altitude BD (Prop. II. 
Cor. 1.). The triangle HBC is in like manner half of the 
square AH tfor the angles BAC,BAL, being both right angles, 
AC and AL form one and the same straight line parallel to 
HB (Book L Prop. III.) ; and. consequently the triangle HBC, 
and the square AH, which have the common base BH, have 
also the common altitude AB ; hence the triangle is half of the 
square. 

The triangle ABF has already been proved equal to the tri- 
angle HBC ; hence the rectangle BDEF, which is double of 
the triangle ABF, must be equivalent to the square AH, which 
is double of the triangle HBC. In the same manner it may be 
proved, that the rectangle CDEG is equivalent to the square 
AI. But the two rectangles BDEF, CDEG, taken together, 
make up the square BCGF : therefore the square BCGF, de- 
8mb6d on the hypothenuse, is equivalent to the gum of the 
squares ABHL, AUlK, described on the two other sides ; ia 
other words, BC«=^ AB^-f A r«. 
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Cor. 1. Hence the square of one of the sides of a right an- 
gled triangle is equivalent to ^ the square of the hypothenuse 
diminished by the square 6f the other side ; w hich is thus ex- 
pressed : A&=^^C'—AC\ 

Cor. 2. It has just been shown that the square AH is equi'* 
valent to the rectangle BDEF ; but by reason of the common 
altitude BR the square BCGF is to the rectangle BDEF as the 
base BC is to the base BD ; therefore we have 

BC« : AB3 : : BC : BD. 

Hence the square of the hypoUienuse is to ths square of one qf 
the sides about the right angle, as the hypothenuse is to the seg' 
ment adjacent to that side. The word segment here denotes 
that part of the hypothenuse, which is cut off by the perpen- 
dicular let fall from the right angle : thus BD is the segment 
adjacent to the side AB ; and DC is the segment adjacent to 
the side AC. We might have, in like manner, 

EC2 : AC2 : : BC : CD. 

Cor. 3. The rectangles BDEF, DCGE, having likewise the 
same altitude, are to each other as their bases BD, CD. But 
these rectangles are equivalent to the squares AH, AI ; there- 
fore we have KW : AC^ : : BD : DC. 

Hence the squares of the two sides containing the right angle^ 
are to each other as the segments of the hypothenuse which lie 
adjacent to those sides. 

Cor. 4. Let ABCD be a square, and AC its 
diagonal : the triangle ABC being right an- 

fled and isosceles, we shall have AC^=AB*+ 
IC*=2AB^: hence the square described on the 
diagonal AC; is double of the square described 

on the side AB. -g g- 

This propertymay be exhibited more plainly, ** 

by drawing parallels to BD, through the points A and C, and 
parallels to AC, through the points B and D. A new square 
EFGH will thus bfe formed, equal to the square of AC. Now 
EFGH evidently contains eight triangles each equal to ABE ; 
and ABCD contains four. such, triangles : hence EFGH is 
double of ABCD. 

Since we have AC^ : AB* : : 2 : 1 ; by extracting the 
square roots, we shall have AC : AB : : \/2 : 1 ; hence, the 
diagonal of a square is incommensurable with its side ; a pro* 
perty which will be explained more fully in another p!ace« 
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PROPOSITION XII. THEOREM. 

# 

In every triangle^ the square of a side opposite an acute a^gk ts 
less than the sum of the squares of the other two sides^ by twice 
the rectangle contained by the bcLse and the distance from the 
acute angle to the foot of the perpendicular let fall from the 
opposite angle on the base, or on the base produced. 

Let ABC be a triangle, and AD perpendicular to the base 
CB ; then will AB2=AC2+BC2— 2BC x CD. 

There are two cases. 

First. When the perpendicular falls within 
&e triangle ABC, we have BD=:BC— CD, 
and consequently BD^=BCHCD^— 2BC 
xCD (Prop. IX.). • Adding AIJP to each, 
and observing that the. right angled trian- 
gles ABD, ADC, give ADHBD'^= AB^, and 
AD2+ CD2= AC'^, we ' have ' AB^=BC^+ 
At;2_2bCxCD. 

Secondly. When the perpendicular AD 
falls without the triangle ABC, we have BD 
=CD— BC ; and consequently BD^^^CD^-I- 
BC^— 2CD X BC (Prop. IX.). Adding AD^ 
to both, we find, as before, AB^^BC^+AC^ 
— 2BCxCD. 




PROPOSITION XIII. THEOREM. 

In every obtuse angled triangle, the square of the side opposite the 
obtuse angle is greater than the sum of the squares of the other 
two sides by timce the rectangle contained by the base and the 
distance from the obtuse angle to the foot of the perpendicular 
let fall from the opposite angle on the base produced. 

Let ACB be a triangle, C the obtuse angle, and AD perpen- 
dicular to BC produced ; then will AB^^ACHBC^+SBC x 
CD. 

The perpendicular cannot fall within the "^ 
triangle ; for, if it fell at any point such as 
E, there would be in the triangle ACE, the 
right angle E, and the obtuse angle C, which 
is impossible (Book I. Prop. XXV. Cor. 3.) : 
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hence the perpendicular falls without ; and we have BD=BC 
+ CD, From this there resuks B1)^=BC^ + CDH 2BC x CD 
(Prop. VIIL). Adding AD^ to both, and reducing the sum^ as 
in the last theorem, we find AB«=BCHACH2BC x CD, 

Scholium. The right angled triangle is the only one in which 
the squares described on the two sides are together equivalent 
to the square described on the tLird ; for if thus^anghe;. contained 
by the two sides is acute, the sum of their squares will be 

freater than the square of the opposite side ; if obtuse, it will 
e less. 

PROPOSITION XIV. THEOREM. 



In any triangle^ if a straight line be drawn from the vertex to Vie 
middle of the base, twice the square of this line, together with 
twice the square of half the base, is equivalent to the sum of the 
squares of the other two sides of the triangle. 

Let ABC be any triangle, and AE a line drawn to the mid* 
die of the base BC ; then will 

2AEH 2BE«= AB2+ AC«. 
On BC, let fall the perpendicular AD. A 

Then, by Prop. Xll. 

AC*= AE^+EC^— 2EC x ED. 
AndbyProp.XllL 

^ AB«=AE^+EB«+2EBxED. Bt 

Hence, by adding; and observing that EB anS 
we have 

ABH AC2=2 AEH 2EB2. 

Cor» Hence, in every parallelogram the square^ofthe sides 
are together equivalent to the squares of the diagonals. 

For the diagonals AC, BD, bisect each b q 

other (Book L Prop. XX3£I.) ; consequently 
the triangle ABC gives 

ABH BC2=r2AE2+ 2BE«. 
The triangle ADC gives, in like manner. 

AD« -f DC«=2 AEH 2DE^ 
Adding the corresponding members together,and observing that 
BE and DE are equal, we shall have 

ABH ADH DCH BC2=4 AEH 4DE«. 
But 4AE3 is the square of 2AE, or of AC ; 4DE2 is the square 
of BD (Prop. VIII. Cor.) : hence the squares of the sides are 
together equivalent to the squares of the diagonals. 4. 

11 ^ 
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PROPOSITION XV. THEOREM. 




ffa line he drawn parallel to the base of a triangle, it vnU divide 
the other sides proportionally, 

I^et ABC be a triangle, and DE a straight line drawn par 
allel to the base BC ; then will 

AD : DB : : AE : EC. 

Draw BE and DC. The two triangles BDE, 
DEC having the same base DE, and the same 
altitude, since both their vertices lie in a line 
parallel to the base, are equivalent (Prop. II. 
Cor. 2.). 

The triangles ADE, BDE, whose common 
vertex is E, have the same altitude, and are to 
each other as their bases (Prop. VI. Cor.) ; 
hence we have 

ADE : BDE : : AD : DB. 

The triangles ADE, DEC, whose common vertex is D, have 
also the same altitude, and are to each other as their bases ; 
hence 

ADE : DEC : : AE : EC. 

But the triangles BDE. DEC, are equivalent ; and therefore, 
we have (Book II. Prop. IV. Cor.) 

AD : DB : : AE : EC. 

Cor. 1. Hence, by composition, we have AD + DB : AD : : 
AE+EC : AE,orAB : AD : : AC : AE ; and also AB : 
BD : : AC : CE. 

Cor, 2. If between two straight lines AB, CD, any number 
t>f parallels AC, EF, GH, BD, &c. be drawn, those straight 
lines will be cut proportionally, and we shall have AE : CF : : 
EG : FH : GB : HD. 

For, let O be the point where AB and 
CD meet. In the triangle OEF, the line 
AC being drawn parallel to the base EF, 
we shall have OE : AE : : OF : CF, or 
OE : OF : : AE : CP. In the triangle 
OGH, we shall likewise have OE : EG 
: : OF : FH,orOE : OF : : EG : FH. 
And by reason of the common ratio OE : 
OF, those two proportions give AE : CF 
: : EG : FH. It may beproved in the 
same manner, that EG : FH : : GB : HD, and so on ; hence 
the lines AB, CD, are cut proportionally by the parallels AC« 
£F, GH, '&c. 
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PROPOSITION XVI. THEOREM. 

Conversely, if two sides of a triangk are cut proportionally by a 
straight line^ this straight line will be parallel to the third side* 

In the triangle ABC, let the line DE be drawn, making 
AD : DS : : AE : EC : then will DE be parallel to BC. 

For, if DE is not parallel to BC, draw DO paral- 
lel to it. Then, by the preceding theorem, we shall 
have AD : DB : : AO : OC. But by hypothe- 
sis, we have AD : DB : : AE : EC : hence we 
must have AO : OC : : AE : EC,orAO : AE 
: : OC : EC ; an impossible result, since AO, the 
one antecedent, is less than its consequent AE, 
and OC, the other antecedent, is greater than its 
consequent EC. Hence the parallel to BC, drawn from tha 
point D, cannot differ from DE ; hence DE is that pardleL 

Scholium. The same conclusion would be true, if the pro- 
portion AB : AD : : AC : AE were the proposed one. For 
this proportion would give AB — ^AD : AD : : AC — ^AE : 
AE, or BD : AD : : CE : AE. 

PROPOSITION XVII. THEOREM. 

The line which bisects the vertical angle of a triangle, divides the 
base into two segments, which are proportional to the adjaceni 
sides. 

In the triangle ACB, let AD be drawn, bisecting the afigU 
CAB ; then will 

BD : CD : : AB 

Through the point C, draw CE 
parallel to AD till it meets BA 
produced* 

In the triangle BCE, the line AD 
is parallel to the base CE ; hence 
•we have the proportion (Prop. 
XV.), 

BD : DC : : AB : AE. 

But the triangle ACE is isos- 
celes : for, since AD, CE are parallel, we have the angle ACE 
=DAC, and the angle AECrrBAD (Book I. Prop. XX. Cor. 
2 & 3.) ; but, by hypothesis, DAC=BAD ; hence the an- 
gle ACE=AEC, and consequently AErrAC (Book I. Prop- 
Xll.). In plac6 of AE in the above proportion, sabstitute AC. 
and we shall have BD : DC : t AB : AC. . 
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PROPOSITION :?:viii. theorem. 

J\j9o equiangular triangles have their homologous sides pr&pot 
tionaU and are similar. 

Let ABC, CDE be two triangles which 
have their angles equal each to each, 
namely, BAC=CDE, ABC=:DCE and 
ACBr: DEC ; then the homologous sides, 
or the sides adjacent to the equal angles, 
will be proportional, so that we shall 
have BC : CE : : AB : CD : : AC : 
DE. 

Place the homologous sides BC, CE in the same straight 
line ; and produce the sides BA, ED, till they meet in F. 

Since BCE is a straight line, and the angle BCA is equal to 
CED, it follows that AC is parallel to DE (Book I. Prop. XIX. 
Cor. 2.). In like manner, since the angle ABC is equal to 
DCE, the line AB is parallel to DC. Hence the figure ACDF 
is a parallelogram. 

In the triangle BFE, the line AC is parallel to the base FE ; 
hence we have BC : CE : : BA : AF (PrOp, XV.); or put- 
ting CD in the place of its equal AF, 

BC : CE : : BA : CD. 

In the same triangle BEP, CD is parallel to BF which may 
be considered as the base; and we have the proportion 
BC ; CE : : FD : DE ; or putting AC in the place of its equal FD, 

BC : CE : : AC : DE. 

And finally, since both these proportions contiun the same 
ratio BC : CE, we have 

' AC : DE : : BA : CD. 

Thus the equiangular triangles BAC, CED, have their ho- 
mologous sides proportk)nal. But two figures are similar when 
they have their angles equal, each to each, and their homolo* 
gous sides proportional (Def. I.) ; consequently the equiangu- 
lar triangles BAC, CED, are two similar figures. 

Cor. For the similarity of two triangles, it is enough that 
they have two angles equal, each to each : since then, the 
third will also be equal in both, and the two triangles wiU be 
equiangular. 
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Scholium. Observe, that in similar triangles, the bomolo 
us sides arc opposite to the equal angles ; thus the angle ACB 
ing equal to DEC, the side AB is homologous to DC ; in like 
manner, AC and DE are homologous, because opposite to the 
equal angles ABC, DCE. When the homologous sides are de- 
termined, it is easy to form the proportions : 

AB : DC : : AC : DE : : BC : CE. 



PROPOSITION XIX. THEOREM. 

Two triangles^ which have their homologous sides proportionalf 
are equiangular and similar. 

In the two triangles BAC, DEF, 
suppose we have BC : EF : : AB 
: DE : : AC : DF; then will the 
triangles ABC, DEF have their an- 
gles equal, namclv, A=D, B=E, 
C=F. 

At the point E, make the angle 
FEG=B, and at F, the angle EFG=C ; the third G will b^ 
equal to the third A, and the two triangles ABC, EFG will be 
equiangular (Book I. Prop. XXV. Cor. 2.). Therefore, by the . 
last theorem, we shall have BC : EF : : AB : EG ; but, hy 
hypothesis, we have BC : EF : : AB : DE; hence EG =DE. 
By the same theorem, we shall also have BC : EF : :, AC : 
FG ; and by hypothesis, we have BC : EF : : AC : DF ; 
hence FG=DF. Hence the triangles EGF, DEF, having their 
three sides equal, each to each, are themselves equal (Book I. 
Prop. X.). But by construction, the triangles EGF and 
ABC are equiangular : hence DEF and ABC are also equian- 
gular and similar. 

Scholium I. By the last two propositions, it appears that in 
triangles, equality among the angles is a consequence of pro- 
portionality among the sides, and conversely ; so that either of 
those conditions sufficiently determines the similarity of two 
triangles. The case is different with regard to ^gures of 
more than three sides : even in quadrilaterals, the propd^tion 
between the sides may be altered without altering tho> angles, 
or the angles may be altered without altering the proportion 
between the sides ; and thus proportionality among the sidea 
cannot be a consequence of equality among the angles of two 
quadrilaterals, or vice versa. It is evident, for example^ that 

H 



Digitized by 



yGoogk 




86 GEOMETRY. 

by drawing EF parallel to BC, the angles of 
the quadrflateral AEFD, are made equal to 
those of ABCD, though the proportion be- 
tween the sides is dilTerent ; and, in like man- 
ner, without changing the four sides AB, BC» 
CD, AD, we can make the point B approach 
D or recede from it, which will change tlie 
angles. 

Scholium 2. The two preceding propositions, which in strict- 
ness form but one, together with that relating to the square of 
the hypothenuse, are the most important and fertile in results 
of any in geometry : they are almost sufficient of themselves 
for every application to subsequent reasoning, and for solving 
every problem. The reason is, that all figures may be divided 
into triangles, and any triangle into two right angled triangles. 
Thus the general properties of triangles include, by implica- 
tion, those of all figures. 



PROPOSITION XX. THEOREM. 

Two triangles^ which have an angle of the one equal to an angle 
of the other n and the sides containing those angles proportional, 
are similar. 

In the two triangles ABC, DEF, let 
the angles A and D be equal ; then, if 
AB : DE : : AC : DF, the two trian- 
gles will be similar. 

Take AG=DE, and draw GH paral- 
lel to BC. The angle AGH will be equal 
to the angle ABC (Book I. Prop. XX. 
Cor 3.) ; and the triangles AGH, ABC, will be equiangular : 
hence we shall have AB : AG : : AC : AH. But by hypo- 
thesis, we have AB : DE : : AC : DF ; and by construction, 
AG=DE : hence AH=DF. The two triangles AGH, DEF. 
have an equal angle in^uded between equal sides ; therefore 
they are equal : but the triangle AGH is similar to ABC; there- 
fore DEF is also similar to ABC. 
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PROPOSITION XXI. THEOREM. 



Two triangles, which have their homologous sides parallel^ or 
perpendicular to each other, are similar. 



Let BAC, EDF, be two triangles. 

First. If the side AB is parallel to DE, and 
BC to EF, the angle ABC will be equal to 
DEF (Book I. Prop. XXIV.) ; if AC is parallel 
to DF, the angle ACB will be equal to DFE, 
and also BAC to EDF ; hence the triangles 
ABC, DEF, are equiangular; consequently 
they are similar (Prop. XVIIL). 




Secondly. If the side DE is perpen- 
dicular to AB, and the side DF to AC, 
the two angles I and H of the quadri- 
lateral AIDH will be right angles ; and 
since all the four ancles are together 
equal to four right angles (Book I. Prop. 
XXVI. Cor. 1 .), the remaining two I AH, 
IDH, will be together equal to two right B 
angles. But the two angles EDF, IDH, are also equal to two 
right angles : hence the angle EDF is equal to lAH or BAC. 
In like manner, if the third side EF is perpendicular to the third 
side BC, it may be shown that the angle DFE is equal to C, and 
DEF to B : hence the triangles ABC, DEF, which have the 
sides of the one perpendicular to the corresponding sides of the 
other, are equiangular and similar. 

Scholium. In the case of the sides being parallel, the homolo- 
gous sides are the parallel ones : in the case of their being per- 
pendicular, the homologous sides are the peipendicular ones. 
Thus in the latter case DE is homologous with AB, DF with 
AC, and EF with BC. 

The case of the perpendicular ^sides might present a rela- 
tive position of the two triangles different from that exhibited 
in the diagram. But we might always conceive a triangle 
DEF to be constructed within the triangle ABC, and such that 
its sides should be parallel to those of the triangle compared . 
with ABC ; and then the demonstration given in £e text woidd 
apply. 
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PROPOSITION XXII. THEOREM. 

In any triangle, if a line ie drawn parallel to the base, then, aU 
lines drawn from the vertex will divide the base and the par^ 
allel into proportional parts. 

Let D£ be parallel to the base BC, and 
fbe other lines drawn as in the figure ; 
then will 
DI : BF : : IK : FG : : KL : GH. 

For, since I>I is parallel to BF, the 
trifingles ADI and ABF are equiangu- 
lar; and we have DI : BF : : Al : 
AF ; and since IK is parallel to FG, 
we have in like manner AI : AF : : 
IK : FG ; hence, the ratio AI : AF being common, we shall 
have DI : BF : : IK : FG. In the same manner we shall 
find IK : FG : : KL : GH ; and so with the other segments : 
hence the line DE is divided at the points I, K, L, in the same 
proportion, as the base BC, at the points F/G, H. 

Cor. Therefore if BC were divided into equal parts at the 
points F, G, H, the parallel DE would also be divided into equal 
parts at the points I, K, L. 




PROPOSITION XXIir. THEOREM. 

If from the right angle of a right angled triangle, n perpendicu* 

' lar be let fall on the hypothenuse ; then, 
1st. The two partial triangles thus formed, will be similar to each 

other, and to the whole triangle. 
Sd Either side including the right angle will be a meanpropor^ 

tional between the hypothenuse and the adjacent segment. 
Zd. The perpendicular will be a mean proportional between tlie 

two segments of the hypothenuse. 

Let BAG be a right angled triangle, and AD perpendicular 
to the hypothenuse BC. 

First. The triangles BAD and BAG 
hare the common angle B, the right 
angle BDA=BAC, and therefore the 
third angle BAD of the one, equal to 
the third angle C, of the other (Book 
I. Prop. X^. Cor 2.) : hence those 
two triangles are equiangular and 
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similttr. In the same manner it may be shown that the trian- 
gicB DAC and BAG are similar; hence all the triangles are 
equiangular and similar. 

Secondly, The triangles BAD, BAG, being similar, then: 
homologous sides are proportional. But BD in the small tri- 
angle, and BA in the large one, are homologous sides, because 
they lie opposite the equal angles BAD, BCA ; the hypothe- 
nuse BA of the small triangle is homologous with the hypo- 
tbewuse BG of the large triangle : hence the propoi-tion BD ': 
BA : : BA : BG. By the same reasoning, we should find 
DC : AG : : AG : BG ; hence, each of the sides AB, AG, is 
a mean proportional between the hypothenuse and the segment 
adjacent to that side. 

Thirdly. Since the triangles ABD, ADG, are similar, hy 
comparing their homologous sides, we have BD : AD : : AD 
: DC ; hence, the perpendicular AD is a mean proportional 
between the segments BD, DG, of the hypothenuse. 

Scholium. Since BD : AB : : AB : BG, the product of the 
extremes will be equal to that of the means, or AB^=BD.BC. 
For the same reason we have AG2=DG.BG ; therefore AB*+ 
AG2=BD.BG+DG.BG= (BD+DG).BG=BG.BG=BG2; or 
the square described on the hypothenuse BG is equivalent to 
the squares described on the two sides AB, AG. Thus we again 
arrive at the property of the square of the hypothenuse, by a 
path very difierent from that which formerly conducted us to 
it : and thus it appears that, strictly speaking, the property of 
the square of the hypothenuse, is a consequence of the mpre 
general property, that the sides of equiangular triangles Lm 
proportional. Thus the fundamental propositions of geometry 
are reduced, as it were, to this single one, that equiangular tn- 
angles have their homologous sides proportional. 

It happens frequently, as in this instance, that by deduciti^ 
consequences from one or more propositions, we are led back 
to some proposition already proved. In fact, the chief charac* 
leristic of geometrical theorems, and one indubitable proof of 
their certainty is, that, however we combine tliem together, 
provided only our reasoning be correct, the results we obtain 
are always perfectly accurate. The case would be different, 
if any proposition were/alse or only approximately" true : it 
would frequently happen tiiat on combining the propositions 
together, the error would increase and become perceptible* 
Examples of this are to be seen in all the demonstrations, in 
which the reductio ad absurdum is employed. In such demon- 
strations, where the object is to show that two quantities «« 
equal, we proceed by showing that if there existed the soiallefli 
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inequality between the quantities, a train of accurate reaaon- 
inff would lead us to a manifest and palpable absurdity; from 
which we are forced to conclude that the two quantities are 
equal. 

Cor. If from a point A, in the circumference 
of a circle, two chords AB, AC, be drawn 

the extremities of a diameter BC, the triangle 

BAC will be right angled at A (Book III. Prop. ^ ^ ^ 

XVIII. Cor. 2.) ; hence, first, tJie perpendicular AD is a mean 
proportional between the two segments BD, DC, of the diameter^ 
or what is the same, AD*=BD.DC. 

Hence also, in the second place, the chord AB is a mean pro* 
portional between the diameter BC and the adjacent ^e^^en^ BD, 
or, what is the same, AB*=BD.BC. In like manner, we have 
AC«z=CD.BC ; hence AB^ : AC^ : : BD : DC : and com- 
paring AB^ and AC^ to BC« we have AB^ : BC^: : BD : 
BC, and AC* : BC* : : DC : BC. Those proportions between 
the squares of the sides compared with each other, or with the 
square of the hypothenuse, have already been given in the third 
and fourth corollaries of Prop. XI. 



PROPOSITION XXIV. THEOREM. 

7\do triangles having an angle in each equal, are to each other 
as the rectangles of the sides which contain the equal angles. 

In the two triangles ABC, ADE, let the angle A be equal to 
the angle A ; then will the triangle 

ABC : ADE : : AB.AC : AD.AE. 

Draw BE. The triangles 

ABE, ADE, having the com- "T 

mon vertex E, have the same / \ ^ 

altitude, and consequcntlv are jr/ \ IX^r \ 

to each other as their bases /^V \ •R>^>>0\ f» 

(Prop, VL Cor.) : that is, / '<>^^ 

ABE : ADE : : AB : AD. /' ^ c ^^"^^ 

In Uke manner, 

ABC : ABE : ; AC : AE. 

Multiply together the corresponding terms of these proportiooi^ 
omitting the common term ABE ; we have 

ABC : ADE : AB JIC : AD.AE. 
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Cor. Hence the two triangles would be equivalent, if fiie 
rectangle AB.AC were equal to th^ rectangle AD.A£» or if 
we had AB : AD : : AE : AC ; which would happen if DC 
were parallel to BE. 



PROPOSITION XXV. THEOREM. 

Tuio similar triangles are to each other as the squares described 
on their liomologous sides. 



33 




Let ABC, DEF, be two similar trian- A. 
gles, having the angle A equal to D, and \ 
die angle B=E. \ 

Then, first, by reason of the equal an- G — -^ 
gles A and D, according to the last pro- \^ 

position, we shall have j \ 

ABC : DEF : : AB.AC : DE.DF. * ^ 

Also, because the triangles are similar, 

AB : DE : : AC : DF, 
And multiplying the terms of this proportion by the corres 
ponding terms of the identical proportion, • 

AC : DF ; : AC : DF, 
there will result 

ABJ^C : DE.DF : : AC« : DP. 
Consequently, 

ABC : DEF : : AC« : DP. 
Therefore, two similar triangles ABC, DEF, are to each 
other as the squares described on their homologous sides AC, 
DF, or as the squares of any other two homologous sides. 



PROPOSITION XXVI. THEOREM. 

Two similar polygons are composed of the same number oftri- 
angles^ similar each to each, and similarly situated. 
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92 GEOMETRY. 

Let ABCDE, FGHIK, be two similar polygons. 

From any angle A» in c 

the polygon ABCDE, 
draw diagonals AC, AD 
to the other angles. From 
the homologous angle F, 
in the other polygon 
FGHIK, draw diagonals 
FH, FI to the other an- 
gles. 

These polygons being similar, the angles ABC, FGH, which 
are homologous, must be equal, and the sides AB, BC, must 
also be proportional to FG, GH, that is, AB : FG : : BC : 
GH (Def. 1.). Wherefore the triangles ABC, FGH, have each 
an equal angle, contained between proportional sides ; hence 
they are similar (Prop. XX.) ; therefore the angle BC A is equal 
to GHF. Take away these equal angles from the equal angles 
BCD, GHI, and there remains ACD=FHI. But since the 
triangles ABC, FGH, are similar, we have AC : FH : : BC : 
GH ; and, since the polygons are similar, BC : GH : : CD : 
HI ; hence AC : FH : : CD : HI. But the angle ACD, we 
already know, is equal to FHI ; hence the triangles ACD, FHl, 
have an equal angle in each, included between proportional 
sides, and are coftsequently similar (Prop. XX.). In the same 
manner it might be shown that all the remaining triangles are 
similar, whatever be the number of sides in the polygons pro- 
posed : therefore two similar polygons are composed of the 
same number of triangles, similar, and similarly situated. 

Scholium. The converse of the proposition is equally true : 
If two polygons are composed of the same number of triangles 
similar and similarly situated, those two polygons will be similar* 

For, the similarity of the respective triangles will give the 
angles, ABC =FGH, BCA=GHF, ACD=FHI : hence BCD= 
GHI, likewise CDE=HIK, &c. Moreover we shall have 
AB : FG : : BC : GH : : AC : FH : : CD : HI,&c.; hence 
the two polygons have their angles equal and their sides pro- 
portional ; consequently they are similar. 



PROPOSITION XXVII. THEOREM. 

TTie contours or perimeters of similar polygons are to each other 
as the homologous sides : and the areas are to each other oit 
the squares described on those sides. 
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First. Since, by the 
nature of similar figures, 
we have AB : R^^ : : 
BC ; GH : : CD : HI, 

&c. we conclude from 
this series of equal ratios 
that the sum of the ante- 
cedents AB+BC+CD, 
&c., whicii makes up the perimeter of the first poljrgon, is to 
the sum of the consequents F6+6H+HI, &c., which makes 
up the perimeter of the second polygon, as any one antecedent 
is to its consequent ; and therefore, as the side AB is to its cor- 
responding side FGc. (Book II. Prop. X.). 

Secondly. Since the triangles ABC, FGH are similar, we 
shall have the triangle ABC : FGH : : AC« : FH* (Prop. 
XXV.) ; and in like manner, from the similar triangles ACD, 
FHI, we shall have ACD : FHI : : AC« : FH»; therefore, by 
reason of the common ratio, AC* : FIP, we have 

ABC : FGH : : ACD : FHI. 
By the same mode of reasoning, we should find 

ACD : FHI : : ADE : FIK; 
and so on, if there were more triimgles. And from this series 
of' equal ratios, we conclude that the sum of the antecedents 
ABC+ ACD+ ADE, or the polygon ABCDE, is to the sum of 
the^bonsequents FGH + FHI + FIK, or to the polygon FGHIK, 
as one antecedent ABC, is to its consequent FGH, or as AB* 
is to FG' (Prop. XXV.) ; hence the areas of similar poly- 
gons are to each other as the squares described on the homolo- 
gous sides. 

Cor. If three similar figures were constructed, on the 
three sides of a right anded triangle, the figure on the hypo- 
thenuse would be equivalent to the sum of the other two : for 
the three figures are proportional to the squares of their 
homologous sides ; but the square of the hypothenuse is 
equivalent to the sum of the squares of the two other sides ; 
hence, &c. 



PROPOSITION XXVIII. THEOREM. 

The segments of two chords^ which intersect each other in a circle^ 
are reciprocally proportional. 
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Let the chords AB and CD intersect at O : then will 
AO : DO : : OC : OB. 

Draw AC and BD. In the triangles ACO, 
BOD9 the angles at O are equal, being verti* 
cal ; the angle A is equal to the angle D, be- 
cause beth are inscribed in the same segment 
(Book III. Prop. XVIII. Cor. 1.) ; for the same 
reason the angle C =:B ; the triangles are there- 
fore similar, and the homologous sides give the proportion 
AO : DO : : CO : OB. 

Cor. Therefore AO.OB=DO. CO: hence the rectangle 
cndcr the* two segments of the one chord is equal to the rect- 
angle under the two segments of the other. 




PROPOSITION XXIX. THEOREM. 

If from the same point without a circle^ two secants he drawn 
terminating in the concave arc, the whole secants will be recip- 
rocally proportional to their external segments. 

Let the secants OB, OC, be drawn from the point O : 
then will 

OB : OC : : OD : OA. 
For, drawing AC, BD, the triangles OAC, 
OBD have the angle O common ; likewise the 
angle B=C (Book IIL Prop. XVlII.Cor. 1.); 
these triangles are therefore similar ; and their 
homologous sides give the proportion, 
OB : OC : : OD : OA. 

Cor. Hence the rectangle OA.OB is equal 
to the rectangle OC.OD. S' 

Scholium. This proposition, it may be observed, bears a 
great analogy to the preceding, and differs from it only as the 
two chords AB, CD, instead of intersecting each other within, 
cut each other without the circle. The following proposition 
may also be regarded as a particular case of the proposition 
just demonstrated. 
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PROPOSITION XXX. THEOREM. 

If from the same point without a circle^ a tangent and a secant 
be drawn^the tangent will be a mean proportional between the 
secant and its external segment. 

From the point O, let the tangent OA, and the secant OC be 
be drawn ; then will 

OC : OA : : OA : OD, or OA«=OC.OD. 

J'or, drawing AD and AC, the triangles 
OAD, OAC, have the angle O common ; also 
the angle OAD, formed by a tangent and a 
chord, has for its mea&ure half of the arc AD 
(Book III. Prop. XXI.) ; and the angle C has 
the same measure : hence the angle OAD= 
C ; therefore the two triangles are similar, 
and we have the proportion OC : OA : : 
AO : OD, which gives OA'^=OC.OD. 



PROPOSITiON XXXI. THEOREM. 

If either angle of a triangle be bisected by d line terminating in 
the opposite side^ the rectangle of the sides including the bi- 
sected angle, is equivalent to the square of the bisecting Km 
together with the rectangle contained by- the segments of the 
third side. 

In the triangle BAC, let AD bisect the angle A ; then will 
AB.AC=AD2+to.DC. 

Describe a circle through the three points 
A, B, C ; produce AD till it meets the cir- 
cumference, and draw CE. 

The triangle BAD is similar to the trian- 
gle EAC ; for, by hypothesis, the angle 
SAD=EAC; also the angle B=E, since 
they are both measured by half of the arc 
AC ; hence these triangles are similar, and 
the homologous 'sides give the proportion BA : AE : : AD : 
AC ; hence BA.AC=AE.AD ; but AE=AD+DE, and multi- 
plying each of thfse^quala by AD, we have AE.AD=AD*+ 
AD.DE; now AD,DE=PD.DC (Prop. XXVIII.) ; hence, 
finally! 

BA.AC=ADHBD.DC. 
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PBOPOSITION XXni. THEOREM. 

In every triangle^ Hie rectangle contained hy two sides is e^itM^ 
kni to the rectangle contained by the diameter of the circum^ 
scribed circle^ and the perpendicular let fall upon the third 
side. 




In the triangle ABC, let AD be drawn perpendicular to BC ; 
and let EC be the diameter of the circomscribed circle ; then 
wiU 

AB-AC=:AD.CE. 

For, drawing AE, the triangles ABP« 
AEC, are right angled, the one at I), the 
other at A : .also the angle B=E ; these tri- 
angles are therefore similar, and they give 
the proportion AB : CE : : AD : AC ; and 
hence AB.ACz=CE.AD. 

Cor. If these equal quantities be multiplied by the same 
quantity BC, there will result AB.AC.BC=CE.AD.BC ; now 
AD.BC is doable of the area of the triangle (Prop. VI.) ; there- 
fore the product of three sides of a triangle is equal to its area 
multiplied by twice the diameter of the circumscribed circle. 

The product of three lines is sometimes called a solid, for a 
reason that shall be seen afterwards. Its value is easily con* 
ceived, by imagining that the lines are reduced into numbers, 
and muhiplying these numbers together. 

Scholium. It may also be demonstrated, that the area of 
a triangle is equal to its perimeter multiplied by half the radius 
of the inscribed circle. 

For, the triangles AOB, BOC, 
AOC, which have a common 
verte:?^ at O, have for their com- 
mon altitude the radius of the 
inscribed circle ; hence the sum 
of these triangles will be equal 
to the sum of the bases AB, BC, 
AC, multiplied by half the radius 
OD; hence the area of the triangle ABC is equal to the 
perimeter multiplied by half the radius of the inscribed circle 
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PROPOSITION XXXIII. TH£OREM. 

In every quadrilateral inscribed in a circle^ the rectangle oftht 
two diagonals is equivalent to the sum of the rectangles of the 
opposite sides, ^ 

In the quadrilateral ABCD, we sha)l have 
^ . AC.BD=ABXD+AD,BC. 

Take the arc CO=AD, and driii^^Bp 
meeting the diagonal AC in I, ' 

y The angle Afil)=CBI, since the one 
has for its measure half of the arc AjD, 
and the other, half of CO, equal to At) ; 
the angle ADB=BCI, because they are 
both inscribed in the same segment 
AOB ; hence the triangle ABD is similar ^xf'^^^— ^ 

to the triangle IBC, and we have the . ^ 

proportion AD : CI : : BD : BC; hence AD.BC=CI.BD. 
Again, the triangle ABl is similar to the triangle BDC ; for the 
arc AD being equal to CO, if OD be added to each of them,^ 
we shall have the arc AOrrDG ; hence the angle ABI is equal^ 
to DBC ; also the angle BAI to BDC, because tfiey are in- 
scribed in the same segment ; hence the triangles ABI, DBC, 
are similar, and the homologous sides give the proportion AB : 
BD : : AI : CJ); henbe AB.CD=AI.BD. 

Adding the ivfo results obtained, and observing that 

ALBD + CI.BD = (AI + CI)3D= AC.BD, 
we shall hi^ve 

AD.BC+AB.CD=AC.BD. • 
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FROBLEM S RELATING TO THE FOURTH BOOI.. 



FROBLEM I. 

To divide a given straight line into any number of equal parts 
or into parts proportional to given lines. 

First Let it be proposed to divide the line 
AB into five equal parts. Through the ex- 
tremity A, draw the indefinite straight line 
AG ; and taking AC of any magnitude, apply 
it five times upon AG ; join the last point 
of division G, and the extremity B, by the 
straight line GB ; then draw CI parallel to 
GB : AI will be the fifth part of the line 
AB ; and thus, by applying AI five times 
upon AB, the line AB will be divided into 
five equal parts. 

For, since CI is parallel to GB, the sides AG, AB, are cut 
proportionally in C and I (Prop. XV.). But AC is the fifth 
part of AG, hence AI is the fifth part of AB, 

Secondly. ' Let it be pro- 
posed to divide the line AB 
mto parts proportional to 
the given lines P, Q, R. 
Through A, draw the indefi- 
nite line AG'; make AC = 
r, CD=Q, DE=R; join 
the extremities £ and B ; 
and through the points C, 
D, draw CI, DF, parallel to EB ; the line AB will be divided 
into parts AI, IF, FB, proportional to the given lines P» 
Q,R. 

For, by reason of the para..cJ8 CI, DF, EB, the parts AI, 
IP, FB, are proportional to the parts AC, CD, DE ; and by 
4ion8truction, these are equal to the given Imes P, Q, R. 
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PROBLEM 11. 

To find a fourUi proportitmal to three given fine*, A, B, C. 

Draw the two indefi- 
nite lines D£, DF, form- 
ing any angle with each 
other. Upon DE take 
DA=A, and DB=Br 
upon DF take DC=C; 
draw AC ; and through . 
the point B, draw BX 
parallel to AC ; DX will be the fourth: proportional required ; 
for, since BX is parallel to AC, we have the proportion 
DA : DB : : DC ; DX ; now the first three terms of this pro- 
portion are equal to the three given lines : consequently DX is 
the fourth proportional required. 

Cor. A third proportional to two given lines A, B, may be 
found in the same manner, for it will be the same as a fourth 
proportional to the three lines A, B, B. 

PROBLEM lit 
To find a mean proportional between two given lines A and B. 

Upon the indefinite line DF, take 
DE=A, and EF=B ; upon the whole 
line DF, as a diameter, describe the 
semicircle DGF; at the point E, 
erect upon the diameter the perpen- 
dicular EG meeting the circumfe- 
rence in G ; EG will be the mean A»— I 
proportional required. 

For, the perpendicular EG, let fall from a point in the cir- 
cumference upon the diameter, is a mean proportional between 
DE, EF, the two segments of the diameter (Prop. XXIII. 
Cor.) ; and these segments are equal to the given linea A, 
and B. 

PROBLEM IV. 

To divide a given line into two parts^ such that the greater part 
shall be a mean proponiMud between the whole line and the 
other parL 
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Let AB be the given line. 

At the extremity B of the line 
AB, erect the perpendicular BC 
equal to the half of AB ; from the 
point C, as a centre, with the ra- 
dius CB, describe a semicircle ; 

draw AC cutting the circumfe- 

rence in D ; and take AF=AD : A. "E 

the line AB will be divided at the point F in the manner re 

quired ; that is, we shall have AB : AF : : AF : FB. 

For, AB being perpendicular to the radius at its extremity, 
is a tangent ; and if AC be produced till it again meets the 
circumference in £, we shall have AE : AB : : AB : AD 
ffrop. XXX.) ; hence, by division, AE — ^AB : AB : : AB — 
AD : AD. But since the radius is the half of AB, the diame- 
ter DE is equal to AB, and consequently AE — AB= AD=AF ; 
abo, because AF=AD, we have AB— ADz=FB; hence 
AF : AB : : FB : AD or AF ; whence, by exchanging the 
extremes for the means, AB : AF : : AF : FB. 

^ Scholmm. This sort of division of the line AB is called di* 
vision in extreme and meaa ratio : the use of it will be per- 
ceived in a future part of the work. It may further be 
observed, that the secant AE is divided in extreme and mean 
ratio at the point D ; for, since AB=DE, we have AE : D£ 
; : DE : AD. 



FROBCEM V. 

Through a given pointy in a given angle, to draw a line so that 
the segments comprehended between the point and the two sides 
of the angle, shall be equal. 

Let BCD be the given angle, and A the given point 

Throurii the point A, draw AE paral- 
lel to CD, make BE=CE, and through 
the points B and A draw BAD ; this will 
be me line required. 

For, AE being parallel to CD, we have 
BE : EC : : BA : AD ; but BE=EC ; 
therefore BA=AD. 
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Fo describe a square that shall be equivalent to a giveti paraUsh^ 
gram^ or to a given triangle. 



First. Let ABCD be 
jie given parallelograniy 
AB its base, D£ its alti* 
lude: between AB and 
D£ find a mean propor- 
lional XY ; then will the 
square described upon 




XY be equivaient to the parallelogram ABCD. 

For, by construction, AB : X Y : : XY : DE; therefore, 
XY^= AB.DE ; but AB.DE is the measure of the parallelogram, 
and XY^ that of the square ; consequently, they are equiva- 
lent 

SecondOy. Let ABC be the 
given triangle, BC its base, 
AD its altitude : find a mean 
proportional between BC and 
the half of AD, and let XY be 
that mean ; the square de- 
scribed upon XY will be equi- 
vaJent to the triangle ABC. 

For, since BC : XY : : XY : |AD, it (pllows that XY2= 
BC.^AD ; hence the square descnbed upon XY is equivalent 
to the triangle ABC. 

PROBLEM VII. 

Upon a given line^ to describe a rectangle that shall be equivO' 
lent to a given rectangle. 

Let AD be the line, and ABFC the ^ven rectangle. 

Fmd a fourth proper 
tiOnaJ to the three Imes 
AD, AB, AC, and let AX 
be that fourth propor- 
tional ; a rectanffie con- 
ftructed with the lines 
AD 8md AX will be equi- 
valent to the rectangle ABFC. 

For,sinceAD : AB : : AC : AX, it foBows that AD.AXa. 
AB.AC ; hence the lectaogie ADEX ia equivalent to the xeet* 
«i|^ ABFC. -^ 
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PROBLEM VIIL 

2b fmi two lines ibhose ratio shall be the same as the ratio of 
two rectangles contained hy given lines. 

Let A.B, CD, be the rectangles contained by the given lines 
A, B, C, and I). 

Knd X, a fourth proportional to the three a . 
lines B, C, D ; then will the two lines A and 
X. have the same ratio to each other as the 
rectangles A.B and CD. 

For, since B : C : : D : X, it follows that ^ » -• 

CD=B.X ; hence A.B : CD : : A.B : B-X 2Ci 

Cor^ Hence to obtain the ratio of the squares described 
iipon the given lines A and C, find a third proportional X to 
the lines A and C, so that A : C : : C : X ; you will then 
have 

A,Xi=C« or A«.X=:A.C®; heiice 

A* : C* : : A : X. 

PROBLEM IX. 
To find a triangle that shall he equivalent to a given polygon. 

Let ABCDE be the given polygon. ^ C 

Draw first the diagonal CE cutting off 
the triangle CDE ; through the point 
D, draw DF parallel to CE, and meet- 
ing AE produced ; drawCF: the poly- 
gon ABCDE will be equivalent to the 



polygon ABCF, which has one side ^ -^ E T . 
less than the original polygon. 

For, the triangles CDE, CPE, have the base CE common, 
they have dlso the same altitude, since their vertices D and F, 
are situated in a line DF parallel to the base : these triangles are 
therefore equivalent (Prop. II. Cor. 2.). Add to each of them 
the figure ABCE, and there will result the polygon ABCDE, 
equivalent to the polygon ABCF. 

The angle B may in like manner be cut off, by substituting 
fbr the triangle ABC the equivalent triangle AGC, and thus 
ike pentagon ABCDE will be changed into an equivalent tri* 
anrfeGCF. v 

The same process may be applied to every other i^ore j; 
fbr, by successively diminishillg the number of its sides, one 
being retrenched at etick «t^ of the |irooeiis» the eqtuvBtei4 
triangle will at last be found. 

Digitized by VjOOQ IC 



\ 




BOOKIV. 109 

Scholium. We have already seen that every triangle may 
he changed into an equivalent square (Prob. Vf .) ; and thus a 
square may always be found equivalent to a given rectilineal 
figure, which operation is called squaring the rectilineal figure, 
or finding the quadrature of it. 

The problem o{the quadrature of the circle, consists in find* 
ing a square equivalent to a circle whose diameter is given* 



PROBLEM X- 

To find the side of a square which shall he equivalent to the sum 
or the difference of two given squares. 

Let A and B be the sides of the 
given squares. 

First. If it is required to find a 
square equivalent to the sum of 
these squares, draw the two indefi« 
nite lines ED, £F, at riffht angles 
to each other; take ED = A, and 
£G=B; draw DG; this will be the side of the square re- 
quired. 

For the triangle DEG being right angled, the square de- 
scribed upon DG is equivalent to the sum of the squares upon 
ED and EG. 

Secondly. If it is required to find a square equivalent to the 
difference of the given squares, form in the same manner the right 
angle FEH ; take GE equal to the shorter of the sides A and 
B ; from the point G as a centre, with a radius GH, eqyal to 
the other side, describe an arc cutting EH in H : the square 
described upon EH will be equivalent to the difierence of the 
squares described upon the lines A and B. 

For the triangle GEH is right angled, the hypothenuse 
GH=A, and the pide GE=B; hence the square described 
upon EH, is equivalent to the difference of the squares A 
andB. 

Scholium. A square may thus be found, equivalent to the 
sum of any number of squares ; for a similar construction which 
reduces two of them to one, will reduce three of them to two, 
and these two to one, and so of others. It would be the same, 
if any of thid squares were to be subtracted from the sum ot 
the othenk 
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PROBLEM XL 

To find q square which shall be to a given square as a given, 
line to a given line. 

Let AC be the given 
square, and M and N the 
given lines. 

Upon the indefinite 
Jine EG, take EF=M, 
and FG=N ; upon EG 
as a diameter describe j3 

a semicircle, and at the point P erect the perpendicular FH. 
From the point H, draw the chords HG, HE, which produce 
indefinitely: upon the first, take HK equal to the side AB of 
the given square, and through the point K draw KI parallel to 
EG ; HI will be the side of the square required. 

For, by reason of the parallels KI, GE, we liave HI : HK 
: : HE : HG; hence, HP : HK« : : HE' : HG«: but in the 
nffht angled triangle EHG, the square of HE is to the squaro 
of HG ad the segment EF is to the segment FG (Prop. XI. 
Cor. 3.), or as M is to N; hence HP : HK« : : M : N. Bat 
HK=AB ; therefore the square described upon HI is to the 
square described upon AB as M is to N. 

PROBLEM XIL 

Upon a given line, to describe a polygon similar to a given 

polygon. 

Let FG be the given 
Kne, and AEDCB the 
given polygon. 

In the given polygon, 
draw the diagonals AC, 
AD ; at the point F 
make the angle GFH= 
BAC, and at the point 
G the angle FGH=ABC ; the lines FH, GH will cut each 
other in H, and FGH will be a triangle similar to ABC. In 
the same manner upon FH, homologous to AC, describe the 
triangle FIH similar to ADC ; and upon PI, homologous to AD» 
describe the triangle FIKr similar to ADE. The polyg(»i 
FGHIK will be similar to ABCDE, as required. 

For, these two polygons are composed of the same number 
of triangles, wtuch are iiimilar and similarly situated (Prop* 
XXVLSch.). ^ ^ 

Digitized by LjOOQ IC 





BOOK IV. 106 



PROBLEM XIII. 

T\jDo similar figures being given^ to describe a similar figure 
which shall be equivalent to their sum or their difference. 

Let A and B be two homologous sides of the given figares. 

Find a square equivalent to the 
sum or to the difference of the 
squares described upon A and B ; 
let X be the side of that square ; 
then will X in the figure required, 
be the side \\;hich is homologous 
to the sides A and B in the given 
figures. The figure itself may then 
be constructed on X, by the last problem. 

For, the similar figures are as the squares of their homolo- 
gous sides ; now the square of the side X is equivalent to the 
sum, or to the d.ierence of the squares described upon the 
homologous sides A and B ; therefore the figure described upon 
the side X is equivalent to the sum, or to the difference of tht 
similar figures described upon the sides A and B. 



PROBLEM XIV. 

To describe a figure similar' to a given figure^ and bearing to it 
the given ratio ofmto N. 



Let A be a side of the given figure, X 
the homologous side of the figure required* 
The square of X must be to the square of 
Ay as M is to N : hence X will be found by 
(Prob. XL), and knowing X, the rest will be 
accomplished by (Frob. XIL). 
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PROBLEM XV. 

To ctmstrwt a figure similar to the figure P, and equivalent to 
. the figure Q. 

Find M, the side of a square 
equivalent to the figure F, and 
N, the side of a square equiva- 
lent to the figure Q,. Let X be 
a fourth proportional to the three 

given lines, M, N, AB; upon ^ 

Sie side X, homologous to AB, '^ ^ 

describe a figure similar to the figure F ; it will also be equiva- 
lent to the figure Q. 

For, calling Y the figure described upon the side X, we have 
P : Y : : AB« : X«; butbycoustruction,AB : X : : M : N, 
orAB« : X* : : M^ : N«;henceP : Y : : M^ : N'^. But by 
construction also, M^=F and fP=Q; therelijioP : Y : : P : 
Q ; consequently Y=Q ; hence the figure Y is similar to the 
figure P, and equivalent to the figure Q. 



PROBLEM XVI. 

To construct a rectangk equivalent to a given square, and having 
the sum of its adjacent sides equal to a given line. 

Let C be the square, and AB equal to the sum of the sides 
of the required rectangle. 

Upon AB as a diame- 
ter, describe a semicir- 
cle ; draw the line D£ 
parallel to the diameter, 

at a distance AD from it, ^ ^^^ 

equal to the side of the iC ]PB 

given square C ; from the point £, where the parallel cuts the 
circumference, draw EF perpendicular to the diameter ; AF 
and FB will be the sides of the rectangle required. 

For their sum is equal to AB ; and their rectangle AF.FB is 
equivalent to the square of EF, or to the square of AD ; hence 
that rectangle is equivalent to the ^ven square C. 

Scholium. To render the problem possible, the distance AD 
must not exceed the radius ; that is, the side of the square C 
must not exceed the hsJf of the line AB. 




Digitized by 



Googk 



Book iv^ 



107 



PROBLEM XVII. 

To construct a rectangle that shall be equivalent to a given 
square, and tlie difference of whose adjacent sides shall be 
equal to a given line. 

Suppose C equal to the given square, and AB the difference 
of the sides. 

Upon the given line AB as a diame- 
ter, aescribe a semicircle : at the ex- 
tremity of the diameter draw the tan- 
sent AD, equal to the side of the square 
C ; through the point D and the centre 
O draw the secant DF; then will DE 
and DF be the adjacent sides of the 
rectangle required. 

For, first, the difference of these sides 
is equal to the diameter EF or AB ; 
secondly, the rectangle DE, DF, is 
equal to AD* (Prop. XXX.) ; hence that rectangle is equivalent 
to the given square C. 




PROBLEM XVm. 



To find the common measure, if there is one, between the diagonal 
and the side of a square. . 



Let ABC6 be pny square what- 
ever, and AC its diagonal. 

We roust first apply CB upon 
C A, as often as it may oe contained 
there. For this purpose, let the 
semicircle DBE be described, from 
the centre C, with the radius CB. 
It is evident that CB is contained 
once in AC, with the remainder 
AD ; the result of the first operation 
IB therefore the quotient 1, with the remainder AD, which lat* 
ter must now be compared with BC, or its equal AB. 

We might here take AF=AD, and actually apply it ujpon 
AB ; we should find it to be contamed twice witn a remain- 
der : but as that remainder, and those which succeed it, con- 
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tinue diminishing, and would soon 
elude our comparisons by their mi- 
nuteness, this would be but an imper- 
fect mechanical method, from which 
no conclusion could be obtained to 
determine whether the lines AC, CB, 
have or have not a common measure. 
There is a venr simple way, however, 
of avoiding these decreasing lines, 
and obtainmg the result, by operating 
only upon lines which remain always of the sama magnitude. 

The angle ABC being a right angle, AB is a tangent, and 
AE a secant drawn from the same point ; so that AD : AB : : 
AB : AE (Prop. XXX.). Hence in the second operation, when 
AD is compared with AB, the ratio of AB to AE may be taken 
instead of that of AD to AB ; now AB, or its equal CD, is con^ 
tained twice in AE, with the remainder AD ; die result of the 
second operation is therefore the quotient 2 with the remain- 
der AD, which must be compared with AB. 

Thus the third operation again consists in comparing AD 
witli AB, and may be reduced in the same manner to the com- 
parison of AB or its equal CD with AE ; from which there will 
again be obtained 2 for the quotient,, and AD for the re- 
mainder. 

Hence, it is evident that the process will never terminate ; 
and therefore there is no common measure between the diago- 
nal and the side of a square : a truth which was already known 
by arithmetic, since these two lines are to each other : : v'^ : 1 
(rrop. XI. Cor. 4.), but which acquires a greater degree of 
clearness by the geometrical investigation. 
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REGULAR POLYGONS, AND THE MEASUREMENT OF THE 
CIRCLE. 

Definition. 

A Polygon, which is at on^e equilateral and equiangular, m 
tMed Si regular polygon, . 

Regular polygons may have any number of sides : the equi- 
lateral triangle is one of three sides ; the square is one of four. 



- PROPOSITION L THEOREM. 

Two regular polygons of the same number of sides are similar 

figures. 

Suppose, for example, 
that ABCDEF, ahcdef 
are two regular hexa- 
gons. The sum of all the 
angles is the same in both 
figurQs,beingineach equal 
to eight right angles (Book I. Prop. XXVI. Cor. 3.). The angle 
A is the sixth part of that sum : so is the angle a : hence 3ie 
angles A and u are equal ; and for the same reason, the angles 
B and h, the angles C and Cy &c. are equal. 

Again, since the polygons are regulai-, the sides AB, BC, CD, 
&c. are equal, and likewise the sides ah^ bcy cdj &c. (Def.) ; it is 
plain that AB : a6 : .: BC : 6c : : CD : cdy &c. ; hence the 
two figures in question have their angles equal, and their ho- 
mologous sides proportional ; consequently they are similai 
(Book IV. Def. L). 

Cor. The perimeters of two regular polygons of the same 
number of sides, are to each other as their homologous sides, 
and their surfaces are to each other as the squares of those sidei 
(Book IV. Prop. XXVn.). 




Schdium. The angle of a regular polygon, like the angle oi 
n equiangular polyst)n, is (f ' " 

iides (Bo(£ L Prop. XXVL). 



an equian^lar polyst)n, is determined by the number of iti 
^rop. aXVI.) 
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PROPOSITION II. THEOREM. 

Any regular polygon may be inscribed in a cifck, and circum' 
scribed about one* 

Let ABCDE &c. be a regular poly- 
gon : describe a circle through the three 
points A, B, C, the centre being O, and 
OP the perpendicular let fall from it, to 
the middle point of BC : draw AO and 
OD. 

, If the quadrilateral OPCD be placed 
upon the quadrilateral OPBA, they will 
coincide ; for the side OP is common ; 
the angle OPC=OPB, each being a right angle ; hence the 
side PC will apply to its equal PB, and the point C will fall on 
B: besides, from the nature of the polygon, the angle PCD= 
PBA ; hence CD will take the direction BA ; and since CD= 
BA, the point D will fall on A, and the two quadrilaterals will 
entirely coincide. The distance OD is therefore equal to AO ; 
and consequently the circle which passes through the three 
points A, B, C, will also pass through the point D. By the 
same mode of reasoning, it might be shown, that the circle 
which passes through the three points B, C, D, will also pass 
through the point E ; and so of all the rest : hence the circle 
which passes through the points A, B, C, passes also through 
the vertices of all the angles in the polygon, which is therefore 
inscribed in this circle. 

Again, in reference to this circle, all the sides AB, BC, CD, 
&c. are equal chords ; they are therefore equally distant from 
the centre (Book III. Prop. VIII.) : hence, if from the point O 
with the distance OP, a circle be described, it will touch the 
wde BC, and all the other sides of the polygon, each in its mid- 
dle point, and the circle will be inscribed in the polygon, or the 
polygon described about the circle. 

Scholium 1. The point O, the common centre of the in- 
scribed and circumscribed circles, may also be regarded as the 
centre of the polygon ; and upon this principle the angle AOB 
is called the angle at the centre, being formed by two radii 
drawn to the extremities of the same side AB. 

Since all the chords AB, BC, CD, &c. are equal, all the an- 
gles at the centre must evidently be equal likewise ; and there- 
fore the value of each will be found by dividing four right an- 
gles by the number of sides of the polygon. 
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Scholium 2. To inscribe a regu- 
lar polygon of a certain number of 
sides in a given circle, we have only 
to divide the circumference into as 
many equal parts as the polygon 
has sides : for the arcs being equal, 
the chords AB, BC, CD, &c. will 
also be equal ; hence likewise the 
triangles AOB, BOC, COD, must 
be equal, because the sides are equal each to each ; hence all 
the angles ABC, BCD, CDE, &c. will be equal ; hence' the 
figure ABCDEH, will be a regular polygon. 




PROPOSITION III. PROBLEM. 



To inscribe a square in a given circle. 



Draw two diameters AC, BD, cut- 
ting each other at right angles ; join 
their extremities A, B, C, D : the figure 
ABCD will be a square. For the an- 
gles AOB, BOC, &c. being equal, the 
chords AB, BC, &c. are also equal : 
and the angles ABC, BCD, &c, being 
in semicircles, are right angles. 



Scholium. Since the triangle BCO is right angled and isos- 
celes, we have BC : BO : : \/2 r 1 (Book IV. Prop. XI. 
Cor. 4.) ; hence the side of the inscribed square is to the radius^ 
as the square root of 2, is to unity. 



PROPOSITION IV. PROBLEM. 

In a given circle, to inscribe a regular hexagon and an equilaU" 
ral triangle. 
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Suppose the problem solved, 
and that AB is a side of the in- 
scribed hexagon ; the radii AO, 
OB bein^ drawn, the triangle 
AOB will be equilateral. 

For, the angle AOB is the sixth 
part of four right angles ; there- 
fore, taking the right angle for 
unity, we shall have AOB=J = 
f : and the two other angles 
ABO, BAO, of the same trian- 
gle, are together equafto 2 — | 
=f ; and being mutually equal, 
each of them must be equal to | ; hence the triangle ABO is 
equilateral ; therefore the side of the inscribed hexagon is equal 
to the radius. 

Hence to inscribe a regular hexagon in a given circle, the 
radius must be applied six times to the circumference ; which 
will bring us round to the point of beginning. 

And the hexagon ABCDEF being inscribed, the equilateral . 
triangle ACE may be formed by joining the vertices of the 
alternate angles. 

SchoRum. The figure ABCO is a parallelogram and even 
a rhombus, since AB=BC=GO=AO ; hence the sum of the 
squares of the diagonals AC^+BO* is equivalent to the sum ol 
the squares of the sides, that is, to 4AB^, or 4B0^ (Book IV. 
Prop XIV. Cor.) : and taking away BO'^ from both, there will 
remain AC«=^3B0«; hence AC« : BO* : : 3 : I, or AC : BO 
: : V3 : 1 ; hence the side of the inscribed equilateral triangle 
is to ike radius as the square root of three is to unity. 



PROPOSITION V. PROBLEM. 

In a given circle^ to inscribe a regular decagon; then a pentose n^ 
and also a regular" polygon of fifteen sides. 
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Divide the radius AO in 
extreme and mean ratio at 
the point M (Book IV. Prob. 
IV.) ; take the chord AB equal 
to OM the greater segment ; 
AB will be the side of the 
regular decagon, and will re- 
quire to be applied ten times 
to the circumference. 

For, drawing MB, we have 
by construction, AO : OM 
: : OM : AM ; or, since AB 
=0M, AO : AB : : AB : 
AM ; since the triangles ABO, AMJB? have a common angle A» 
included between proportional sides, they are similar (Book 
IV. Prop. XX.). Now the Unangle OAB being isosceles, AMB 
must be isosceles also, ^nd AB=BM ; but AB=OM ; hence 
also MB=OM ; hence the triangle BMO is isosceles. 

Again, the angle AMB being exterior to the isosceles trian- 
gle BMO, is double of the interior angle O (Book I. Prop. 
XXV. Cor. 6.) : but the angle AMB=MAB ; hence the trian- 
gle OAB is such, that each of the angles OAB or OBA, at its 
base, is double of O, the angle at its vertex ; hence the thre^ 
angles of the triangle are together equal to fivetimes the angle 
O, which consequently is the fifth part of the two right angles, 
or the tenth part of four ; herice the arc AB is the tenth part 
of the circumference, and the chord AB is the side of the reg- 
ular decagon. 

2d. By joining the alternate corners of the regular decagon, 
the pentagon ACEGI will be formed, also regular. 

3d. JiB being still the side of the decagon, let AL be the 
side of a hexagon ; the arc BL will then, with reference to 
the whole circumference, be J — yV> of i^j ; hence the chord BL 
will be the side of the regular polygon of fifteen sides, or pente- 
decagon. It is evident also, that the arc CL is the third of CB. 

SehoKum. Any regular polygon being inscribed, if the arcs 
subtended by its sides be severally bisected, the chords of those 
semi-arcs will form a new regular polygon of double the num-. 
ber of sides : thus it is plain, that the square will enable us to in- 
scribe successively regular polygons of 8, 16, 32, &c. sides. And 
m like manner, by means of the hexagon, regular polygons of 
12, 24, 48, &c. sides may^ be inscribed ; by means of the deca- ^ 
son, polygons of 20, 40, 80, &c. sides ; by means of the pente^ 
deca^n, polygons of 30, 60, 120, &c. sides. 

It IS further evident, that any of the inscribed polygons will 
be less than the inscribed polygon of double tne number of 
sidesy since a part is less than the whole. 
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PROPOSITION VI. PROBLEM. 

A regular insanbed polygon being given^ to circumscribe a $im 
ilar polygon about t/ie same circle. 

Let CBAFED be a regular polygon. 

At T, the middle point 
of the arc AB, apply the 
tangent GH, which will 
be parallel to AB (Book 
III. Prop. X.) ; do the 
same at the middle point 
of each of the arcs BC, 
CD, &c.; these tangents, X 
by their intersections, 
will form the regular 
circumscribed polygon 
GHIK &c. similar to 
the one inscribed. 

x: Q Is 

Since T is the middle point of the arc BTA, and N the mid- 
die point of the equal arc BNC, it follows, that BT=BN ; or 
that the vertex B of the inscribed polygon, is at the middle 
point of the arc NBT. Draw OH. The^ line OH will pass 
through the point B. 

For, the right angled triangles OTH, OHN, having the com- 
mon hypothenuse OH, and the side OTmON, must be equal 
(Book I. Prop. XVII.), and consequently the angle TOH=: 
HON, wherefore the line OH passes through the middle point 
B of the arc TN. For a like reason, the point I is in the pro- 
longation of OC ; and so with the rest. 

But, since GH is parallel to AB, and HI to BC, the angle 
GHI=ABC (Book 1. Prop. XXIV.) ; in like manner HIK=: 
BCD ; and so with all the rest : hence the angles of th« cir- 
cumscribed polygon are equal to those of the inscribed one. 
And further, by reason of these same parallels, we have GH : 
AB : : OH : OB, and HI : BC : : OH : OB ; therefore GH : 
AB : : HI : BC. But AB=BC, therefore GH=HI. For the 
same reason, HI =IK, &c.; hence the sides of the circum- 
scribed polygon are all equal ; hence this polygon is regular, 
and similar to the inscribed one. 



Cor. 1. Reciprocally, if the circumscribed polygon GBIK 
&c. were given, and the inscribed one ABC &c. were re* 
quired to be deduced fix>m it» it would only be necessary to 
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draw from the angles G, H, I, &c. 
lines OG, OH, &c. meeting the 
A, B, C, &c. ; then to join 
AB, BC, &c. ; this would form 
easier solution of this problem 
points of contact T, N, P, &c. 
which likewise would form an 
the circumscribed one. 



of the given polygon, straight 
circumference in the' points 
those points by the chords 
the inscribed polygon. An 
would be simply to join the 
by the chords TN, NP, &c. 
inscribed polygon similar to 



Cor. 2. Hence we may circumscribe about a circle any 
regular polygon, which can be inscribed within it, and con- 
veiaiely. 

Cor. 3. It is plain that NH+HT=HT+TG=HG, one of 
the equal sides of the polygon. 



PROPOSITION VII. PROBLEM. 

A circle and regular circumscribed polygon being given, it is 
required to circumscribe the circle by another regular polygon 
having double the number of sides. 

Let the circle whose centre is P, be circumscribed by thtt 
square CDEG : it is required to find a regular circumscribea 
octagon. 

Bisect the arcs AH, HB, BF, 
FA, and through the middle 
points c, rf, fl, b, draw tangents to 
the circle, and produce them till 
they meet the sides of the square : 
then will the figure ApHrfB &c. 
be a regular octagon. 

For, having drawn Prf, Pa, let 
the quadrilateral Vdg^, be ap- 
plied to the quadrilateral PB/<z, 
so that PB shall fall on PB. 
Then, since the angle^ rfPB is 
equal to the angle BPa, each being half a right 'angle, the line 
Vd will fall on its equal Pa, and the point d on the point a. But 
the angles Vdg, Pa/, are right angles (Book IIL Prop. IX.) ; 
hence the line dg will take the direction af. The angles PB^, 
PB/I are also right angles ; hence B^ will take the direction 
B/*; therefore, the two quadrilaterals will coincide, and the 
point g will fall at/; hence, B^=Bf, dg=af atid the angle 
i^B=:B/a. By applying in a similar manner, the quadrilate* 
rals PB/b, P^Aa, it may be shown, that a/z=:aA, /B;=FA, and 
Ifae an^e Bfa=:aAF. But since the two tangents /a, /2» «re 
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equal (Book III. Prob. XIV. Sch.), it follows that /A, which ig 
twice /a, is equal to^, which is twice /B. 

In a similar manner it may be shown that ///=rAi, and the 
angle Fi7=FAa, or that any two sides or any two angles of the 
octagon are equal : hence the octagon is a regular polygon (Def ). 
The construction which has been made in the case of the square 
and the octagon, is equally applicable to other polygons. 

Cor It is evident that the circumscribed square is greater than 
the circumscribed octagon by the four triangles, Cnp, ADg", 
AE/j Git ; and if a regular polygon of sixteen sides be circum- 
scribed about the circle, we may prove in a similar way, that 
the figure having the greatest number of sides will be the least ; 
and the same may be shown, whatever be the number of sides 
of the polygons : hence, in general, any circumscribed regular 
polygon, will be greater than a circumscribed regular polygon 
having double the number of sides. 



PROPOSITION VIII. THEOREM. 

Two regular polygons, of the same number of sides, can always 
be formed, the one circumscribed about a circle, the other i«- 
scribed in it, which shall differ from each other by less than 
any assignable surface. 

Let Q be the side of a square 
less than the given surface. 
Bisect AC, a fourth part of 
the circumference, and then bi 
sect the half of this fourth, and 

Eroceed in this manner, always 
isecting one of the arcs formed ^> 
by the last bisection, until an 
arc is found whose chord AB is 
less than Q. As this arc will 
be an exact part of the circum- 
ference, if we apply chords AB, 
BC, CD, &c. each equal to AB, the last will terminate at A, 
and there will be formed a regular polygon ABCDE &c. in 
the circle. 

Next, describe about the circle a similar polygon abcde &e, 

(Prop. VI.) : the difference of these two polygons will be less 

than the square of Q. i 

For, from the points a and b, draw the lines aO, bO, to the 

centre : they will pass through the points A and B, as was 

Digitized by V^OOQIC 




BOOK V. 117 

ehown in Prop. VL Draw also OK to tke point of contact 
K : it will bisect AB in I, and be perpendicular to it (Book IIL 
Prop. VI. Sch.). Produce AO to E, and draw BE. 

Let P represent the circumscribed polygon, and jp the in- 
scribed polygon : then, since the triangles aO&, AOB, are like 
parts of P and />, we shall have 

aOh : AOB : : P : p (Book II. Prop. XI.) : 
But the triangles being similar, 

aOb 2 AOB : : Oa^ : OA^ or 0K«. 
Hence, P : ;? : ; Oa^ : OKI 

Again, since the triangles OaK, EAB are similar, having 
4ieir aides respectively parallel, 

Oa^ : OK^ : : AE^ : EB«, hence, 
P : » : : AE^ : EB^ or by division, 

P : F—p : : AE2 : AE^— EB^ or AB^. 
But P is less than the square described on the diameter AE 
*^>op. VII, Cor.) ; therefore P — p is less than the square de- ^ 
ftetibed on AB ; that is, less than the given square on Q : hence 
the difference between the circumscribed and inscribed poly- 
gons may always be made less than a given surface. 

Cor. 1. A circumscribed regular polygon,, having a given 
number of sides, is greater than the circle, because the circle 
makes up but a part of the polygon : and for a like reason, the 
inscribed polygon is less than the circle. But by increasing 
the number of sides of the circumscribed polygon, the polygon 
is diminished (Prop. VII. Cor.), and therefore approaches to 
an equality with the circle ; and as the number of sides of the 
inscribed polygon is increased, the polygon is increased (Prop. 
Vt Sch.), and thei^efore approaches to an equality with the 
circle. 

Now, if the numhtr of sides of the polygons he indefinitely in* 
creased^ the length of each side will he indefinitely smally and the 
polygons will ultimately hecome equal to each other, and equal 
also to the circle* 

For, if they are not ultimately equal, let D represent their 
smallest difference. 

Now, it has been proved in the proposition, that the diffe- 
rence between the circumscribed and inscribed polygons, can 
be made less than any assignable quantity : that is, less than 
P : hence the difference between the polygons is equal to D, 
and less than D at the same time, which is absurd : therefore, 
the polygons are ultimately equal. But when they are equal 
to each other, each must also be equal to the circle, since the 
circumscribed polygon cannot fall within the circle, nor the 
inscribed polygon without it. 
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Cor. 2. Since the circumscribed polygon has the same num-' 
ber of sides as the corresponding inscribed polygon, and since 
the two polygons are regular, they will be similar (Prop. I.) ; 
and therefore when they become equal, they will exactly coin- 
cide, and have a common perimeter. But as the sidesof the 
circumscribed polygon cannot fall within the circle, nor the 
sides of the inscribed polygon without it, it follows that the 
perimeters of the polygons will unite on the circumference of the 
circle^ and become equal to it. 

Cor. 3. When the number of sides of the inscribed polygon 
is indefinitely increased; and the polygon coincides with the 
circle, the line 01, drawn from the centre O, perpendicular to 
the side of the polygon, will become a radius of the circle, and 
any porti^on of the polygon, as ABCO, will become the sector 
OAKBC, and the part of the perimeter AB+BC, will become 
the arc AKBC. 



PROPOSITION IX. THEOREM. 

Tlie area of a regular polygon is equal to its perimeter, multi- 
plied by half the r'adius of the inscribed circle. 

Let there be the regular polygon 
GHIK, and ON, OT, radii of the in- 
scribed circle. The triangle GOH 
will be measured by GH x iOT ; the 
^ triangle OHI, by HIx^ON: but 
ON=OT; hence the two triangles ^ 
taken together will be measured by 
(GH + HI)xlOT. And, by con- 
tinuing the same operation lor the 
other triangles, it will appear that 
the sum of them all, or the whole 
polygon, is measured by the sum of the bases GH, HI, &c. 
or the perimeter of the polygon, multiplied into |0T, or half 
the radius of the inscribed circle. 
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Scholium. The radius OT of the inscribed circle is nothing 
else than the perpendicular let <all from the centre on one of 
the sides : it is sometimes named^ the apothem of the polygon. 
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PROPOSITION X. THEOREM. 




The perimeters of two regular polygons, having the same num* 
her of sides, are to each atlier as the radii of the circumscribed 
circles, and also, as the radii of the inscribed circles ; and their 
areas are to each other as the squares of those radii. 

Let AB be the side of the one poly- 

on, O the centre, and consequently 

'A the radius of the circumscribed 
circle, and CD, perpendicular to AB, 
the radius of the inscribed circle ; let 
ab, in like manner, be a side of the 
other polygon, o its centre, oa and od 
the radii of the circumscribed and the 
inscribed circles. The perimeters of 
the two polygons are to each other as the sides AB and ab 
(Book IV. Prop. XXVII.) : but the angles A and a are equal, 
being each half of the angle of the polygon ; so also are the 
angles B and b ; hence the triangles ABO, aba are similar, as 
are likewise the right angled triangles ADO, ado; hence 
AB : ab : : AO : ao : : DO : do ; hence the perimeters of the 
polygons are to each other as the radii AO, ao of the circum- 
scribed circles, and also, as the radii DO, do of the inscribed 
circles. 

* The surfaces of the^e polygons are to each other as the 
squares of the homologous sides AB, ab ; they are therefore 
likewise to each other as the squares of AO,<zo,the radii of the 
circumscribed circles, or as the squares of OD, od^the radii of 
the inscribed circles. 



PROPOSITION XI. THEOREM. 



^ The circumferences of circles are to each other as their radii^ 
and the areas are to each other cls the squares of their radii. 
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Let us designate the circumference of the circle whose radius 
is CA by circ. CA ; and its area, by area CA : it is then to be 
shown that 

circ. CA : circ. OB : : CA : OB, and that 
area CA : area OB : : CA^ : 0B« 




Inscribe within the circles two regular polygons of the same 
•number of sides. Then, whatever be the number of sides, 
their perimeters will be to each other as the radii CA and OB 
(Prop. X.). Now, if the arcs subtending the sides of the poly, 
gons be continually bisected, until the number of sides of the 
polygons shall be mdefinitely increased, the perimeters of the 
polygons will become equal to the circumferences of the cir- 
cumscribed circles (Prop. VIII.' Cor. 2.), and we shall have 
drc. CA : circ, OB : : CA : OB. 

Again, the areas of the inscribed polygons are to each other 
as CA^ to OB* (Prop. X.). But when the number of sides of 
the polygons is indefinitely increased, the areas of the polygons 
become equal to the. areas of the circles, each to each, (Prop. 
VIII. Cor. I.) ; hence we shall have 

area CA : area OB : : CA* : 0B«. 

Cor. The similar arcs AB, 
DE are to each other as their 
radii AC, DO ; and the similar 
sectors ACB, DOE, are to each 
other as the squares of their 
radii. 

For, since the arcs are simi- 
lar, the angle C is equal to the angle O (Book IV. Def. 3.) ; 
but C is to four right angles, as the arc AB is to the whole cir- 
cumference described with the radius AC (Book III. Trop, 
XVII.) ; and O is to the four right angles, as the arc DE is to 
Ihe circumference described with the radius OD : hence thd 
iirca AB, DE, are to each other as th(& circumferences of which 
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the^ form part : but these circumferences we to each other ai 
their radii AC, DO ; hence 

arc AB : arc DE : : AC : DO, 
For a like reason, the sectors ACB, DOE are to each other 
as the ^hole circles ; which again are as the squares of their 
radii ; therefore 

sect. ACB : sect. DOE : : AC« : DO* 



PROPOSITION XII. THEOREM. 




The area of a circle is equal to the product of its circumference hy - \ 
• half the radium. ^ 

Let ACDE be a circle whose 
centre is O and radius OA : then 
will 

area OA=iOAx arc. OA, 

For, inscribe in the circle any 
regular polygon, and draw OF 
perpendicular to one of its sides. 
Then the area of the polygon 
will be equal to JOF, multiplied 
by the perimeter (Prop. IX.). 

Now, let the number of sides of the polygon be indefinitely 
increased by continually bisecting the arcs which subtend the 
sides : tlie perimeter wilf then become equal to the circumfe- 
rence of the circle, the perpendicular OF will become equal icf 
OA, and the area of the polygon to the area of the circle 
(Prop. VIII. Cor. I. & 3.). But the expression for the area 
will then become 

area 0A= JOA x circ. OA : 
consequently, the area of a circle is equal to the product of 
half the radius into the circumference^ 

^ Cor. 1. The area of a sec'.tor is equal 
to the arc of that sector multiplied by half 
its radius. 

For, the sector ACE is to the whole 
circle as the arc AMB is to the whole 
circumference ABD (Book III. Prop. 
XVH. Sch. 2,), or as AMB x JAC is to 
ABDxiAC. But the whole circle is 
equal to ABD x ^AC ; hence the sector 
ACB is measured by AMB x i AC. 

L 16 
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Cor. 2. Let the circumference of the 
circle whose diameter is miity, be denoted 
by n : then, because circumferences are 
to each other as their r^dii or diameters, 
Vie shall have the diameter 1 to its cir- 
cumference ?r, as the diameter 2CA is 
to the circumference whose radius is CA, 
that is, 1 : »T : : 2CA : circ. CA, there- • 
fore circ. CA=?r x 2CA, Multiply both 
terms by JCA ; we have |C A x circ. CA 
=7r X CA*, or area CA=yr x CA* : hence the area of a circle is 
equal to the product of the square of its radius by the constant 
number jt, which represents the circumference whose diameter 
is 1, or the ratio of the circumference to the diameter. 

In like manner, the area of the circle, whose radius is OB, 
will be equal to ^xOB*; but «xCA* : ^xOB* : : CA*: OB«; 
hence the areas of circles are to each other as the squares of 
their radiiy which agrees with the preceding theorem. 

Scholium. We have already observed, that the problem of 
the quadrature of the circle consists in finding a square equal 
in surface to a circle, the radius of which is known. Now it 
has just been proved, that a circle is equivalent to the rectangle 
contained by its circumference and half its radius ; and this 
rectangle may be changed into a square, by finding a mean 
proportional between its length and its breadth (Book IV. 
rrob. III,). To square the circle, therefore, is to find the cir 
cumference when the radius is given ; and for eflfecting this, it 
is enough to know the ratio of the circumference to its radius, 
or its diameter. 

Hitherto the ratio in question has never been determined 
except approximativeiy ; but the approximation has been car- 
ried so far, that a knowledge of the exact ratio would afford 
no real advantage whatever beyond that of the approximate 
ratio. Accordingly, this problem, which engaged geometers 
so deeply, when their methods of approximation were less-per 
feet, is now degraded to the rank of those idle questions, with 
w^iich no one possessing the slightest tincture of geometrical 
science will occupy any portion of his time. 

Archimedes showed that the ratio of the circumference to 
the diameter is included between 3jJ and Z\\ ; hence 3| or 
V affords at once a pretty accurate approximation to the num - 
ber abovQ designated by n ; and the simplicity of this first ap* 
proximation has brought it into very general use. Metius^ 
for the same number, found the much more accurate value f f f . 
At last the value of ^r, developed to a certain order of decimals, 
wasfound by other calculators to be 3.1415926535897932, &c.; 
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and some have had patience enough to continue these decimids 
to the hundred and twenty-seventh, or even to the hundred; 
and fortieth place. Such an approximation is evidently equi* 
valent to perfect correctness : the root of an imperfect power 
is in no case more accurately knewn. 

The following problem will exhibit one of the simplest ele- 
mentary methods of obtaining those approximatiops. 




PROPOSITION XIII. PROBLEM. 

The suffade of a regular inscribed polygon, and that of a simi' 
lar polygon circumscribed, being given ; to find the surfaces of \ 
the regular inscribed and circumscribed polygons having 
double the number of sides. 

Let AB be a side of the given 
inscribed polygon; EF, paraRel to 
AB, a side of the circumscribed 
polygon ; C the centre of the cir- 
cle. If the chord AM and the 
tangents AP, BQ, be drawn, AM 
will be a side of the inscribed 
polygon, having twice the num- 
ber of sides ; and AP -f PM =2PM 
or PQ, will be a side of the simi- 
lar circupiscribed polygon (Prop. 
VI. Cor. 3.). Now, as the same 

construction will take place at each of the angles equal to 
ACM, it will be sufficient to consider ACM by itself, the tri- 
angles connected with it being evidently to each other as the 
whole polygons of which they form part. Let A, then, be 
the surface of the inscribed polygon whose side is AJB, B that 
of the similar circumscribed polygon ; A' the surface of the 
polygon whose side is AM, B' that of the similar circumscribed 
polygon : A and B are given ; we have to find A' and B". 

Pirst. The triangles ACD, ACM, having the common ver- 
tex A, are to each other as their bases CD, CM ; they are like- 
wise to each other as the polygons A and A', of which they 
form part : hence A : A' : : UD : CM. Again, the triangles 
CAM, CME, having the common vertex M, are to each otkep 
as their bases CA, C£ ; they are likewise to each other as thie 
polygons A' and B of which they form part ; hence A' : B : : 
CA : C£. But since AD and ME are parallel, we have 
GD : CM : : CA : CE; hence A : A' : : A' : B ; hence the 
polygon A', one of those required, is a mean proportional b etween 
the two given polygons A and H and consequently A's= V 4 x &. 
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Secondly ^ The altitiide CM be- 
ing common, the triangle CPM is 
to the triangle CPE as PM is to 
PE ; but since CP bisects the an- 

!le MCE, we have PM : PE : : 
;M : CE (Book IV. Prop. 
XVII.) ::CD: CA : : A : A' : 
hence CPM : CPE : : A : A' ; 
and consequently CPM : CPM+ 
CPE or CME : : A : A-h A'. But 
CMPA, or 2CMP, and CME are ^ 

to each other as the polygons B' ^ ^ 

and B, of which they form part ; hence B' : B : : 2A : A+ A'. 
Now A' has been already determined ; this new proportion will 

serve for determining B', and give us B'=|— ^^; and thus by 

means of the polygons A and B it is easy to find the polygons 
A' and B', which shall have double the number of sides. 



FROFOSITION XIV. PROBLEM. 

To find the approximate ratio of the circumference to the 
diameter. 

Let the radius of the circle be 1 ; the side of the inscribed 
square will be V2 (Prop. III. Sch.), that of the circumscribed 
square will be equal to the diameter 2 ; hence the surface of 
the inscribed square is 2, and that of the circumscribed square 
is 4. Let us therefore put Ai=:2, and B=4 ; by the last pro- 
position we shall find theinscnbed octagon A'=r: V 8 :=r 2.8284271, 

and the circumscribed octagon B'=2XV8~^'^^^^^®^* '^® 
inscribed and the circumscribed octagons bein^ thus deter- 
mined, we shall easily, by means of them, determine the poly- 
gons having twice the number of sides. We have only in this 
case to put A==2.8284271, B =3.3137085 ; we shall find A'= 

2A B 
VXB =3.0614674, and B'=j^tx,= 8. 1826979. These poly- 
gons of 16 sides will in their turn enable us to find the polygons 
of 33 ; and the process may be continued, till there remains 
no longer any. difference between the inscribed and the cir- 
cumscribed polygon, at least so far as that place of decimals 
where the computation stops, and so far as the seventh place, 
ia this example. Being arrived at this point, we shi^ll infer 
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that the last resale expresses the area of the circle, ^hicti, 
since it must always lie between the kilicribed and the circum- 
scribed polygon, and since those polygons agree as far as a 
certain place of decimals, must also agree with both as far as 
the same place. 

We have subjoined the computation of those polygons, car« 
ried on till they agree as far as the seventh place of decimals. 

tfomberofaidea Iqacribed po]yf on. Ciieuoucribed polygon. 

4 2.0000000 .... 4.0000000 

8 2.8284271 . . . . 3.3137085 

16 3.0614674 .... 3.1825G79 ' 

32 3.1214451 . • • . 3.1517249 

64 .... . 3.1365485 .... 3;1441184 

128 3.1403311 .... 3.1422236 

256 3.1412772 .... 3.1417504 

512 .... . 3.1415138 .... 3.1416321 

1024 3.1415729 .... 3.1416025 

2048 3.1415877 .... 3.1415951 

4096 3.1415914 .... 3.1415933 

8192 3.1415923 .... .3.1415928 

16384 3.1415925 .... 3.1415927 

32768 ..... 3.1415926 . . . . 3.1415926 

The area of the circle, we infer therefore, is ^equal to 
3.1415926. Some doubt may exist perhaps about the last de-^ 
cimal figure, owing to errors proceeding from the parts omitted ; 
but the calculation has been carried on with an additional 
figure, that the final result here given might be absolutely cor- 
rect even to the last decimal place. 

Since the area of the circle is equal to half the circumfe- 
rence multiplied by the radius, the half circumference must be 
3.1415926, when the radius is 1 ; or the whole circumference 
must be 3.1415926, when the diameter is 1 : hence the ratio 
of the circumference to the diameter, formerly expressed hytft 
is equal to 3.1415926. The number 3.1416 is the one gene« 
rally used. 
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PLANES AND SOLID ANGLES. 



JjefinitioTis, 

1. A straight \mQ\% perpendicular to a plane, when it is per- 
pendicular to all the straight lines which pass through its foot 
in the plane. Conversely, the plane is perpendicular to th$ 
line, • 

The foot of the perpendicular is the point in which the per- 
pendicular line meets the plane. 

2. A line is parallel to a plane, w^hen it cannot meet that 
plane, to whatever distance both be produced. Conversely, 
the .plane is parallel to the line. 

3. Two planes are parallel to each other, when they cannot 
meet, to whatever distance both be produced. 

4. The angle or mutual inclination of two planes is the quan- 
litjr, greater or less, by which they separate from each other ; 
this angle is measured by the angle contained between two 
lines, one in each plane, and both perpendicular to the common 
intersection at the same point. 

This angle may be acute, obtuse, or a right angle. 
If it is a right angle, the two planes are perpendicular to 
each other. 

5. A solid angle is the angular space in- 
cluded between several planes which meet 
at the same point. 

Thus, the solid angle S, is formed by 
&e union of the planes ASB, BSC, CSD, 
DSA. 

Three planes at leasts are requisite to 
form a scAxd angle. 
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PROPOSITION I. THEOR£S«. 

A straight line cannot be partly in apiane, and partly out of it. 

For, by the definition of a plane, when a straight line has 
two points common with a plane, it lies wholly in that plane 

Scholiufn, To discover^ whether a surface is plane, it is ne- 
cessary to apply a straight line in different ways to that sur- 
face, ahd ascertain if it touches the surface throughout its whole 
extent. 

PROPOSITION II. THEOREM. 

Two straight Hues, which liitersect each other, lie in the same 
plane, and determine its position. 

Let AB, AC, be two straight lines which 
intersect each other in A ; a plane may be 
conceived in which the straight hne AB is 
found ; if this plane be turned round AB, until 
it pass through the point C, then the line AC, 
which has two of its points A and C, in this 
plane, lies wholly in it ; hence the position of 
the plane is determined by the single condition o^ containing 
the two straight lines AB, AC. 

Cor. 1. A triangle ABC, or three points A, B, C, not in a 
straight line, determine the position of a plane. 

Cor. 2. Hence also two parallels 
AB, CD, determine the position of a 
plane ; for, drawing the secant EF, 
the plane of the two straight lines 
AE, EF, is that of the parallels 
AB, CD. 



PROPOSITION III. THEOREM. 

If two planes ctU each other, their common intersection will be a 
straight Kne. 
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Let the two planes AB, CD, cut 
each other. Druw the straight line 
EF, joining any two points E and F in 
the common section of the two planes. 
This line will lie wholly in the plane 
AB, and also wholly in the plane CD 
(Book I. Def, 6.) : therefore it will be 
in both planes at once, and conse- 
quently is their common intersection. 




PROPOSITION IV. THEOREM. 

If a Straight line be perpendicular to two straight lines at their 
point of intersection, it will be perpendicular to the plane oj 
those lines. 




Let MN be the plane of the 
two lines BB, CC, and let AP 
be perpendicular to them at 
their point of intersection P ; 
then will AP be perpendicular 
to every line of the plane pass- 
ing through P, and corsequently 
to the plane itself (Def. 1.). 

Through P, draw in the plane 
MN, any straight line as PQ, 
and through any point of this 
line, as Q, drawBQC, ko that BQ shall be equal to QC (Book 
IV. Prob. V.) ; draw AB, AQ, AC. 

The base BC being divided into two equal partial at the point 
Q, the triangle BPC will give (Book IV. Prop. XIV.), 
PC2+PB3=2PQH2QC3. 

The triangle BAC will in like manner give, 
AC2+AB2i=2AQ2+2QCl 

Taking the first equation from the second, and observing 
that the triangles APC, APB, which are both right angled at 
P, give 

AC^— PC2=AP^ and AB«— PB2=AP«; 
we shall have 

AP«+AP2=2AQ2— 2PQ«. 

Therefore, by taking the hakes of both, we have 
AP^=AQ»— PQ«, or AQ^=AP»+PQ« ; 
hence the tniangle APQ is right angled at P ; hence AP is peiK 
pendicular to PQ» 
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Scholium. Thus it is evident, not only that a straight line. 
may be perpendicular to all the straight Imes which pass 
through its foot in a plane, but that it always must be so, when'- 
ever it is perpendicular to two straight lines drawn in the 
plana ; which proves the first Definition to be accurate. 

Cor. 1. The perpendicular AP is shorter than any oblique 
line AQ ; therefore it measures the true distance from the point 
A to the plane MN* 

Cor. 2. At a given point P oji a plane, it is impossible to 
erect more than one perpendicular to that plane ; for if there 
could be two perpendiculars at the same point P, draw through 
these two perpendiculars a plane, whose intersection with the 
plane MN is PQ ; then these two perpendiculars would be per- 
pendicular to the line PQ, at the same point, and in the same 
plane, which is impossible (Book I. Prop. XIV. Sch.). 

It is also impossible to let fall from a given point out of a 
plane two perpendiculars to that plane ; for let AP, AQ, be 
these two perpendiculars, then the triangle APQ would have 
two right angles APQ,' AQP, which is impossible. 



PROPOSITION V. THEOREM. 

JffroM'a point witliout a plane^ a perpendicular be drawn to the 
planSf and oblique lines be drawn to different points^ 

l8t. Any twb obliqufi lines equally distant from the perpendicular 
will be eqvxil. 

2d. Of any two oblique lines unequally distant from the perpen- 
dicular y the more distant will be the longer. 

Let AP be perpendicular to 
the plane MN ; AB, AC, AD, 
oblique lines equally distant 
from the perpendicular, and 
AE a line more remote : then 
will AB=AC=AD ; and AE 
will be greater than AD. 

For, the angles APB, APC, 

APD, being right angles, if we ^ ^ 

suppose the distances PB, PC, 19 

PD, to be equal to efich other, the triangles APB, APC, APD, 
will have in each an equal angle contained by two equal sides ; 
Aerefore they will be equal ; hence the hypothenuses, or the 
oblique lines AB, AC, AD, will be equal to each other. In like 

17 
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manner, if the distance P£ is greater than PD or its equal PB, 
the oblique line AE will evidently be greater than AB» or ili 
equal At). 

Cor. AH the equal oblique 
lines, AB, AC, AD, &c. termi- 
nate in the circumference BCD, 
described from P the foot of the 
perpendicular as a centre ; 
therefore a point A being given 
out of a plane, the point P at 
which the perpendicular let fall 
from A would meet that plane, 

may be found by marking upon ST 

that plane three points B, C, D, equally distant from the point A, 
and then finding the centre of the circle which passes through 
these points ; this centre will be P, the point sought. 

Scholium. The angle ABP is called the inclination of ifie 
oblique line AB to the plane MN ; which inclination is evidently 
equal with respect to all such lines AB, AC, AD, as are equally 
'distant from the perpendicular ; for all the triangles ABP, ACF,, 
ADP, &c. are equal to each other. 




PROPOSITION VI. THEOREM. 

If from a point without a plane^ a perpendicular he letfaUon the 
plane, and from the foot of the perpendicular a perpendicular 
be drawn to any line of the plane, and from the point ofinter-^ 
section a line be drawn to the first point, this latter line will be 
perpendicular to tlie line oftlie plane. 

Let AP be perpendicular to the 

Elane NM, and PD perpendicular to 
\C; then will AD be also perpen- 
dicular to BC. 

Take DB=DC. and draw PB, PC, 
AB, AC. Since DB=DC, the ob- 
lique line PB= PC: and with regard 
to the perpendicular AP, since PB= 
PC, the oblique line AB=AC (Prop, 
V. Cor.) ; therefore the line AD has 
two of its points A and D equally distant from the extremities 
B and C ; therefore AD is a perpendicular to BC, at its middle 
point D (Book L Prop. XVL Cor.). 
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Cor. It is evident likewise, that BC is perpendicular to the 
plane APD, since BC is at once perpendicular to Uie twd 
straight lincfs AD, PD. 

Scholium. The two lines AE, BC, afford an instance of two 
lines which do not meet, because they are not situated in tlie 
same plane. The shortest distance between these lines is the 
straight line PD, which is at once perpendicular to ,the line AP 
and to the line BC. The distance PD is the shortest distance 
between them, because if we join any other two points, such 
as A and B, we shall have AB>AD, AD>PD; therefore 
AB>PD. 

The two lines AE, CB, though not situated in the same plane, 
are conceived as forming a right angle with each other, because 
AE and the line drawn through one of its points parallel to 
BC would make with each other a right angle. In the same 
manner, the line AB and the line PD, which represent any two 
straii;:ht lines not situated in the same plane, are supposed to 
form' with each other the same angle, which would oe formed 
by AB and a strai<:;ht line parallel to PD drawn through one 
of the points of AB. 



PROPOSITION VII. THEOREM. 



If one of two parallel lines be perpendicular to a plane^ the other 
will also he perpendicular to the same plane. 

Let the lines ED, AP, be 
parallel; if AP is perpen- 
dicular to the plane NM, 
then will ED be also per- 
pendicular to it. 

Through the parallels AP, 
DE, pass a plane ; its inter- 
section with the plane MN 
will be PD ; in the plane MN 
draw BC perpendicular to PD, and draw AD. 

By the Corollary of the preceding Theorem, BC is perpen- 
dicular to the plane APDE ; therefore the angle BDE is a right 
angle ; but the angle EDP is ako a right angle, since AP is 
perpendicular to PD, and DE parallel to AP (Book I. Prop. 
XX. Cor. 1.) ; therefore the line DE is perpendicular to the 
two straight lines DP, DB ; consequently it is perpendicular to 
their plane MN (Prop. IV.). 
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Car. 1. Conversely, if the 
straight lines AP, DE, are 
perpendicular to the same 
plane MN, they will be par- 
allel ; for if they be not so, 
draw through the point D, a 
line parallel to AP, this par- 
allel will be perpendicular 
to the plane MN ; therefore 
through the same point D more than one perpendicular might 
be erected to the same plane, which is impossible (Prop. IV • 
Cor. 2.). 

Cor. 3. Two lines A and B, parallel to a third C, are par- 
allel to each other ; for, conceive a plane perpendicular to the 
line C ; the lines A and B, beijig parallel to C, will be perpen- 
dicular to the same plane ; therefore, by the preceding Corol- 
lary, they will be parallel to each other. 

. The three lines are supposed not to be in the same plane ; 
otherwise the proposition would be already known (Book I. 
Prop.XXIL). 



PROPOSITION VIII. THEOREM. 



If a straight line is parallel to a straight line drawn in a phne^ 
it will he parallel to tliat plane. 



Let AB be parallel to CD 
of the plane NM ; then will 
it be parallel to the plane -^ 
NM. V— 

For, if the line AB, which \ 
lies in the plane ABDC, \ 
could meet the plane ]V{N, \ 
this could only be in some 



C 



H 



point of the line CD, the common intersection of the two 
planes: but AB cannot meet CD, since they are parallel; 
hence it will not meet the plane MN ; hence it is parallel to 
that plane (Def. 2.). 



PROPOSITION IX. THEOREM. 



Tloo planes which are perpendicular to the same straight hnCf 
are parallel to each other * 
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Let the planes NM, QP, be per- 
pendicular to the line AB, then will 
they be parallel. 

For, if they can meet any where, 
let O be one of their common 
points, and draw OA, OB ; the line 
AB which is* perpendicular to the 
plane MN, is perpendicular to the 
straight line OA drawn through its foot in that plane ; for the 
same reason AB is perpendicular to BO ; therefore OA and OB 
are two perpendiculars let /all from the same point O, upon 
the same straight line ; which is impossible (Book L Prop. XIV.); 
therefore the planes MN, PQ, Cannot meet each other ; conse« 
quently they are parallel. 
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PROPOSITION X. THEOREM. 

If a plane cut two parallel planes^ the lines of intersection wiU be 

parcdkL 



Let the parallel planes NM, 
QP, be intersected by the plane 
EH ; then will the lines'of mter- 
sectioh EF, GH, be parallel. 

For, if the lines EF, GH, lying 
in the same plane, were not par- 
allel, they would meet each other 
when produced ; therefore, the 

|)lanes MN, PQ, in which those 
ines lie, would also meet ; and 
hence the planes would not be 
parallel. 



M E 





/'N 


s 


a/ 


// 


A 


\/ - 


Ck 



H" 



H 



PROPOSITION XI. THEOREM. 



If two planes are paraUel, a straight line which is perpendicuku 
to cne, is also perperwUcuiar to the other. 
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Let MN, PQ, be two parallel 3£_ 

K lanes, and let AB be perpendicu- 
ir to NM ; then will it also be per- 
pendicular to QP. 

Having drawn any line BC in 
the plane PQ, through the lines AB 
and BC, draw a plane ABC, inter- 
secting the plane MN in AD ; the 
intersection AD will be parallel to BC (Prop. X.) ; but the line 
AB, being perpendicular to the plane MN, is perpendicular to 
the strai^t line AD ; therefore also, to its parallel BC (Book 
I. Prop. aX. Coi*. 1.): hence the line AB being perpendicular 
to any line BC, drawn through its foot in the plane FQ, is con« 
sequently perpendicular to that plane (Def. 1.). 
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raaposmoN xu. theorem. 



7Ae parallels comprehended between two parallel planes are 

equal. 



Let MN, PQ, be two parallel 

1>lanes, and FH, GE, two paral- 
el lines : then will EG=FH 

For, through the parallels EG, 
FH, draw the plane EGHF, in-' 
tersecting the parallel planes in 
EF and GH. The intersections 

EF, GH, are parallel to each 
other (Prop. X.) ; so likewise are 

EG, FH ; therefore the figure 
EGHF is a parallelogram ; con- 
sequently, EG=FH. 



Cor. Hence it follows^ that two parallel planes ar^ et)erp 
where equidistant : for, suppose EG were perpendicular to the 
plane' PQ ; the parallel FH would also be perpendicular to it 
fProp. VII,), and the two parallels would likewise be perpen- 
dicular to the plane MN (Prop. XL) ; and being parallel^ they 
will be equal, as shown by the Proposition. 
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' PROPOSITION XIII. THEOREM. 

Iftmo angks, not situated in the same plane^ have their sides 
parallel and lying in the same direction^ those angles loiU be 
equal and their planes will be parallel 

Let the angles be CAE and DBF. 

Make AC=BD, AEz= m 
BF ; and draw CE, DF, 
AB,CD,EF. Since AC 
is equal and parallel to 
BD, the figure ABDC is 
a parallelogram ; therefore 
CD is equal and parallel 
to AB. For a similar rea- 
son, EF is equal and par- 
allel to AB ; hence also CD 
is equal and parallel to 
EF ; hence the figure 
CEFD is a parallelogram, 
and the side CE is equal 
and paiallel to DF; therefore the triangles CAE, DBF, have 
their corresponding sides equal ; therefore the angle CAE^s 
DBF. 

Again, the plane ACE is parallel to the plane BDF. For 
suppose the plane drawn through the point A, parallel to BDF, 
were to meet the lines CD, EF, in pomts different from C and 
E, for instance in G and H ; then, the three lines AB, 6D, FH, 
would be equal (Prop, XII.): but the lines AB, CD, EF, are 
alreadjr knoivn to be equal; hence CD=GD, and FH=EF, 
\^hich is absurd ; hence the plane ACE is parallel to BDF. 

Cor. If two parallel planes MN, PQ are met by two other 
planes CABD, EABF, the angles CAE,. DBF, formed by the 
mtersections of the parallel planes will be equal ; for, the inter- 
section AC is parallel to BD, and AE to BF (Prop. X.) ; there- 
fore the angle CAE=DBF. 




PROPOSITION XIV. THEOREM. 



If three straight lines, not situated in the same plane, are equal 
and parallel the opposite triangles formed by joining the ea;- 
tremities of these lines will be equals and their planes will be 
parallel 
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Let AB, CD, EF, be the 
lines. 

Since AB is equal and 
parallel to CD, the figure 
ABDC is a pcraUelogram ; 
hence the side AC is equal 
and parallel to BD. For a 
like reason the sides AE, 
BF, are equal and parallel, 
as also C£, DF ; therefore 
thetwotrianglesAC£,BDF, 
are equal ; hence, by the last 
Proposition, their planes are 
parallel. 




PROPOSITION XV. THEOREM. 

fftwo straight lines be cut by three parallel planes, they mllba 
divided proportionally . 

Suppose the line AB to meet 
the paraRel planes MN, PQ, 
BS, at the points A, E, B ; and 
the line CD to meet the same 
planes at the points C, F, D : 
we are now to show that 
AE : EB : : CF : FD. 
Draw AD meeting the plane 
PQ in G, and draw AC, EG, 
6F, BD; the intersections EG, B, 
BD, of the parallel planes PQ, 
RS, by the plane ABD, are 
parallel (Prop. X.); therefore 

AE : EB : r AG : GD ; 
in like manner, the intersections AC, GF, beinff parallel, 

AG: GD : : CF: FD; 
the ratio AG : GD is the same in both; hence 

AE : EB : : CF : FD. 




PROPOSITION XVI. THEOREM. 

l^a line is perpendicular to a plane^ every plane passed through 
ih€ perpendicular^ wiil also be petpejidicular to the plane. 
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Let AP be perpendicular to the 
plane NM ; then will every plane 
passing through AP be perpendicu- 
lar to. NM. 

Let BC be the intersection of the 
planes AB, MN ; in the plane MN, 
draw D£ perpendicular to BP: then 
the line Ar, being perpendicular to 
the plane MN, will be perpendicu- 
lar to each of the two straight lines 
BC, DE ; but the angle APD, formed by the two perpendicu- 
lars PA, PD, to the common intersection BP, measures the 
angle of the two planes AB, MN (Def. 4.) ; therefore, since that 
angle is a right angle, the two planes are per2)endicular to each 
otter. 




Scholium. When three straight lines, such as AP, BP, DP, 
are perpendicular to each other, each of those lines is perpen- 
dicular to the plane of the other 1 
perpendicular to each other. 



' two, and the three planes ax*& 



PROPOSITION XVIT. THEOREM. 



If two planes are perpendicular to each other ^ a line dratvn m 
one oftliem perpendicular to their common intersection^ will 
b^ perpendicular to the other plane. 
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Let the plane AB be perpen- 
dicular, to NM ; then if the line 
AP be perpendicular to the inter- 
section BC, it will also be perpen- 
dicular to the plane NM. 

For, in the plane MNdraw PD 
perpendicular to PB; then, be- 
cause the planes are perpendicu- 
lar, the angle APD is a right an- 
gle; therefore, the line AP i$' 
perpendicular to the two stra\5;ht 
lines PB, PD ; therefore it i^ perpendicular to their plane JMN 
(Prop. IV.)- 

Cor. If the plane ABis perpendicular to the plane MN,and 

if at a point P of the comtnoR intersection we erect a perpeor 

dicular to the plane MN, that iperpendicular will be in the plane 

AB ; for, if not *!»•»> "* the j)lane AB we mii^t draw Ar per- 

Jl Jo 
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pendicular to PB the common intersection, and this AP^atthe 
same time, would he perpendicular to the plane MN; therefor^ 
at the nine point P there would be two perpendiculars to the 
plane MN, which is impossible (Prop. IV. Cor. 2.). 



PROPOSITION XVIII. THEOREM. 

j^iwo planes are perpendicular to a third pkme, their common 
intersection will also be perpendicular to the third plane^ 



Let the planes AB, AD, be per- 
|>endicular to NM; then will their 
intersection AP be perpendicular 
toNM. 

For, at the point P, erect a per- 
pendicular to the plane MN ; that 
perpendicalar must be at once in 
the plaoe AB and in the plane AD 
(Prop. XVII. Cor.) ; therefore it 
15 theii common intersection AP. 
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PROPOSITION XIX. THEOREM. 

If a solid angle is formed by three plane angles, the sitm of any 
^^- two cf these angles will be greater than the third. 

The prb^osifion requires demonstra- 
tion only, w^t^ the plane angle, which 
is compared t^ ahe sum of the other 
two, is greater UKm either of them. 
Therefore suppose ih^olid angle S to 
be formed by three plsK^ aogles ASB, 
ASC, BSC, whereof the^le ASB is 
the greatest; we are to ISypw that 
ASB<ASC+BSC. 

In the plane ASB make the^le BSD =: BSC, draw the 
straight hne ADB at pleasure ; anciN.having taken SC==8D, 
draw AC, BC. 

The two«d(e« BS, SD, arc eqoal to me two BS, SC ; the 
aii^ BSD=BSC ; ihcsrefore tjwr trUijgJeg BSD, BSC, are 
equal ; therefore BD==BC. But AB< AC-f BC ; taking B® 
from ibe.oDe sktep and frcta ^ otiiea: .i^^Q^p^^ Jl^^ere xm> 
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mains AD<AC. The two sides AS, SD, are equal to the 
two AS, SC ; the third side AD is l.e8S than the third side AC f 
therefore the angle ASD<ASC (Book I. Prop. IX. Sch.). 
Adding BSD=BSC, we shaU have ASD+BSD or ASB< 
ASC + BSC. 



PROPOSITION XX. THEOREM. 

T/ie sum of the plane angles which form a sdlid angle is always '■ 
less than four right angles, \ 

Cut the solid angle S by any plane 
ABCDE ; from O, a point in that plane, 
draw to the several angles the straight 
lines AG, OB, OC, OD, OK 

The sum of the angles of the triangles 
ASB, BSC, &c. formed about the vertex 
S, is equal to the sum of the ansles of an 
equal number of triangles AOB, fiOC, &c. 
formed about the point O. But at the 
point B the sum of the angles ABO, OBC, 
equal to ABC, is less than the sum of the 
angles ABS, SBC (Prop. XIX.) ; in the same manner at the 
point C we have BCO+OCD<BCS + iSCD; and so with all 
the angles of the polygon ABCDE : whence it follows, that the 
sum of all tho angles at the bases of the triangles whose vertex 
is in O, is less thftn the sum of the angles at the bases of the 
triangles -whose vertex is in S ; hence, to make up the defi- 
ciency, the sum of the angles formed about the point O, is 
greater than the sum of the angles focmed about the point S. 
But the sum of the angles about the point O is equal la four 
right angles (Book I. Prop. IV. Sch.) ; therefore the sum of the 
plane angles, which f<Mrm the solid angle S, is les^ than four 
right angtes. 

Scholium, This demonstration is founded on the supposition 

that the solid angU is convex, or that the plane of no one sur- 

'face produced can ever meet the solid angle ; if it were other*' 

wise, the sum of the plane angles wduld no longer be limitedy 

and might be of any magpttude. 

PROPOSITION XXI. THEOREM. 

ffiwo solid angles are contained by three ptane angles which m^ 
£fual to eaoh other ^ each to eacli, the planes ofihe equal ungieB 
ip«Q he equoSfi incKn^io^ack oAen 
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Let the angle ASC=DTF,the 
angle ASB=DTE, and the an- 
gleBSC=ETF; then will the 
inclination of the planes ASC, 
A8B, be equal to that of the 
planes DTF, DTE. 

Having taken SB at pleasure, 
draw BO perpendicular to the 
plane ASC ; from the point O, at which the perpendicular 
meet^ the plane, draw OA, OC perpendicular to SA, SC ; 
draw AB, BC ; next take TE=SB ; draw EP perpendicular to 
the plane DTF ; from the point P draw PD, PF, perpendicular 
respectively to TD, TF ; lastly, draw DE, EF. 

The triangle SAB is right angled at A,«and the triangle TD£ 
at D (Prop. VI.) : and since the angle ASB=DTE we have 
SBA=TED. Likewise SB=TE; therefore the triangle SAB 
isequal to the triangle TDE; therefore SA=TD, and AB=DE. 
In like manner, it may be show^n, that SC=TF, and BC=EF. 
That granted, the quadrilateral SAOC is equal to the quadri« 
lateral TDPF: for, place the angle ASC upon its equal DTF; 
^ because SA=TD, and SC=TF, the point A will fall on D, 
and the point C on F ; and at the same time, AO, which is per- 
pendicular to SA, will .fall on PD which is perpendicular to 
TD, and in like manner OC on PF ; wherefore the point O 
will fall on the point P, and AO will be equal to DP. But the 
triangles AOB, DPE, are right angled at O and P ; thfe hypo- 
thenuse AB=I)E, and the side AO=DP: hence those trian- 
gles are equal (Book I. Prop. XVIL) ; and consequently, the 
angle OAB=PDE. The angle OAB is the inclination of the 
two planes ASB. ASC ; and the angle PDE is that of the two 
planes DTE, DTF ; hence those two inclinations are equal to 
each other. 

It must, however, be observed, that the angle A of the right 
angled triangle AOB is properly the inclination of the two 
planes ASB, ASC, only when the perpendicular BO falls on 
the same side of SA, with SC ; for if it feJl on the other side, 
the angle of the two planes would be obtuse, and the obtuse 
angle together with the angle A of the triangle OAB would 
midie two right angles. But in the same case, the angle of the 
two planes TDE, TDF, would also be obtuse, and the obtuse 
anrie together with the angle D of the triangle DPE, would 
mdce two right angles ; and the angle A being ihuri alwayv 
equal to the angle at D, it wouldfoUow in the same manner that 
the inclination of the two planes ASB, ASC, must be equal to 
that of the two planes TDE, TDF. 

■^ Sdioliumn If two solid angles are contained by three plan^ 
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angles, respectively equal to each other, and if at the same time 
the equal or homologous angles are disposed in the same mar^ 
ner in the two solid angles, these angles will be equal, and they 
will coincide when applied the one to the other. We have 
already seen that the quadrilateral SAOC may be placed upon 
its equal TDPF ; thus placing SA upon TD, SC falls upon TF, 
and the point O upon the point P. But because the triangles 
AOB, Di?E, are equal, OB, perpendicular to the plane A8C, 
is equal to PE, perpendicular to the plane TDF ; besides, those 
perdendiculars lie in the same direction ; therefore, the point 
B will fall upon the point E, the line SB upon TE, and the two 
solid angles will wholly coincide. 

This coincidence, however, takes place only when we sup- 
pose that the equal plane angles are arranged in the same man* 
ner in the two sohd angles ; for if they were arranged in an in- 
verse order, or, what is the same, if the perpendiculars OB, PE, 
instead of lying in the same direction with regard to the planes 
ASC, DTF^ lay in opposite directions, then it would be impos- 
sible to make these soUd angles coincide with one another. It 
would not, however, on this account, be less true, as our Theo- 
rem states, that the planes containing the equal angles must 
still be eaually inclined to each other; so that the two solid an- 
gles would be equal in all their constituent parts, without, 
however, admitting of superposition. This sort of equality, 
which is not absolute, or such as admits of superposition, de- 
serves to be distinguished by a particular name : we shall call 
it equality by symmetry. 

Thus those two solid angles, which are formed by three 
plane angles respectively equal to each other, but disposed in an 
inverse order, will be called angles equal by symmetry, or simply 
symmetrical angles. 

The same remark is applicable to solid angles, which are 
formed by more than three plane angles : thus a soUd angle, 
formed by the plane angles A, B, C, D, E, and another solid 
angle, formed by the same angles in an inverse order A, £, D, 
C, B, may be such that the planes which contain the equal an- 
gles are equally inclined to each other. Those two solid angles, 
are likewise equal, without being capable of superposition, and 
are called solid angles equal by symmetry^ or symmetrical solid, 
angles. 

Among plane figures, equality by symmetry does not pro* 

irly exist, all figures which rn^ht take this name being abso- 
lutely equal, or equal by finiperpoaition ; the reason of which is, 
that a plane figure may be mverted, and the upper part taken, 
indiscriminately for the under. This is not the case with solids ; 
in which the third dimension may be taken in two difierent 
directions. ^ 
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P6LYEDRONS. 



Definitions, 

1. The name solid polyedton, or simple polyedron^ is given 
to every solid terminated by planes or plane faces; v^hich 

I)lanes, it is evident, will themselves be terminated by straight 
ines. 

2. The common intersection of tv^o adjacent faces of a 
polyedron is called the side^ or edge of the polyedron.^ 

3. The prism is a solid bounded by several parallelograms, 
which are terminated at both ends by equal and parallel 
polygons. 

K ^ 




To construct this solid, let ABCDE be any polygon ; then 
if in a plane parallel to ABCDE, the lines FG, 6H, HI, &c. be 
drawn equal and parallel to the sides AB, BC, CP, &c. thus 
forming the polygon FGHIK equal to ABCDE ; if in the next 
place, the vertices of the angles in the one plane be joined with 
the homologous vertices in the other, by straight lines, AF, BG, 
CH, &c. the faces ABGF, BCHG, &c. will be parallelograms, 
and ABCDE-K, the solid so formed, will be a prism. 

4. The equal and parallel polygons ABCDE, FGHIK, are 
called the bases of the prism; the parallelograms taken together 
constitute the lateral or convex surface of the prism; the equal 
straight lines AF, BG, CH, &c. are called the sides^ or edges of 
the prism. 

5. The altitude of a prism is the distance between its two 
bases, or the perpendicular drawn from a point in the upper 
base to the plane of the lower base. 
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6. A prism is rights when the sides AF, B6, CH, &c. are 
perpendicular to the planes of the bases ; and then each of them 
IS equal to the altitude of the prism. In every other case the 
prism is obliqtiey and the^ altitude less than the side. 

7* A prism is triangular, quadrangular^ pentagonal^ hex- 
agonal^ &c. when the base is a triangle, a quadrilateral, a 
pentagon, a hexagon, &c. 

8. A prism whose base is a parallelogram, and 
which has all its faces parallelograms, is named a 
parallelopipedon. 

The parallelopipedon is rectangular when all 
its faces are rectangles. 

9. Among rectangular parallelopipedons, we 
distinguish the cube, or regular hexaedron, bounded 

•by six equal squares. 

10. A pyramid is a solid formed by 
several triangularplanes proceeding from 
the same point S, and terminating in the 
different sides of the same polygon 
ABODE. 

The polygon ABCDE is called the 
base of the pyramid, the po-ut S the 
vertex ; and the triangles ASB, BSC, 
CSD, &c. form its convex or lateral sur- 
lace 

11. If from the pyramid S-ABCDE, 
the pyramid S^-abcde be cut off by a 
plane parallel to the base, the remaining 
solid ABCDE-rf, is called a truncated 
pyramid, or the frustum of a pyramid. 

12. The altitude of a pyramid is the 
perpendicular let fall from the vertex upon the plane of the 
nase, produced if necessary. 

13. A pyramid is triangular, quadrangular, &c. according 
as lis base is a triangle, a quadrilateral, &c. 

1 1. A pyramid is regular, when its base is a regular poly- 

Sn, and when, at the same time, the perpendicular let fall 
ira the vertex on the plane of the base passes through the 
centre of the base. That perpendicular is then called the axis 
of the pyramid. 

15. Any line, as SF, drawn from the vertex S of a regular 
pyramid, perpendicular to either side of the polygon which 
forms its base, is called the slant height of the p3rramid. 

16. The diagonal of a polyedron is a straight line joining 
the vertices of two solid angles which are not adjacent to each 
other. 
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17. Two polyedrons are similar when they arc contained 
by the same number of similar planes, similarly situated, and 
having like inclinations with each other. 



PROPOSITION I. THEOREM. 




The convex surface of a right prism is equal to the perimeter of 
its base multiplied by its altitude. 

Let ABCDE-K be a right prism : then 
will its convex surface be equal to 
(AB + BC+CD+DE+EA)xAF. 

For, the convex surface is equal to the 
sum of all the rectangles AG, BH, CI, 
DK, EF, which compose it. Now, the 
altitudes AF, BG, CH, &c. of the rect- 
angles, are equal to the altitude of the 
{)rism. Hence, the sum of these rectan- 
gles, or the convex surface of the prism, 
IS equal to (AB + BC + CD + DE + E A) x 
AF ; that is, to the perimeter of the base of the prism nralti • 
plied by its altitude. 

Cor. If two right prisms have the same altitude, their con- 
vex surfaces will be to each other as the perimeters of their 
bases. 



PROPOSITION II. THEOREM. 



In every prtsm, the sections formed by parallel planes^ are equal 

polygons. 



Let the prism AH be intersected by 
the parallel planes NP, S\ ; then are the 
polygons NOPQR, STVXY equal. 

For, the sides ST, NCJ)? are parallel, 
being the intersections of two parallel 
planes with a third plane ABGF ; these 
same sides, ST, NO, are included between 
the parallels NS, OT, which are sides of 
the prism: hence NO is equal to ST. 
For like reasons, the sides OP, PQ, QR, 
&c. of the section NOPQR, are equal 
to the sides TV, VX, XY, &c. of the sec- 
tion STYXYy each to each. And since 
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the equal sides are at the same time parallel, it follows that the 
angles NOP, OPQ, &c. of the first section, are equal to the 
angles STV,TVX, &c. of the second, each to each (Book VI. 
Prop. XIIL). Hence the two sections NOPQR, STVXY, art 

equ|J polygons. 

Cor. Every section in a prism, if drawn parallel to the baset 
If also equal to the base. 




PROPOSITION III. THEOREM. 

If a pyramid he cut hy a plane parallel to its base, 

IsL The edges and the aUitude will he divided proporticnally. 

2d. The section will be a polygon similar to the base. 

Letthepyramid S-ABCDE, 
of which SO is the altitude, 
be cut by the plane abcde; 
then will Sa:8A::8o: SO, 
and the same for the other 
edges : and the polygon abcde, 
will be similar to the base 
ABCDE. 

First. Since the planes ABC, 
abc, are parallel, their intersec- 
tions AB, ab, by a third plane 
SAB will also be parallel 
(Book VL Prop. X.) ; nence the triangles SAB, ScA are simi- 
lar, and we have S A : Sa : : SB : Sb ; for a similar reasoo, 
we have SB : S6 : : SC : Sc ; and so on. Hence the edgea 
SA, SB, SC, &c. are cut proportionally in a, 6, c, Ac liie 
altitude SO is likewise cut in tne same proportion^ at the point 
o; for BO and bo are parallel, therefore we have 
SO : So : : SB : 8b. 

Secondly. Since ab is parallel to A^, be to BC, cd to CD^ &c. 
the angle abc is equal to ABC, the angle bed to BCD, and so oa 
(Book VL Prop. XIII.). Also, by reason of the similar trian- 
gles SAB, Sa&, we have AB : ofr t: SB : S& ; and by reason 
of the similar triangles SBC, S6c, we have SB : 8b : : BC : 
be; hence AB : ab : : BC : be; we migW Ukewise have 
BC : ^ : : CD : cd, and ^o on. Hence the polygons ABCIU^ 
abcde have their angles respectively equal and their faomola 
gous sides proportional ; hence they are similar. 

N19 
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Cor. 1. Let S-ABCDE, 
S-XYZ be two pyramids, hav- 
log a common yertex and the 
same altitude, or having their 
bases situated in the same 
plane ; if these pyramids are 
cut by a plane parallel to the 
plane of meir bases, giving the 
sections abcde, xyz, then toitt 
the iecHons abcde,xt/z,beto each 
other as the bases ABCDE, 
XYZ. 

For, the polygons ABCDE, abcde^ being similar, their sur* 
faces are as the squares of the homologous sides AB, db ; but 
AB ; oft": : SA : Sfl; hence ABCDE : ahcde : : SA« : Sa« 
For the same reason, XYZ : xyz : : SX' : Sa:*. But since 
abc and xyz are in one plane, we have likewise SA : Sa : : 
SX : Sx (Book VI. Prop. XV.) ; hence ABCDE : abode : : 
XYZ : xyz ; hence the sections dbcde^ xyz^ are to each other 
as the bases ABCDE, XYZ. 

Cor, 2. If the bases ABCDE, XYZ, are equivalent, any sec- 
tions abode, xyz, made at equal distances from the bases, will 
be equivalent likewise. 



PROPOSITION IV. THEOREM. 



The convex sutface of a regular pyramid is equal to the perime 
ter of its base multiplied by half the slant height. 



For, since the pyramid is regular, the 
point O, in which the axis meets the base, 
IS the centre of the polygon ABCDE 
(Def, 14.) ; hence the lines OA, OB, OC, 
&c. drawn to the vertices of the base, 
are equal. 

In the right angled triangles S AO,SBO, 
the bases and perpendiculars are equal : 
ii'Diice the hypothenuses are equal : and 
t may be proved in the same way that 
ad the sides of the right pyramid are 
equal. The triangles, therefore, which 
mm the convex surface of the prism are 
aD equal to each other. But the area of 
•ilher of these triangles, as ESA, is equal 
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to its base EA multiplied by half the perpendicular SFy which 
is the slant height of the pyramid : hence the area of all the tri« 
angles, or the convex surface of the pyramid, is equal to the 
perimeter of the base multijdied by half the slant height. 

Cor. The convex surface of the frustum of a regular pyra- 
mid is equal to halfUie perimeters y its upper and lower bases 
multiplied by its slant height. 

For, since the section abcde is similar to the base (Prop, III.)* 
and since the base ABCDE is a regular polygon (Def. 14.), it 
follows that the sides ea, ab,bc, cd and de are all equal to each 
other. Hence the convex surface of the^ frustum ABCDE-^ 
is formed by the equal trapezoids EAae, AB6a, &c. and the 
perpendicular distance between the parallel sides of either of 
these trapezqids is equal to F/, the slant height of the frustum. 
But the area of either of the trapezoids, as AEea^ is equal to 
\(EA+ea) x Ff (Book IV. Prop. VII.) : hence the area of all 
of them, or the convex surface of the frustum, is equal to half 
the perimeters of the upper and lower bases multiplied by the 
slant height 

PROPOSITION V. THEOREM. 



J^the three planes which form a solid angle of a prism^ are equal 
to the three plaiues which form the solid angle of another prism^ 
each to each^ and are like situated ^ the two prisms will be equal 
to each other. 

Let the base ABCDE be equal to the base abcde, the paral- 
lelogram AB6F equal to the parallelo^am ab^, and the par- 
allelogram BCHG equal to bchg\ then will the pnsm ABCDE-K 
be equal to the prism dbcde-^k. 

h 




ToTt lav the base ABCDE upon its equal abcde ; these two 
will coincide. Bot the tiiree plane angles which form 

Digitized by V^OOQ IC 



148 



GEOMETRY. 



the solid anrie B» are respectively eqiful to the three plane 
ai^ea, whidi form the solid angle h^ namelv) ARC=abCf 
ASCti^dbgt and 6BC=^5c ; they are also similarly situated : 
hence the solid angles B and b are equal (Book YL rrop. XXI. 
Sch.) ; and therefore the side BG wiJl fall on its equal bg. It 
is likewise evident, that by reason of the equal parallelograms 
ABGFy abgf, the side GF will fall oh its equal gf, and in the* 
fame manner GH on gh ; hence, the plane of the upper base, 
FGHIK will coincide with the plane fghik (Book VI. Prop. II.). 

K 7c 




But the two upper bases being equal to their corresponding 
lower bases, are equal to each other : hence HI will coincide 
with hi, IK with i7r, and KF with kf; and therefore the lateral 
faces of the prisms will coincide : therefore, the two prisms 
coinciding throughout are equal (Ax. 13.). 

Cor. Two right prisms, which have equal bases and equal o/- 
tUudes, are equal. For, since the side AB is equ?il to ab, and 
the altitude BG to bg, the rectangle ABGF will be equal to 
ohgf', so also will the rectangle BGHC be equal to bghc ; and 
thus the three planes, which form the solid angle B, will be 
equal to the three which form the solid angle b. Hence the 
two nri^ms are equal. 



PROPOSITION VL THEOREM. 



ill every paralklopipeddn the opposite planes are eqtmlana 

parallel. 



By the definitioii of this solid, the bases 
ABuD, EFGH, are equal parallelograms, 
and their sides are parallel : it remains 
only to show, that the same is true of any 
two opposite lateral faces, such as AEHD, 
BF6C. Now AD is equal and parallel 
to EC, because the figure ABCD is a par- 
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allelogram; for a like reason, AE is parallel to BF: hence the 
angle DAE is equal to the angle CBF, and the planes DAE, 
CBF, are parallel (Book YI. Prop. XIII.) ; hence also the par- 
allelogram DAEH is equal to the parallelogram CBFG. In the 
same way« it might be shown that the opposite parallelograms 
ABFE, DCGH, are equal and parallel. 

Cor. 1. Since the parallelopipedon is a solid bounded by six 
planes, whereof those lying opposite to each other are equal 
and parallel, it follows that any face and the one opposite to it, 
may be assumed as the bases of the parallelopipedon. 

Cor, 2. The. diagonals of a parallelopipedon bisect each 
other. For, suppose two diagonals EC, AG, to be drawn both 
through opposite vertices : since AE is equal and parallel to 
CG, the figure AEGC is a parallelogram ; hence the diagonals 
EC, AG will mutually bisect each other. In the same manner, 
we could show that the diagonal EC and another DF bisect 
each other ; hence the four diagonals will mutually bisect each 
'jther. in a point which may be regarded as the centre of the 
parallelopipedon. 

Scholium. If three straight lines AB, AE, AD, passins 
through the same point A, and making given angles with eacE 
other, are known, a parallelopipedon may be formed on those 
lines. For this purpose, a plane must be }$assed through the 
OKtremity of each line, and parallel to the plane of the other 
two ; that is, through the point B a plane parallel to DAE, 
through D a plane parallel to BAE, and through E a plane 
^rallel to BAD. The mutual intersections of these planes will 
form the parallelopipedon required. 



PROPOSITION VII. THEOREM.* 

TTie two triangular prisms into which a parallelopipedon is dp- 
vided by a plane passing through its opposite diagonal edges, 
are equivalent. 



N^ 
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l^t the parallelopipedoQ ABCD-H be 
dirided by tne plane BDHF passing through 
its diagonal edges : then will the triangular 
prum ABD-H be equivalent to the trian- 
gular prism BCD-H. 

Through the vertices B and F, draw the 
planes Badc^ Fehg, at right angles to the 
mde BF, the former meeting A£, DH, CG, 
the three other sides of the parallelopipe- 
don» in the points a, dy c, the latter in e, A, 
g : the sections BadCf Fehg^ will be equal 
parallelograms. They are equal, because 
they are formed by planes perpendicular to the same straight 
line, and consequently parallel (Prop. II.) ; they are parallelo- 
grams, because aB, dc, two opposite sides of the same section, 
are formed by the meeting of one plane with two parallel 
planes ABFE, DCGH. 

For a like reason, the figure BaeF is a parallelogram ; so .also 
are BF^c, cdhg, adhe^ the other lateral faces of the solid Badc-g ; 
hence that solid is a prism (Def. 6.) ; and that prism is right, 
because the side BF is perpendicular to its base. 

But the right prism Badc-g is divided by the plane BH into 
two equal right prisms Bad-h, Bcd-h ; for, the bases Bad, Bcd^ 
of these prisms are equal, being halves of the same parallel* 
ogram, and they have the common altitude BF, hence they are 
equal (Prop. V. Cor.). 

It is now to be proved that the oblique triangular prism 
ABD-H will be equivalent to the right triangular prism Bad-h ; 
and since those prisms have a common part ABD-A, it will 
only be necessary to prove that the* remaining parts, namely, 
the solids BaAD^, FeEHA, are equivalent- 

Now, by reason of the parallelograms ABFE, , rtBFe, the 
sides AE, ae, being equal to their parallel BF, are equal to each 
other ; and taking away the common part Ac, there remains 
Aa=Ee. In the same manner we could prove Dd/=HA. 

Next, to bring about the superposition of the two solids 
BaAD^ FeEHh, let us place the base Feh on its equal Bad : 
the point c falling on a, and the point h on d, the sides eE, AH, 
will fall on their equals aA, dD, because they are perpendicu- 
lar to the same plane Bad. Hence the two solids in question 
will coincide exactly with each other ; hence the oblique prism 
BAD-H, is equivalent to the right one Bad-h. 

In the same manner might the oblique prism BCD-H, be 
proved equivalent to the right prism Bcd-h. But the two right 
prisms Bad'h, Bcd-fi, are equal, since they have the same alti- 
tude BF, and since their bases Bad, Bdc, are halves of the 
same parallelogram (Prop. V Cor.). Hence the two trian- 
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gqlar prisms BAD-H, BDC-6, being equivalent to tlie equal 
right prisms, are equivalent to each other. 

Cor. Every triangular prism ABD-HEF is half of the paral- 
lelopipedon AG described vsrith the same solid angle A, and 
the same edges AB, AD, AE. 



PROPOSITION VIII. THEOREM. 

If two parallelopipedons have a common base, and their upper 
bases in tlie same plane and between the same parallels, they 
will be equivalent. 

Let the parallelopipe- 
dons AG, AL, have the 
common base AC, and 
their upper bases EG, 
MK, in the same .plane, ,^ 
and between the same 
parallels HL, EK ; then 
will they be equivalent. 

There may be three 
case?, according as £1 is 
greater, less than, or equal to, £F ; but the demonstration is 
the same for all. In the first place, then we shall show that 
the triangular prism AEI-MDH, is equal to the triangular 
prism BFK-LCG. 

Since AE is parallel to BF, and HE to GF, the angle AEI 
=BFK, HEI=GFK, and HEA=GFB. Also, since EF and 
IK are each equal to AB, they are equal to each other. To 
each add FI, and there will result EI equal to FK : hence the 
triangle AEI is equal to the triangle BFK (Bk. I. Prop. V), and 
the paralellogram EM to the parallelogram FL. But the par- 
allelogram AH is equal to the parallelogram CF (Prop. VI) : 
hence, the three planes which form the solid angle at E are 
respectively equal to the three which form the solid angle at 
F, and heitig like placed, the triangular prism AEI-M is equal 
to the triangular prism BFK-L. 

But if the prism AEI-M is taken away from the solid AL, 
there will remain the parallelopipedon BADC-L ; and if the 
prism BFK-L is taken away from the same solid, there will 
remain the parallelopipedon BADC-G ; hence those two paral- 
lelopipedons BADC-L, BADC-G, are equivalent. 
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PROPOSITION DL THEOREM. 



Tw9 paralklapipedons, having (lie same hose and the same aUi- 
tudCf are equivalent. 

Let ABCD be the com- 
mon base of the two par- 
allelopipedons AG, AL ; 
since they have the same 
altitude, their upper bases 
EFGH,IKLM,wilIbein 
the same plane. Also the 
sides EF and AB will be 
equal and parallel, as well 
as IK and AB ; hence EF 
is equal and parallel to 
IK; for a like reason, GF 

is equal and parallel to 

LK. Let the sides EF, GH, be produced, and likewise KL, 
IM, till by their intersections they form the parallelogram 
NOPQ ; this parallelogram will evidently be equal to either 
of the bases EFGH, IKLM . Now if a third parallelopipedon 
be conceived, having for its lower base the parallelogram 
ABCD, and NOPQ for its upper, the third parallelopipedon 
will be equivalent to the parallelopipedon AG, since with the 
same lower base, their upper bases lie in the same plane 
and between the same parallels, GQ, FN (Prop. VIII.), 
For the same reason, this third parallelopipedon will also be 
equivalent to the parallelopipedon AL ; hence the two paral- 
lebpipedons AG, AL, which have the same base and the 
same altitude, are equivalent. 




PROPOSITION X. THEOREM. 



Ant/ parallelopipedon may be changed into an equivalent rectan 
gular parallelopipedon having tlie same altitude and an 
equivalent base. 
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Let AG bei the par- 
allelopipeoon proposed. 
Prora the ppints A, B, C, 
D,draw AI, BK, CL, DM, 
perpendicular tothe plane 
of the base ; ya\] will thus 
form the par^llelopipe- 
don AL equivalent to 
AG, and having its late- 
ral faces AK, BJL<, 4&c. 
rectangles. Henca if the 
base ABCD is a rectan- 
gle, AL will be a rQctan- 

gular parallelopipedon equivalent to AG, and consequently, 
the parallelopipedon required. But if ABCD is not a rectangle, 







K 



draw AO and BN perpendicular to CD, and My 
OQ and NP perpendipular to the base ; you 
will then have the solid ABNO-IKPQ, which 
will be a rectanmilar parallelopipedon : for 
by construction, the bases ABNO, and IKPQ 
are rectangles ; so also are the lateral faces, 
the edges AI, OQ, &c. being perpendicular 
to the plane of the base ; hen^e the solid AP 
is a rectangular parallelopipedon. But the j)Uw— r- 
two parallelopipedons AP, AL may be con- j 
ceived as having the same basQ ABKI and * "* 
the same altitude AO : hence the parallelopipedon AG, which 
was at first changed into an equivalent parallelopipedon AL, 
is again changed into an equivalent rectangular parallelopipe* 
don AP, having the same altitude AI> and a base ABNQ equi- 
valent to the base ABCD. 



::y 



PKOPOSITION XI, THEOKEM. 

Tloo rectangular parallelopipedons, which have the sam^ oa»e^ 
are to eac^ other as their altitudes. 
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Let the parallelopipedons AG, AL, have the same base BD, 
then will they be to each other as their altitudes AE, AI. 

First, suppose the altitudes AE, AI, to be 
to each other as two whole numbers, as 15 is 
to 8, for example. Divide AE into 15 equal 



K 






-^ 



parts ; whereof AI will contain 8 ; and through q, . 
Xf j/f z, &c. the points of division, draw planes J^ 
parallel to the base. These planes will cut 
the solid AG into 15 partial parallelopipedons, 
all equal to each other, because they have 
equal bases and equal altitudes — equal bases, 
since every section MIKL, made parallel to 
the base ABCD of a prism, is equal to that 
base (Prop. II.), equal altitudes, because the ;b 
altitudes are the equal divisions Ax, xy, yz, 
&c. But of those 15 equal parallelopipedons, 8 are con- 
tained in AL ; hence the solid AG is to the solid AL as 15 is to 
8, or generally, as the altitude AE is to the altitude AI. 

Again, if tiie ratio of AE to AI cannot be exactly expressed 
in numbers, it is to be shown, that notwithstanding, we shall 
have 

solid AG : solid AL : : AE : AI. 
For, if this proportion is not correct, suppose we have 

soL AG : sol AL : : AE : AO greater than AL 
Divide AE into equal parts, such that each shall be less thiui 
pi ; there wjll be at least one po'mt of division m, between O 
and I. Let.r be the parailelopipedon, whose base is ABCD, 
and altitude Am ; since the altitudes AE, Am, are4o each other 
as the two whole numbers, we shall have 

sol AG : P : : AE : Am. 
But by hypothesis, we have . _ 

sol. AG : 5oZ. AL : : AE : AO ; 
therefore, 

sot AL : P : : AO : Am. 
But AO is greater than Am ; hence if the proportion is correct, 
the solid AL must be greater than P. On the contrary, how- 
ever, it is less : hence the fourth term of this proportion 

sol AG : sol AL : : AE : a:, 
cannot possibly be a line greater than AI. By the same mode 
of reasoning, it might be shown that the fourth term cannot bo 
less than AI ; therefore it is equal to AI ; hence rectangular 
parallelopipedons having the same base are to each other as 
then: altitudes. 
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PROPOSITION XII. THEOREM. 

Tioo rectangular paralklopipedons, having the same aliUude 
are to each other as their bases. 



t 
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Lettheparallelopipedons j E H 

AG, AK, have the same al- 
dtude A£; then will they be 
(o each other as their bases 
AC, AN. 

Having placed the two 
solids by the side of eacK 
other, as the figure repre- 
sents, produce the plane 
ONKL till it meets the 
plane DCGH in PQ ; you 
will thus have a third par- lA 
allelopipedon AQ, which 
may be compared with each ^^ 
of the parallelopipedons 
AG, AK. The two solids 
AG, AQ, having the same 
6ase AEHD are (o each other as their altitudes AB, AO ; in 
tike manner, tlie two solids AQ, AK, having the same base 
AOLE, ^re to each other as their altitudes AD, AM. Hence 
«re have the two proportions, 

sol AG : sol AQ : : AB : AO, 
sol AQ : sol AK : : AD : AM. 
Multiplying together the corresponding terms of these proper 
dons, and omitting in the result the common multiplier sol AQ ; 
we shall have 

solKG : solKYi : : ABxAD : AOxAM. 
But AB X AD represents the base ABCD ; and AO x AM rep- 
resents the base AMNO ; hence two rectangular parallelopipe- 
dons of the same altitude are to each other as their bases. 



PROPOSITION XIII. THEOREM. 

Any two rectangular parallelopipedons are to each other as the 
products of their bases hy their altitudes^ that is to say^ as the 
products of their three dimensions. 
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For, having placed the tWo , 
solids AG, AZ, so that thdir 
surfaces have the common 
angle BAE, produce th4 
planes necessary for com- 
pleting the third parallelopi- - 
pedon AK having the same 
altitude with the parailelopi- 
pedon AG. By the last propo- 
sition, we shall have 

sol. AG : soL AK : : 
ABCD : AMNO. 
But the two parallelopipedons 
AK, AZ, havingthe same base 
AMNO, are to each other as 
their altitudes AE, AX ; hence 
we have 

sol. AK : sol AZ : : AE : AX. 
Multiplying together the corresponding terms of thiese propor- 
tions, and omitting in the result the common multiplier soL AK ; 
we shall have 

sol. AG : soL AZ : : ABCDxAE : AMNO x AX. 

Instead of the bases ABCD and AMNO, put AB x AD and 
AO X AM it will give 

soLAG : soLAZ : : ABxADxAE ; AOxAMxAX. 

Hence any two rectangular parallelopipedons are to each 
other, &c. 

Scholium. We are consequently authorized to assume, as 
the measure of a rectangular parallelopipedon, the product 
of its base by its alfitude, in other words, the product of its 
three dimensions. 

In order to comprehend the nature of this measurement, it 
is necessary to reflect, that the number of Unear units in one 
dimension of the base multiplied by the number of linear units 
in the other dimension of the base, will give the number of 
superficial units in the base of the parallelopipedon (Book IV, 
Prop. IV. Sch.). For each unit in height there are evidently 
as many solid units as there are superficial units in the base. 
Therefore, the number of superficial units in the base multi- 
plied by the number of linear units in the altitude, gives the 
number of solid units in the parallelopipedon. 

If the three dimensions of another parallelopipedon are 
^fnkied according to the same linear unit, and multiplied together 
iafitie same manner,* the two products will be to each omer as 
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the solids, and will serve to express their relative magni- 
tude. 

The magnitude of a solid, its volume or extent, forms what is 
called its solidity ; and this word is exclusively employed to 
designate the measure of a solid : thus we say the solidity of a 
rectangular parallelopipedon is equal to the product of its base 
by its altitude, or to the product of its three dimensions. 

As the cube has all its three dimensions equal, if the side is 
1, the solidity will be 1 x 1 x 1=1 : if the side is 2, the solidity 
will be 2 X 2 X 2=8 ; if the side is 3, the solidity will be 3 x 3 x 
3=27 ; and so on : hence, if th^^ sides of a series of cubes are 
to each other as the numbers 1,3, 3, &c. the cubes themselves 
or their solidities will be as the numbers 1, 8, 27, &c.r Hence 
it is, that in arithmetic, the cube of a number is the name given 
to a product which results from three factors, each equal to 
this number. 

If it were proposed to find a cube double of a given cube, 
the side of the required cube would have to be to that of the 
given one, as the cube-root of 2 is to unity. Now, by a geo- 
metrical construction, it is easy to find the square root of 2 ; 
but the cube-root of it cannot be so found, at least not by the 
simple operations of elementary geometry, which consist in 
employing nothing but straight lines, two points of which are 
known, and cii-cles whose centres and radii are determined. 

Owing to this diflSiculty the problem of the duplication of 
the cube became celebrated anlong the ancient geometers, as 
well as that of ihe trisection of an angle^ which i^ nearly of the 
same species. The solutions of which such problems are sus- 
ceptible, have however long since been discovered ; and though 
less simple than the constructions of elementary geometry, they 
are not, on that account, less rigorous or less satisfactory. 



PROPOSITION XIV. THEOREM. 

The solidity of a parallelopipedony and generally ofanyprtsm, 
• is equal to the product of its base by its aUitude, 

For, in the first place, any parallelopipedon is equivalent to 
a rectangular parallelopipedon, having the same altitude and 
an equivalent base (Prop. X.). Now the solidity of the latter 
is equal to its base multiplied by its height ; hence the soKditjr 
of the former is, in like manner, equal to the product of its base 
by its altitude. 

In the second place,, any triaqgular prism is half of the psfr 
altelopipedon so'condthicted ad to have the same altitude and 
t double base (Prop. VII.). But the solidity of the lJ^^*^(j'f3^(9S^e 
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to its base multiplied by its altitude ; hence that of a triangular 
prism is also equal to the product of its base, which is half that 
of the parallelopipedon, multiplied into its altitude. 

In the third place, any prism may be divided into as many 
triangular prisms of the same altitude, as there are triangles 
capable of being formed in "the polygon which constitutes its 
base. Biit the solidity of each triangular prism is equal to its 
base multiplied by its altitude ; and since the altitude is the 
same for all, it follows that the sum of all the partial prisms 
must be equal to the sum of all the partial triangles, which con- 
stitute their bases, multiplied by the common altitude. 

Hence the solidity of any polygonal prism, is equal to the 
product of its base by its altitude. 

Coi\ Comparing two prisms, which have the same altitude, 
the products of their bases by their altitudes will be as the 
bases simply ; hence two prisms of the same altitude are to each 
other as their bases. For a like reason, two prisms of the same 
base are to each other as their altitudes. And when neither their 
bases nor their altitudes are equal, their solidities will be to 
each other as the products of their bases and altitudes. 



PROPOSITION XV. THEOREM. 

T\uo unarig-utar pyramids, having equivalent bases and equt i 
altitudes, are equivalent, or equal in solidity. 





Let S-ABC, S-abc, be those two pyramids ; let their equiva- 
lent bases ABC, abc, be situated in the same plane, and let AT 
^ their common altitude. If they are not equivalent, let S-o&e 
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be the smaller : and suppose Aa to be the altitude of a prism, 
which having ABC for its base, is equal to their difference. 

Divide the altitude AT into equal parts Aa:, xy, yz, &c. each 
less than Aa, and let k be one of those parts ; through the points 
of division pass planes parallel to the plane of the bases ; the 
corresponding sections formed by these planes in the two pyra- 
mids will be respectively equivalent, namely DEF to def^ GHI 
to gJii, iSzic. (Prop, III. Cor. 2.). 

This being granted, upon the triangles ABC, DEF, GHI, &c 
taken as bases, construct exterior prisms having for edges the 
parts AD, DG, GK, &c. of the edge SA ; in like manner, on 
bases def, ghU him, &c. in the f econd pyramid, construct inte- 
rior prisms, having for edges the corresponding parts of Sa. 
It is plain that the sum of ail the exterior prisms of the pyramid 
S-ABC will be greater than this pyramid ; and also that the 
sum of all the interior prisms of the pyramid S-a6c will be less 
than this pyramid. Hence the difference, between the sum of all 
the exterior prisms and the sum of all the interior ones, must be. 
greater than the difference between the two pyramids them- 
selves. 

Now, beginning with the bases ABC, ahc, the second exte- 
rior prism 1)EF-G is equivalent to the first interior prism def-a, 
because they have the same altitude k, and their bases DEF, 
def, are equivalent; for like reasons, the third exterior prism 
GHI-K and the second interior prism ghi-d are equivalent ; 
the fourth exterior and the third interior ; and so on, to the last 
' in each series. Hence all the exterior prisms of the pyramid 
S-x\BC, excepting the first prism ABC-D, have equivalent cor- 
responding ones in the interior prisms of the pyramid S-«6c : 
hence the prism ABC-D, is the difierence between the sum of 
all the exterior prisms of the pyramid S-ABC, and the sum of 
the interior prisms of the pyramid S-a6c. But the difference 
between these two sets of prisms has already been proved to 
be greater than that of the two pyramids ; which latter diffe- 
rence we supposed to be equal to the prism a-ABC : hence the 
prism ABC-D, must be greater than the prism a- ABC. But in 
reality it is less ; for they have the same base ABC, and the 
altitude kx of the first is less than Aa the altitude of the second. 
Hence the supposed inequality between the two pyramids can- 
not exist ; hence the two pyramids S-ABC, S-^i&c, having equal 
altitudes and equivalent bases, are themselves equivalent. 
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FROPOSITION XVI. THEOREM. 

Eveiy triangiilccr pyramid is a third pari of the tricmgular prism 
having the same base and the same altitu^. 

Let F-ABC be a triangular 
pyramid, ABC-DEF a triangular 
prism of the same base and the 
same altitude ; the pyramid will 
be equal to a third of the prism. 

Cut oflF the pyramid F-ABC 
from the prism, by the plane 
FAC ; there will remain the solid 
F-ACDE, which may be consi- 
dered as a quadrangular pyramid, 
whose vertex is F, and whose base 
18 /the parallelogram ACDE. 
Draw the dii^onal CE ; and pass 
the plane FCE, which will cut the B 

quadrangular pyramid into two triangular ones F-ACE,F-CDE. 
These two triangular pyramids have for their common altitude 
the perpendicular let fall from F on the plane ACDE ; they 
have equal bases, the triangles ACE, CDE being halves of the 
same parallelogram ; hence the two pyramids F-ACE, F-CDB, 
are equivalent (Prop. XV.). But the pyramid F-CDE and the 
pyramid F-ABC have equal bases ABC, DEF ; they have also the 
same altitude, namelv, the distance between the parallel planes 
ABC, DEF ; hence the two pyramids are equivalent. Now iho 
pyramid F-CDE has already been proved equivalent to F^ACE ; 
hence the three pyramids F-ABC, F-CDE, F-ACE,. which 
compose the prism ABC-DEF are all equivalent. Hence the 
pyramid F-ABC is the third part of the prism ABC JDEF, which 
has the same base and the same altitude. 

Cor. The solidity of a triangular pyramid is equal to a third 
pjrt of the product of its base ty its altitude. 

/ fROPOSITION Xyil. THEOREM. 

' The solidity of every pyramid is equal to the base multiplied by 
a third of the altitude* 
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Let S-ABCDE be a mramid. 

Pass the planes SEB, SEC, through the 
diagonals EB, EC ; the polygonal pyramid 
S-ABCDE will be divided into several trian- 
gular pyramids all having the same altitude 
SO. But each of these pyramids is measured 
by multiplying its base ABE, BCE, or CDE, 
by the third partof its altitude SO (Prop. XVI. 
Cor.) ; hence the sum of these triangular pyra- 
mids, or the polygonal pyramid S-ABCDE 
will be measured by the sum of the triangles 
ABE, BCE, CDE, or the polygon ABODE, 
multiplied by one third of SO ; hence every pyramid is mea- 
sured by a third part of the product of its base by its altitude. 

Cor. 1. Every pyramid is the third part of the p^sm which 
has the same base and the same altitude. 

Cor. 2. Two pyramids having the same altitude are to each 
other as their bases. 

Cor. 3. Two pyramids havmg equivalent bases are to each 
other as their altitudes. 

Cor. 4. Pyramids are to each other as the products of their 
bases by their altitudes. 

Scholium. The solidity of any polyedral body may be com- 
puted, by dividing the body into pyramids ; and this division 
may be accomplished in various ways. One oft the simplest 
is to make all the planes of division pass through the vertex 
of one solid angle ; in that case, there will be formed as many 
partial pyramids as the polyedron has faces, minus those faces 
which form the solid angle whence the planes of division 
proceed. 



PROPOSITION XVIII. THEOREM. 



If a pyramid be cut by a plane parallel to iti base, the frustum 
that remains when the small pyramid is taken away, is equi- 
valent to the sum of, three pyramids having for their common 
altitude the altitude of the frustum, and for bases the lower 
base of the frustum, the upper base, and a mean proportional 

. between the two basas. 
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Let S-ABCDE be a pyra- 
mid cut by the plane abcclef 
parallel to its base; let T-FGII 
oe a triangular pyramid hav- 
ing the same altitude and an 
equivalent base vnth the pyra- 
mid S-ABCDE. The two 
bases may be regarded as 
situated in the same plane ; in 
which case, the plane abed, if 
produced, will form in the triangular pyramid a section fgh 
situated at the same distance above the common plane of the 
bases ; and therefore the section ^A will be to the section abcda 
as the base FGH is to the base ABD (Prop. III.), and since 
the bases are equivalent, the sections will be so likewise. 
Hence the pyramids S-abcde, T-fgh are equivalent, for their 
altitude is the same and their bases are equivalent. The whole 
pyramids S-ABCDE, T-FGH are equivalent for the same rea- 
son ; hence the frustums ABD-dcd), FGH-A/g are equivalent ; 
hence if the proposition can be proved in the single case of 
the frustum of a triangulai* pyramid, it will be true of every 
other. 

I^t FGK'hfg be the frustum of a tri- 
angular pyramid, having parallel bases : 
through the three points F,^, H, pass 
the plane Fgll; it will cut off from the 
frustum the triangular pyramid ^-FGH. 
This pyramid has for its base the lower 
base FGH of the frustum ; its altitude 
likewise is that of the frustum, because 
the Vertex g* lies in the plane of the up- 
per base fgh. 

This pyramid being cut off, there will 
remain the quadrangular pyramid 
g'fhHF, whose vertex is g, and base fhEF. Pass the plane 
fgR through the three points /, ^, H ; it will divide the quad- 
rangular pyramid into two triangular pyramids g^F/H, g-fkFL 
The latter has for its base the upper base gfh of the frustum; 
and for its altitude, the ahitude of the frustum, because its ver- 
tex H lies in the lower base. Thus we already know two of 
the three pjrramids which compose the frustum. 

It remains to examine the third ^-1^13. Now, if ^K bo 
drawn parallel lo fP, and if we conceive a new pyramid 
KJfyH, having K for its vertex and I^H for its base, these 
two pyramids will have the same base FYH ; they will dap 
have the same altitude, because their vertices g and K lie ill 
the line g'S., parallel to F/ aod ooosequently parallel to tbe 
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plane t]f the base : hence these pyramids are equivalent. But 
the pyramid K-FfH may be regarded as having its vertex in 
/, and thus its altitude will be the same as that of the frustum: 
as to its base FKH, we are now to show that this is a mean 
proportional between the bases FGH and ^^A. Now, the tri- 
angles FHK,^A, have each an equal angfe F=/; hence 

FUKifgi : : FKxFH ifgxfh (Book IV. Prop. XXIV.) ; 
but because of the parallels, FK=fg, hence 
FHK :fgh : : FH : fh. 
We have also, 

FHG : FHK : vFG : FKorfg. 
But the similar triangles FGH, j^A give 

FG.fg'.iFH.fk; 
hence 

FGH : FHK : : FHK :/^A; 

or the base FHK is a mean proportional between the two 
bases FGH, fgh. Hence the frustum of a triangular pyramid 
is equivalent to three pyramids whosje common altitude is that 
of the frustum and whose bases are the lower base of the 
frustum, the upper base, and a mean proportional between the 
two bases. 



PROPOSITION XIX. THEOREM. 



Similar triangular prisms are to each other as the cubes ofthett 
homologous sides. 

Let CBD-P, cbd-p, be two 
similar triangular prisms, of 
which BC, bCf are homologous 
sides: then will the prism 
CBD-P be to the prism cbd-p, 
asBC^taiA 

For, since the prisms are 

similar, the planes which con- 

tain the homologous solid an- C ^ B 

gles B and 6, are similar, like placed, and equally inclined to 
each other (Def. 17.) : hence the solid angles B and b, are eaual 
(Book VI. Prop. XXL Sch.). If these solid angles be applied 
to each other, the angle cbdvfil] coincide with CBD, the side ba 
with B A, and the prism cbd-f will take the position Bcd-p. From A 
draw AH perpendicular to the common base of the pnsms : then 
wUl the plane BAH be perpendicular to the plane of the cojdb^ 
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mon base (Book VI. Prop. XVI.). Through a,m the plane BAH, 
draw ah perpendicular to 
BH : then will ah also be per- 
pendicular to the base BDC 
(Book VI. Prop. XVII.) ; and 
AH, ah will be the altitudes 
of the two prisms. 

Now, because of the similar 
triangles ABH,ezB/i, and of the 
similar parallelograms AC, tfc, 
we have 

AH : ah : : AB : ab : : BC : be. 
But since the bases are similar, we have 
base BCD : base bed : : BC^ : bc^ (Book IV. Prop. XXV.) ; 
hence, 

base BCD : base bed : : AH^ : ah\ 
Multiplying the antecedents by AH, and the consequents by 
all, and we have 

base BCD xAK : base bed x ah : : Aff ah\ 
But the sohdity of a prism is equal to the base multiplied by 
the altitude (Prop. XIV.) ; hence, the 

prism BCD-P : prism bcd-p : : AH' : ah^ : : BC : bc^, 
or as the cubes of any other of their homologous sides. 

Cor. Whatever be the bases of similar prisms, the prisms 
will be to each other as the cubes of their homologous sides. 

For, since the prisms are similar, their bases will be similai 
polygons (Def. 17.) ; and these similar polygons may be di- 
vided into an equal number of similar triangles, similarly placed 
(Book IV. Prop. XXVI.) : therefore the two prisms may be 
divided into an equal number of triangular prisms, having their 
faces similar and like placed ; and therefore, equally inclined 
(Book VI. Prop. XXI.) ; hence the prisms will be similar. But 
these triangular prisms will be to each other as the cubes of 
their homologous sides, which sides being proportional, the 
sums of the triangular prisms, that is, the polygonal prisms, will 
be to each other as the cubes of their homologous sides. 



PROPOSITION XX. THEOKEM. 

Two similar pyramids are to each other as the cubes of theif 
homologous sides. 
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For, since the pyramids are similar, the solid 
angles at the vertices will be contained by the 
same number of similar planes, like placed, 
and equally inclined to each other (Def. 17.). 
Hence, the solid angles at the vertices may 
be made to coincide, or the two pyramids 
may be so placed as to have the solid angle 
S common. 

In that position, the bases ABCJDE, abcde, 
will be parallel ; because, since the homolo- 
gous faces are similar, the angle 8cd) is equal 
to SAB, and Sbc to SBC ; hence the plane 
ABC is parallel to the plane abc (Book VI. Prop. XIIL). This 
being proved, let SO be the perpendicular drawn from the 
vertex S to the plane ABC, and o the point where this perpen- 
dicular meets the plane abc: from what has already been 




shown, we shall have 

SO : So : : SA 
and consequently, 

iSO 



Sa : : AB : ab (Prop. III.) ; 



iSo 



AB : ab. 



But the bases ABCDE, abcde, being similar figures, we have 
ABCDE : abcde : : AB^ : ab^ (Book IV. Prop. XXVII.). 
Multiply the corresponding terms of these two proportions ; 
there results the proportion, 

ABCDE xiSO : abcde x^So : : AB^ : al^. 
Now ABCDE X iSO is the solidity of the pyramid S-ABCDE, 
and abcde xjSo is that of the pyramid S-ccbcde (Prop. XVII.) ; 
hence two similar pyramids are to each other as the cubes of 
tlieir homologous sictes. 

General Scholium. 
^The chief propositions of this Book relating to the solidity ol 
polyedrons, may be exhibited in algebraical terms, and so 
recapitulated in the briefest manner possible. 

Let B represent the base of a prism ; H its altitude : the 
solidity of the prism will be B x H, or BH. 

Let B represent the base of a pyramid; H its altitude : the 
solidity of the pyramid will be B x |H, or H x iB, or ^BH. 

Let H represent the altitude of the frustum of a pyramid^ 
having parallel bases A and B ; n/AB will be the mean pro- 
portional between those bases ; and the solidity of the frustum 
willbeiHx(A+B+VAB). 

In fine, let P and p represent the solidities of two similar 
misms or pyramids ; A and a, two homologous edges : then we 

nball b^ye 

V I p X \ ^ \ f^n 
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THE THREE ROUND BODIES. 



Definitions. 




1. A cylinder is the solid generated by the revolution of a 
rectangle ABCD, conceived to turn about the immoveable 
side AB. 

, In this movement, the sides AD, BC, con- 
tinuing always perpendicular to AB, describe 
equal circles DHP, CGQ, which are called 
the bases of the cylinder^ the side CD at the 
same time describing the convex surface. 

The immoveable line AB is called the axis 
of the cylinder. 

Every section KLM, made in the cylinder, 
at right angles to the axis, is a circle equal to 
either of the bases ; for, whilst the rectangle 
ABCD turns about AB, the line KI, perpen- 
dicular to AB, describes a circle, equal to the base, and this 
circle is nothing else than tlie section made perpendicular to 
the axis at the point I. 

Every section PQG, made through the axis, is a rectangle 
double of the generating rectangle ABCD. 

2. A cone is the solid generated by the revolution of a right- 
angled triangle SAB, conceived to turn about the immoveable 
side SA. 

In this movement, the side AB describes 
a circle Bt)CE, named the base of the cone ; 
the hypothenuse SB describes the convex 
surface of the cone. 

The point S is named the vertex of the 
cone, SA the axis or the altitude, and SB 
the side or the apothem. 

Every section HKFI, at right angles to 
the axis, is a circle ; every section SDE, 
through the axis, is an isosceles triangle,' 
double of the generating triangle SAB. 

3. If from the cone S-CDB, the cone S-FKH be cut off by 
a plane parallel to the base, the remaining solid CBHF is called 
a truncated cone, or the frustum of a cone. 
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We may conceive it to be generated by the revolution of ar 
trapezoid ABHG, whose angles A and G are right angles, about 
tlie side AG. The immoveable line AG is called the axis or 
altitude of the frustum, the circles BDC, HFK, are its fta^e^, and 
BH is its side. 

4. TviTo cylinde-s, or tv^o cones, are similar, when their 
axes are to each other as the diameters of their bases. 

5. If in the circle ACD, which forms the 
base of a cyHnder, a polygon ABCDE be 
inscribed, a right prism, constructed on this 
base ABCDE, and equal in altitude to the 
cylinder, is said to be inscribed in the cylin- 
der, or the cylinder to be. circumscribed 
about the prism. 

The edges AF, BG, CH, &c. of the prism, 
being perpendicular to the plane of the base, 
are evidently included in the convex sur- 
face of the cylinder ; hence the prism and 
the cylinder touch one another along these 
edges. 

6. In like manner, if ABCD is a poly- 
gon, circumscribed about the base of a 
cylinder, a right prism, constructed on this 
base ABCD, and equal in altitude to the 
cylinder, is said to be circumscribed about 
the cylinder, or the cylinder to be inscribed 
in the prism. 

Let M, N, &c. be the points of contact 
in the sides AB, BC, &c. ; and through the 
points M,N,&:c. let MX, NY, vfcc. be drawn 
perpendicular to the plane of the base: 
these perpendiculars will evidently lie both 
in the surface of the cylinder, and in that 
of the circumscribed prism ; hence they wi^l be their lines of 
contact. 

7. If in the circle ABCDE, which forms 
the base of a cone, any polygon ABCDE 
be inscribed, and from the vertices A, B, 
C, D, E, lines be drawn to S, the vertex 
of the cone, these lines may be regarded 
as the sides of a pyramid whose base is 
the polygon ABcDE and vertex S. The 
sides. of this pyramid are in the convex 
surface of the cone, and the pyramid is 
said to be inscribed in the cone. 
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8. The sphere is a solid terminated by a curved surface, all 
the points of ivhich are equally distant from a point within, 
called the centre. 

The sphere may be con- 
ceived to be generated by the 
revolution of a semicircle 
DAE about its diameter DE : 
for the surface described in 
this movement, by the curve 
DAE, will have all its points 
equally distant from its cen- 
tre C. 

9. Whilst the semicircle 
DAE revolving round its di- 
ameter DE, describes the 
sphere; any circular sector, 
as DCF or'FCH, describes a 
solid, which is named a spherical sector. 

10. The radius of a sphere is a straight line drawn from the 
centre to any point of the surface ; the diameter or axis is a 
line passing through this centre, and terminated on both sides 
by the surUice. 

All the radii of a sphere are equal ; all the diameters are 
equal, and each double of the radius. . 

11. It will be shown (Prop. VII.) that every section of the 
sphere, made by a plane, is a circle : this granted, a great cir- 
cle is a section which passes through the centre ; a small circle, 
is one which does not pass through the centre. 

12. A plane is tangent to a sphere, when their surfaces have 
but one point in common. 

13. A zone is a portion of the surface of the sphere included 
between two parallel planes, which form its bases. One of 
these planes may be tangent to the sphere ; in which case, the 
tone has only a single base. 

14. A spherical segment is the portion of the solid sphere, 
included between two parallel planes which form its bases. 
One of these planes may be tangent to the sphere ; in which 
case, the segment has only a single base. 

15. The altitude of a zon£ or of a segment is the distance 
between the two parallel planes, which form the bases of the 
zone or segment. 

Note. The Cylinder, the Cone, and the Sphere, are the 
three round bodies treated of in the Elements of Geometry. 
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PROPOSITION I. THEOREM. 



The convex surface of a cylinder is equal to the circumference of 
its base multiplied by its altitude. 



Let CA be the radius of the 
given cylinder's base, and H its 
altitude : the circumference 
whose radius is CA being rep- 



resented by circ. CA, we 
shotir that the convex surfi 
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the cylinder is equal to circ. 
xH. 

Inscribe in the circle any 
regular polygon, BDEFGA, and 
c*.onstnict on this polygon a right 
, prism having its altitude equal to H, the altitude of the cylin- 
der : this prism will be inscribed in the cylinder. The convex 
surface of the prism is equal to tlie perimeter of the polygon, 
multiplied by the altitude H (Book VII. Prop. I.). Let now 
the arcs which subtend the sides of the polygon be continually 
bisected, and the number of sides of the polygon indefinitely 
increased : the perimeter of the polygon will then become equal 
to circ. CA (Book V. Prop. VIII. Cor. 2.), and the convex sur- 
face of the prism will coincide with the- convex surface of the 
cylinder. But the convex surface of the prism is equal to the 
perimeter of its base multiplied by H, whatever be the number 
of sides : hence, the convex surface of the cylinder is equal to 
the circumference of its base multiplied by its altitude. 



PROPOSITION II. THEOREM. 

The solidity of a cylinder is equal to the product of its base by Us 

altitude. 
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Let CA be the radius of the 
base of the cylinder, and H 
the altitude. Let the circle 
whose radius is CA be repre- 
sented by area CA, it is to be 
proved that the solidity of the 
cylinder is equal to area C A x H. 
Inscribe in the circle any regu- 
lar polygon BDEFGA, and con- 
struct on this polygon a right 
prism having its altitude equal 
to H, the altitude of the cylinder : this prism will be inscribed 
in the cylinder. The solidity of the prism will be equal to the 
area of the polygon multiplied by the altitude H (Book VIL 
Prop. XIV.). Let now the number of sides of the polygon be 
indefinitely increased : the solidity of the new prism will still 
be equal to its base multiplied by its altitude. 

But when the number of sides of the polygon is indefinitely 
increased, its area becomes equal to the area CA, and its pe- 
riifteter coincides with circ. CA (Book V. Prop. VIIL Cor. 1. 
& 2.) ; the inscribed prism then coincides with the cylinder, 
since their altitudes are equal, and their convex surfaces per- 
pendicular to the common base : hence the two soHds will be 
equal ; therefore the solidity of a (cylinder is equal to the product 
of its base by its altitude. 

Cor, L Cylinders of the same altitude are to each other as 
their bases ; and cylinders of the same base are to each other 
as their altitudes. 

Cor, 2. Similar cylinders are to each other as the cubes of 
their altitudes, or as the cubes of the diameters of their bases. 
For the bases are as the squares of their diameters ; and the 
cyUnders being similar, the diameters of their bases are to 
each other as the ahitudes (Def. 4.) ; hence the bases are 
as the squares of the altitudes ; hence the bases, multiplied 
by the altitudes, or the cylinders themselves, are as the cubes 
of the altitudes. 

Scholium. Let R be the radius of a cylinder's base ; H the 
altitude : the surface of the base will be n.W (Book V. Prop. 
XIL Cor. 2.) ; and the soliditv of the cylinder will be ^R^x H^ 
or^.R2.IL 
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PROPOSITION III. THEOREM. 




The convex surface of a cone is equal to the circumference of its 
base, multiplied by half its side* 

Let the circle ABCD be the 
base of a cone, S the vertex, 
SO the altitude, and SA the 
side : then will its convex sur- 
face be equal to circ. O A x iS A. 

For, inscribe in the bas^'Jpf 
the cone any regular polygon 
ABCD, and on this polygon as 
a base conceive a pyramid to 
be constructed having S for its 
vertex : this pyramid will be a 
regular pyramid, and will be inscribed in the cone. 

From S, draw SG perpendicular to one of the sides of the 
polygon. The convex surface of the inscribed pyramid is equal 
to the perimeter of the polygon which forms its base, multiplied 
by half the slant height SG (Book VII. Prop. IV.). Let now 
the number of sides of the inscribed polygon be. indefinitely 
increased ; the perimeter of the inscribed polygon will then 
become equal to circ. OA, the slant height SG will become 
equal to the side SA of the cone, and the convex surface of 
the pyramid to the convex surface of the cone. But whatever 
be the number of sides of the polygon which forms the base, 
the convex surface of the pyramid is equal to the perimeter of 
the base multiplied by ,h4lf the slant height : hence the convex 
surface of a cone is equal to the circumference of the base 
multiplied by half the side. 

Scholium. Let L be the side of a cone, R the radius of its 
base ; the circumference of this base will be S^r.R, and the sur- 
face of the cone >vill be 2nR x |L, or ^RL. 



PROPOSITION IV. THEOREM. 

The convex surface of the frustum of a cone is equal to its side 
multiplied by half the sum of the circumferences of its tu)o 
bases. 
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Let BIA-DE be a frustum of a 
ccme : then will its convex surface be 
equal to AD X (circ.OA+circ.CD>^ 

For, inscribe in the bases of the 
frustums two regular polygons of the 
same number of sides, and having 
their homologous sides parallel, each 
to each. The hnes joining the ver- 
tices of the homologous angles may 
be regarded as the edges of the frus- 
tum of a regular pyramid inscribed 
in the frustum of the cone. The con- 
vex surface of the frustum of the 
pyramid is equal to half the sum of the perimeters of its bases 
multiplied by the slant height //* (Book VIL Prop. IV. Cor.>. 

Let now the number of sides of the inscribed polygons be 
indefinitely increased : the perimeters of the polygons will be- 
come equal to the circumferences BIA, EGD ; the slant height 
^ will become equal to the side AD or BE, and the surface* 
of the two frustums will coincide and become the same surface. 

But the convex surface of the frustum of the pyramid will 
still be equal to half, the sum of the perimeters of the upper 
and lower bases multiplied by the slant height : hence the sur- 
face of the frustum of a cone is equal to its side multiplied by 
half the sum of the circumferences of its two bases. 

Cor. Through /, the middle point of AD, draw ZKL paral- 
lel to AB, and K, "Dd, parallel to CO. Then, since AZ, ZD, are 
equa!, Ai, id^ will also be equal (Book IV. Prop. XV. Cor. 2.) : 
hence, KZ is equal to J(OA-f-CD). But since the circumfe- 
rences of circles are to each other as their radii (Book V. 
Prop. XL), the circ. KZ=4(arc. OA+ciVc. CD) ; therefore, the 
convex surface of a frustum of a cone is equal to its side multi- 
plied by the circumference of a section at equal distances from 
the two bases. 

Scholium. If a line AD, lying wholly on one side of the line 
OC, and in the same plane, make a revolution around 00, 
die surface described by AD will have for its measure AD x 
/circAO+circDCy^^ ADxciVc.ZK; the lines AO,DC, ZK, 

being perpendiculars, let fall from the extremities and from 
the middle point of AD, on the axis OC. 

For, if AD and OC are produced till they meet in S, the 
surface described by AD is evidently the frustum of a cone 
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having AG and DC for the radii of its bases, the vertex of 
the whole cone being S. Hence this surface will be measured 
as we have said. 

This measure will always hold good, even when the point 
D falls on S, and thus forms a whole cone ; and also when the 
line AD is parallel to the axis, and thus forms a cylinder. In 
the first case DC would be nothing ; in the second, DC would 
be equal to AO and to /K. 



PROPOSITION V. THEOREM. 

The solidity of a cone is eqiud to its hose muUiplied by a third of 
its altitude. , 

Let SO be the altitude of a cone, 
OA the radius of its base, and let 
the area of the base be designated 
by area OA : it is to be proved that 
the solidity of the cone is equal to 
areaOAxiSO. 

Inscribe in the base of the cone 
any regular polygon ABDEF, And 
join the vertices A, B, C, &c. with 
the vertex S of the cone : then will 
there be inscribed in the cone a 
regular pyramid having the same vertex as the cone, and hav- 
ing for its base the polygon ABDEF. The solidity of this 
pyramid is equal to its base multiplied by one third of its alti- 
tude (Book VII. Prop. XVII.). Let now the number of sides 
of the polygon be indefinitely increased : the polygon will then 
become equal to the circle, and the pyramid and cone will 
coincide and become equal. But the solidity of the pyramid 
is equal to its base multiplied by one third of its altitude, what- 
ever be the number of sides of the polygon which forms its 
base : hence the solidity of the cone is equal to its base multi- 
plied by a third' of its altitude. 

Cor. A cone is the third of a cylinder having the same base 
and the same altitude ; whence it follows, 

1. That cones of equal altitudes are to each other as their 
bases ; 

2. That cones of equal bases are to each other as their 
altitudes ; 

3. That similar cones are as the cubes of the diametem of 
their bases, or as the cubes of their altitudes. 
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Cor, 2. The solidity of a cone is equivalent to the solidity of 
a pyramid having an equivalent base and the same altitude 
(Book VIL Prop. XVII.). 

Scholium. Let R be the radius of a cone's base, H its alti- 
tude ; the sohdity of the cone will be nR^ x |H, or i^BPH. 



PROPOSITION VI. THEOREM 

The solidity of the frustum of a cone is equal to the sum of the 
solidities of three cones whose common altitude is the altitude 
of the frustum, and whose bases are, the upper base ofthefrus- 
turn, the loiver base of the frustum, and a mean proportion^ 
between them. 

Let AEB-CD be the frustum of a 
cone, and OP its altitude ; tlien will its 
solidity be equal to 

i^xOPx(AOHDP2+AOxDP). 
For, inscribe in th^ lower and upper 
bases two regular polygons having the 
same number of sides, and having their 

homologous sides parallel, each to each. ^ 1/ \ \ \ Ij Tl 
Join the vertices of the homologous ^ 

angles and there will then be inscribed 
in the frustum of the cone, the frustum E 

of a regular pyramid. The sohdity of 

the frustum of the p}Tamid is equivalent to three pyramids 
having the common altitude of the frustum, and for bases, the 
lower base of the frustum, the upper base of the frustum, and 
a mean proportional between them (Book VIL Prop. XVIII.). 

Let now, the number of sides of the inscribed polygons be 
indefinitely incretjsed : the bases of the frustum of the pyramid 
will then coincide with the bases of the frustum of the coife, 
and the two frustums will coincide and become the same solid. 
Since the area of a circle is equal to R^.tt (Book V. Prop. XII. 
Cor. 2.), the expression for the solidities of the frustum wiU 
become 

for the first pyramid ^OP x OA^. 
for the second ^OP x PD^.tt 

for the third jOPxAOxPD.^; since 

AO X PD.i; is a mean proportional between OA^.^^ and PD'.yf 
Hence the solidity of the frustum of the cone is measured by 
\nOV X (0A2 + PD^-h AO X PD). 
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PROPOSITION VII. THEOREM. 
Every section of a sphere, made by a plane, is a circle. 

Let AMB be a section, made by a 
plane, in the sphere whose centre is C. 
From the point C, draw CO perpen- 
dicular to the plane AMB ; and diffe- 
rent lines CM,jCM, to different points 
of the curve AMB, which terminates 
the section. 

The oblique fines CM, CM, CA, are 
equal, being radii of the sphere ; hence 
they are equally distant from the perpendicular CO (Book VI. 
Prop. V. Cor.) ; therefore all the lines OM, OM, OB, are equal ; 
consequently the 'section AMB is a circle, whose centre is O. 

Cor 1. If the section passes through the centre of the sphere, 
its radius will be the radius of the sphere ; hence all great 
circles are equal. ^ 

Cor. 2. Two great circles always bisect each other ; for 
their common intersection, passing through the centre, is a 
diameter. 

Cor. 3. Every great circle divides the sphere and its surface 
into two equal p2ivts : for, if the two hemispheres were sepa- 
rated and afterwards placed on the common base, with their 
convexities turned the same way, the two surfaces would 
exactly coincide, no point of the one being nearer the centre 
than any point of the other. 

Cor. 4. The centre of a small circle, and that of the spliere, 
are in the same straight line, perpendicular to the plane of the 
small circle. 

.Cor. 5. Small circles are the less the further they lie from 
the centre of the sphere ; for the greater CO is, the less is the 
chord AB, the diameter of the anall circle AMB. 

Cor. 6. An arc of a great circle may always be made to pass 
through any two given points of the surface of the s^ere ; for 
the two given points, and the centre of the sphere make three 
^ points which determine the position of a plane. Bat if the 
two given points were at the extremities of a diameter, these 
two points and the centre would then lie in one straight Kne, 
and an infinite number of great circles might be made to pass 
tbroQ^ the two giyfen points. 
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PROPOSITION VIII. THEOKEM. 



Every plane perpendicular to a radius at its extremity is tangent 
to the sphere. 

Let FAG be a plane perpendicular 
to the radius OA, at its extremity A. 
Any point M in this plane being as- 
sumed, and OM, AM, being drawn, 
the angle OAM will be a right angle, 
and hence the distance OM will be 
greater than OA. Hence the point 
M lies without the sphere ; and as the 
same can be shown for every other 
point of the plane FAG, this plane can 
have no point but A common to it and the surface of the sphere ; 
hence it is a tangent plane (Def. 12.) 

Scholium. In the same way it may be shown, that two 
spheres have but one point in common, and therefore touch 
each other, when the distance between their centres is equal to 
the sum, or the diflference of their radii ; in which case, the 
centres and the point of contact lie in the same straight line 




PROPOSITION IX. LEMMA. 



If a regular semi-polygon be revolved about a Kne passing 
through the centre and the vertices of two opposite angles^ tfie 
surface described by its perimeter will be equal to the axis muU 
tiplied by the circumference of the inscribed circle. 



Let the regular semi-polygon ABCDEF, 
be revolved about the line AF as an axis : 
then will the surface described by its pe- 
rimeter be equal to AF multiplied by the 
circumfereoce of the inscribed circle. 

Frpm E and D, the extremities of one of 
the equal sides, let fall the perpendiculars 
EH, DI, on the axis AF, and from the cen- 
tre O draw ON perpendicular to the side 
DE : ON will be the radius of the inscribed 
circle (Book V. Prop. H.). Now, the sur- 
face described in the revolution by any one 
fflde of the regular polygon* as DR has 
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been shown to be equal to DE x circ. NM (Prop. IV. Sch.). 
But since the triangles EDK, ONM, are similar (Book IV. 
Prop. XXL), ED : EK or HI : : ON : NM, or as circ. ON . : 
drc. 5f M ; hence 

ED X circ. NM=HI x circ. ON ; 
and since the same may be shown for each of the other sides, 
it is plain that the surface described by the entire perimeter is 
equal to *> 

(FH+HI+IP+PQ+QA)xarc. ON=AFxcirc. ON. 

Cor. The surface described by any portion of the perime- 
ter, as EDC, is equal to the distance between the two perpen- 
diculars let fall from its extremities on the axis, multiplied by 
the circumferejfice of the inscribed circle. For, the surface 
described by "W^ is equal to HI x circ. ON, and the surface 
described by DC is equal to IP x circ. ON : hence the surface 
described by ED + DC, is equal to (HI + IP) x arc. ON, or 
equal to HP x circ. ON. 



PROPOSITION X. THEOREM. 

The surface of a sphere is equal to the product of its diameter by 
the circumference of a great circle. 

Let ABCDE be a semicircle. Inscribe in 
it any regular semi-polygon, and from the 
centre O draw OF perpendicular to one of 
the sides. 

Let the semicircle and the semi-polygon 
be revolved about the axis AE : the semi- 
cir<?umference ABCDE will describe the 
surface of a sphere (Def. 8.); and the pe- 
rimeter of the semi-polygon will describe 
a surface which has for its measure AE x 
circ. OF (Prop. IX.), and this will be true 
whatever be the number of sides of the po- 
lygon. But if the number of sides of the polygon be indefi- 
nitely increased, its perimeter will coincide with the circumfe- 
rence ABCDE, the perpendicular OF will become equal to 
OE, and the surface described by the perimeter of .the semi- 
polygon will then be the same as that described by the semi- 
circumferehce ABCDE. Hence the surface of the sphere is 
equal to AE x drc. OE. 

Cor. Since the area of a great circle is equal to the product 
of its circumference by half the radius, or one fourth of the 

23 

Digitized by V^OOQ IC 




178 



GEOMETRY. 



diameter (Book V. Prop. XII.), it follows that the surface of a 
sphere is equal to four of its great circles: that is, equal to 
47r.OA« (Book V. Prop. XII. Cor. 2.). 

Scholium 1. The surface of a zone is equal to its altitude mul- 
tiplied by the circumference of a great circle. 

For, the surface described by any portion 
of the perimeter of the inscribed polygon, as 
BC+CD, is equal to EH x arc. OF (Prop. 
IX. Cor.). But when the number of sides 
of the polygon is indefinitely increased, BC 
+ CD, becomes the arc BCD, OF becomes 
equal to OA, and the surface described by 
BC + CD, becomes the surface of the zone 
described by the arc BCD : hence the sur- 
face of the zone is equal to EH x circ. O A, 

Scholium 2. When the zone has but one 
base, as the zone described by the arc ABCD, its surface will 
still he equal to the altitude AE multiplied by the circumference 
of a great circle. ^ 

Scholium 3. Two zones, taken in the same sphere or in equal 
spheres, are to each other as their altitudes ; and any zone is to 
the surface of the sphere as the altitude of the zone is to the 
diameter of the sphere. 




PROPOSITION XI. LEMMA. 



If a triangle and a rectangle, having the same base and the same 
altitude,tum together about the common base, the solid described 
by tJie triangle will be a thiYd of the cylinder described by the 
rectangle. 

Let ACB be the triangle, and BE the rectangle. 

On the axis, let fall the perpen- 
dicular AD : the cone described hs 
the triangle ABD is the third pa^j*^ 
the cylinder described by the re^n- 
gle AFBD (Prop. V. Cor.) ; also the 
cone described by the triangle ADC 
ts the third part of the cylifl4^;4®-- 

scribed by the rectangle 'ABoft^^nce the sum of the two 
cones, or the solid described by ABC, is the third part of the 
two cylinders taken together, or of the cylinder described by 
Ibe rectangle BCEF 
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If the perpendicular AD falls without 
the triangle ; the solid described by ABC 
will, in that case, be the difference of the 
two cones described by ABD and ACD ; 
but at the same time, the cylinder de- 
scribed by BCEF will be the difference 
of the two cylinders described by AFBD and AECD. Hence 
the solid, described by the revolution of the triangle, will still 
be a third part of the cylinder described by the revolution of 
the rectangle having the same base and the same altitude. 

Scholium. The circle of which AD is radius, has for its 
measure ^rx AD^; hence t^x AD^xBC measures the cylinder 
described by BCEF, and ^^r x AD^ x BC measures the solid 
described by the triangle ABC. 



PROPOSITION XII. LEMMA. 



If a triangle be revolved about a line drawn at pleasure through 
its vertex, the solid described by the triangle will have for its 
measure, the area of the triangle multiplied by two thirds of the 
circumference traced by the middle point of the base. 

Let CAB be the triangle, and CD the line about which it 
revolves. 

Produce the side AB till it 
tneets the axis CD in D ; from the 
points A and B, draw AM, BN, 
perpendicular to the axis, and CP 
perpendicular tp DA produced. 

The solid described by the tri- 
angle CAD is measured by ^71 x 
AM^ x CD (Prop. XL Sch.) ; the solid described by the triangle 
CBD is measured by ^n x BN^ x CD ; hence the difference of 
those solids, or the solid described by ABC, will have for its 
measure ^^^(AM^— BN^) x CD. 

,Ta this expression another form may be given. From I, the 
middle point of AB, draw IK perpendicular to CD ; and through 
B, draw BO parallel to CD: we shall haVe AM+BN=2IK 
(Book IV. Prop. VII.) ; and AM— BN=AO ; hence (AM-f 
BN) x (AM— NB), or AM^— BN2=2IK x AO (Book IV. Prop. 
X.). Hence the measure of the solid in question is ex> 
pressed by 

i^rxIKxAOxCD. 
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But CP being drawn perpendicular to AB, the triangles ABO, 
DCP will be similar, and give the proportion 
AO : CP : : AB : CD ; 
hence AO x CD=CP x AB ; 

but CP X AB is double the area of the triangle ABC ; hence 
we have 

A0xCD=2ABC; 
hence the solid described by the 
triangle ABC is also measured 
by ^n X ABC X IK, or which is the 
same thing, by ABC x %circ. IK, 
circ, IK being equal to 27ixIK, 
Hence the solid described by the 
revolution of the triangle ABC,has 
for its measure the area of this triangle multiplied by two thirds 
of the circumference traced by I, the middle point of the base. 

Cor. If the side AC =CB, 
the line CI will be perpen- 
dicular to AB, the area ABC 
will be equal to ABx^CI, 
and the solidity ^n x ABC x 
IK will become fTrxABx 
IKxCI. But the triangles 
ABO, CIK, are similar, and 
give the proportion AB : BO 
,or MN : : CI : IK; hence ABxIK=MNxCI; hence the 
solid described by the isosceles triangle ABC will have for its 
measure f^xCPxMN : that is, equal to two thirds of n into 
the square of the perpendicular let fall on the base, into the 
distance between the two perpendiculars let fall on the axis. 

Scholium. The general solution appears to include the sup- 
l>osition that AB produced will meet the axis ; but the results 
would he equally true, though AB were parallel to the axis. 

Thus, the cylinder described by AMNB 
is equal to ?^.AM^.MN ; the cone descri- 
bed by ACM is equal to ^^r.AM^.CM, 
and the cone described by BCN to 
J»rAM^ CN. Add the iSrst two solids and 
take away the thu*d ; we shall have the 
solid described by ABC equal to ^.AM^. 
(MN+iCM--iCN): and since CN— CM =MN, this expres- 
sion is reducible to ^.AM^.fMN, or in.CF^.MN ; wWch agrees 
with the conclusion found above. 





Digitized by 



GoQgk 



BOOK VIIL 



181 



PROPOSITION XIII. LEMMA. 



If a regular semi-polygon he revolved ahovi a line passing 
through the centre and the vertices of two opposite angles, the 
solid described will be equivalent to a cone, having for its base 
the inscribed circle, and for its altitude twice the axis about 
which the semi-polygon is revolved. 



Let the semi-polygon FABG be revolved 
about FG : then, if 01 be the radius of the 
inscribed circle, the solid described will be 
measured by \area OI x 2FG. 

For, since the polygon is regular, the 
triangles OFA, OAB, OBC, &c. are equal 
and isosceles, and all the perpendiculars let 
fall from O on the bases FA, AB, &c. will 
be equal to 01, the radius of the inscribed 
circle. 

Now, the solid described by OAB is mea- 
sured by fTT OP+MN (Prop.XIL Cor.) ; 
the solid described by the triangle OFA has for its measure 
f^OPxFM, the solid described by the triangle OBC, has for 
its measure J^OPx NO, and since the same may be shown for 
the solid described by each of the other triangles, it follows 
that the entire solid described by the semi-polygon is mea- 
sured by f nOF.(FM+MN+NO+OQ+QG), or I^OPxFG ; 
which is also equal to ^^lOP x 2FG. But yr.OP is the area of 
the inscribed circle (Book V. Prop. XII. Cor. 2.) : hence the 
solidity is equivalent to a cone whose base is area 01, and 
altitude 2FG. 




{^ 



PROPOSITION XIV. THEOREM. 



Tlie solidity of a sphere is equal to its surface multiplied by a 
third of its radius. 



a 
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Inscribe in the semicircle ABCDE a 
regular semi-polygon, having any number 
of sides, and let 01 be the radius of the 
circle inscribed in the polygon. 

If the semicircle and semi-polygon be 
revolved about EA, the semicircle will 
describe a sphere, and the semi-polygon a 
solid which has for its measure fyiOP x 
EA (Prop. XIII.) ; and this will be true 
whatever be the number of sides of the 
polygon. But if the number of sides of _ 

the polygon be indefinitely increased, the E 

semi-polygon will become the semicircle, 01 will become 
equal to OA, and the soHd described by the semi-polygon will 
become the sphere : hence the solidity of the sphere is equal 
to fffO A* X EA, or by substituting 20A for EA, it becomes 
i^.OA* X OA, which is also equal to 4nOA^ x jOA. But 47r.0A* 
is equal to the surface of the sphere (Prop. X. Cor.) : hence 
the solidity of a sphere is equal to its surface multiplied by a 
third of its radius. 

Scholium 1. The Bolidity of every spherical sector is equal to 
the zone which forms its base, multiplied by a third of the radius. 

For, the solid described by any portion of the regular poly- 
gon, as the isosceles triangle OAB, is measured by f^iOPx AF 
(Prop. XII. Cor.) ; and when the polygon becomes the circle, 
the portion OAB becomes the sector AOB, 01 becomes equal 
to OA, and the solid described becomes a spherical sector. But 
its measure then becomes equal to l^r. AO^ x AF, which is equal 
to 2?r, AO X AF X |A0. But 27r. AO is the circumference of a 

eat circle of the sphere (Book V. Prop. XII. Cor. 2.), which 

ing multiplied by AF gives the surface of the zone which 
forms the base of the sector (Prop. X. Sch. I.): and the proof 
is equally applicable to the spherical sector described by the 
circular sector BOC : hence, the solidity of the spherical sector 
is equal to the zone which forms its base, multiplied by a ihir^ 
of the radius. 



Scholium 2. Since the surface of a sphere whose radius is 
R, is expressed by 4nR^ (Prop. X. Cor.), it folfows that the 
surfaces of spheres are to each other as the squares of their 
radii ; ajid since their solidities are as their surfaces multiplied 
by their radii, it follows thai' the solidities of spheres are to 
each other as the ctibes of their radii, or as the cubes of their 
diameters. 
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Scholium 3. Let R be the radius of a sphere ; its surface 
will be expressed by 4wR« and its solidity by 4nR«xiR, or 
^^W. If the diameter is called D, we shall have R=|D, 
and R'=|IP : hence the solidity of the sphere may likewise be 
expressed by 




PROPOSITION XV. THEOREM. 

The surface of a sphere is- to the whole surface of the circum" 
scribed cylinder, including its bases, as 2 is to 3 ; and the so* 
lidities of these two bodies are to each other in the same ratio. 

Let MPNQ be a great circle of the 
sphere ; ABCD the circumscribed 
square : if the semicircle PMQ and 
the half square PADQ are at the 
same time made to revolve about the 
diameter PQ, the semicircle will gene- 
rate the sphere, while the half square 
will generate the cylinder circum- 
scribed about that sphere. 

The altitude AD of the cylinder is 
equal to the diameter PQ ; the base of 
the cylinder is equal to the gi^at circle, since its diameter AB 
is equal to MN ; hence, the convex surface of the cylinder is 
equal to the circumference of the great circle multiplied by its 
diameter (Prop. 1.). This measure is the same -as that of the 
surface of the sphere (Prop. X.) : hence the surface of the sphere 
is equal to the convex surface of the circumscribed cylinder. 

But the surface of the sphere is equal to four great circles ; 
hence the convex surface of thie cvlinder is also equal to four 
^eat circles : and adding the two Wses, each equal to a great 
circle, the total surface of the circumscribed cylinder wm be 
equal to six great circles; hence the surface of the sphere is to 
the total surface of the circumscribed cylinder as 4 is to 6, or 
as 2 is to 3 ; which was the first branch of the Proposition. 

In the next place, since the base of the circumscribed cylin- 
der is equal to a great circle, and its altitude to the diameter, 
the solidity of the cylinder will be equal to a great circle mul- * 
tiplied by its diameter (Prop. II.). But the solidity of the 
sphere is equal to four great circles multiplied by a third of the 
radius (Prop. XIV.) ; in other terms, to one great circle multi- 
plied by f of the radius, or by | of the diameter ; hence the 
sphere is to the circumscribed cylinder as 2 to -8, and conse- 
quently the solidities of these two bodi^ are as thdr surfaces. 

Digitized by V^jOOQIC 



184 GEOMETRY. 

Scholitwi. Conceive a polyedron, all of whose faces touch 
the sphere ; this polyedron may be considered as formed of 
pyramids, each having for its vertex the centre of the sphere, 
and for its base one of the polyedron's faces. Now it is evi- 
dent that all these pyramids will have the radius of the sphere 
for their common ahitude : so that each pyramid will be equal 
to one face of the polyedron multiplied by a third of the radius : 
hence the whole polyedron will be equal to its surface multi 
plied by a third of the radius of the inscribed sphere. 

It is therefore manifest, that the solidities of polyedrons cir- 
cwnscribed about the sphere are to each other as the surfaces 
of those polyedrons. Thus the property, which we have shown 
to be true with regard to the circumscribed cylinder, is also 
true with regard to an infinite number of other bodies. 

We might likewise have observed that the surfaces of poly 
gons, circumscribed about the circle, are to each other as their 
perimeters. 



PROPOSITION XVI. PROBLEM. 

If a circular segment be supposed to make a revolution about a 
diameter exterior to it, required the value of the solid which it 
describes. A 

Let the segment BMD revolve about AC. 

On the axis, let fall the perpendiculars ^^ 
BE, DF ; from the centre C, draw CI 
perpendicular to the chord BD ; also draw 
the radii CB, CD. 

The solid described by the sector BCD ^C 

is measured by ?-« CB^.EF (Prop. XIV. Sch. 1). But the 
soKd described by the isosceles triangle DCB has for its mea- 
sure fTT.CP.EF (Prop. XII. Cor.) ; hence the solid described 
by the segment BMD=|^.EF.(CB2— CI^). Now, in the right- 
angled triangle CBI, we have CB2_CP=BP=iBD2 ; hence 
the solid described by the segment BMD will have for its mea- 
sure fTT.EF.jBD^, or ^tt.BD^.EF: that is one sixth of n into 
the square of the chord, into the distance between the two per- 
pendiculars let fall from the extremities of the arc on the 
axis. 

Scholium. The solid described by the segment BMD is to 
ihe sphere whicli has BD for its diameter, as jyr.BD^.EF is 
to i»r.BD^ or as EF to BD. 
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PROPOSITION XVII. THEOREM. 

Every segment of a sphere is measured by the half sum of 
its bases multiplied by its altitude, plus the solidity of a 
sphere whose diameter is this same aUitude. 



i 




Let BE, DF, be the rajjii of the two 
oases of the segment, EF its altitude, the 
segment being described by the revolu- 
tion of the circular space BMDFE about 
the axis FBi The solid described by the 
segment BMD is equal to in.BW.EF 
(Prop. XVI.) ; and the truncated cone de- 
scribed by the trapezoid BDFE is equal 
toi7T.EF.(BEHDF+BE.DF)(Prop.yi.); 
hence the segment of the sphere, which is the sum of those two 
solids, must be equal to i^.EF.(2BE2+2DF*+2BE.DF+BD?) 
But, drawing BO parallel to EF, we shall have DO=DF— BE^ 
hence D02=DP— 2DF.BE+BE' (Book IV. Prop. IX.) ; and 
consequently BD«=BOH D02=EF* + DP— 2DF . BE + BE«, 
Put this value in place of BD^ in the expression for the value 
of the segment, omitting the parts which destroy each other ; 
we shall obtain for the solidity of the segment, 

^7iEF.(3BE^+ 3DP+EF«), 
an expression which may be decomposed into two parts ; the 

/7r.BE«+^.DF»\ 
one |7r.EF.(3BE2+8DF*), or EF.( ^ ) being the 

half sum of the bases multiplied by the altitude ; while the 
other |?».EP represents the sphere of which EF is the diame- 
ter (Prop. XIV. Sch.) : hence every segment of a sphere, &c. 

Cor. If either of the bases is nothing, the segment in ques- 
tion becomes a spherical segment with a single base ; hence 
any spherical segment, with a single base, is equivalent to half 
the cylinder having the same base and the same altitude, plus tks 
sphere of which this altitvde is the diameter. 

General Sci^lium. 

Let R be the radius of a cylinder's base, H its altitude : the - 
solidity of the cylinder will be ^R* x H, or nrR^H. 

Let R be the radius of a cone's base, H its altitude : the 
iolidity of the cone will be ^R^ x j^H, or i^R^. 

Let A and B be the tadii of the bases of a truncated conOi 

a» 24 
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H its altitude : the solidity of the truncated cone will be ^^.H. 
(A2+B«+AB). , 

Let R be the radius of a sphere ; its solidity will be f n^R^. 

Let R be the radius of a spherical sector, H the altitude of 
the zone, which forms its base : the solidity of the sector will 
be f ^R8H. 

Let P and Q be the two bases of a spherical segment, H its 

P+0 

altitude: the solidity of the segment will be -_I_*.H+|?r.H^. 

If the spherical segment has but one base, the other being 
nothings its solidity wHl be ^PH+iTrH^. 

BOOK IX. 

OF SPHERICAL TRIANGLES AND SPHERICAL POLYGONS. 



Definitions. 

1. A spJiericaTtriangle is a portion of the surface of a sphere, 
bounded by three arcs of gi'cat circles. 

These arcs are named the sides of the triangle, and are 
always supposed to be each less than a semi-circumference. 
The angles, which their planes form with each other, are the 
angles of the triangle. 

2. A spherical triangle takes the Bame of right-angled^ 
isosceles, equilateral, in the same cases as a rectilineal triangle. 

3. A spkeHcal polygon is a portion of the surface of a sphere 
terminated by several arcs of great circles. 

4. A lune is that portion of the surface of a sphere, w^hich is 
included between two great semi-circles meeting in a common 
diameter. 

6. A spherical wedge or ungula is that portion of the solid 
sphere, which is included between the same great semi-circles, 
and has the lune for its base. 

6% A spherical pyramid is a portion of the solid sphere, in- 
eluded between the planes of a solid angle whose vertex is 
the centre. The base of the pyramid is the spherical polygon 
inteTcepted by the same planes. 

7« The pole of a circle, of a sphere is a point in the surface 
equally distant frorii all the points in the circumference of this 
circle* It will be shown (Prop. V.) that every circle, greator 
amallf, has always two palies^ 
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PROPOSITION I. THEOREM. 
In every spherical triangle, any side is less than the sum of the 

other two. * 

Let O be the centre of the sphere, and 
ACBthe triangle; drawthe radii OA,OB, 
OC. Imagine the planes AOB, AOC, 
COB, to be drawn ; these planes will form 
a solid angle at the centre O ; and the an- 
gles AOB, AOC, COB, will be measured 
by AB, AC, BC, the sides of the spherical 
triangle. But each of the three plane an- 
gles forming a solid angle is less than the 
sum of the other two (Book VI. Pro^. 
XIX.) ; hence any side of the triangle 
ABC is less than the sum of the other two. 

PROPOSITION II. THEOREM. 

The shortest path from one point to another^ on the surface of a 
sphere, is the arc of the great circle which joins the two g^^***n 
points. 

Let ANB be the arc of a great circle 
which joins the points A and B ; then will it 
be the shortest path between them. 

1st. If two points N and B, be taken on 
the arc of a great circle, at unequal distan- 
ces from the point A, the shortest distance 
from B to A will be greater than the short- 
est distance from N to A. 

For, about A as a pole describe a circumference CNP. Now, 
the line of shortest distance from B to A must cross this circum- 
ference at some point as P. But the shortest distance from P to 
A whether it be the arc of a great circle or any other line, is 
equal to the shortest distance from N to A; for, by passing the 
arc of a great circle through P and A, and revolving it about the 
diameter passing through A, the point P maybe made to comcide 
with N, when the shortest distance fromP to A will coincide 
with the shortest distance from N to A : hence, the shortest dis- 
tance frpm B to A, will be greater than the shortest distance 
from N to A, by the shortest distance from B to P. 

If the point B be taken without the arc AN, still making AB 
greater than AN, it may be proved in a manner entirely similar 
to the above, that the shortest distance from B to A will be great- 
er than the shortest distance from N to A. 

If now, there be a shorter path between the points B and A, 
than the arc BDA of a great circle^ let M be a point of the short* 
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est distance ^possible; then throagh M draw MA» MB, area ot 

g-eat circles, and take BD equal to BM. By the last theorem,. 
DA<BM+MA; take BD=BM from each, and there will re- 
main AD < AM. Now, since BM = BD, the shortest path from B 
to M is equal to the shortest path from B to D: hence if we sup- 
pose two paths from B to A, one passing through M and the other 
through D, they will have an equal part in each ; viz. the part 
from B to M equal to the part from B to D. 

But by hypothesis, the path through M is the shortest path from 
B to A : hence the shortest path from M to A must be less thaa 
the shortest path from D to A, whereas it is greater since the 
arc MA is greater than DA : hence, no point of the shortest 
distance between B and A can lie out of the arc of the great 
circle BDA. 

PROPOSITION III. THEOREM. 

The sum of the three sides of a spherical triangle is less than the 
circumference of a great circle. 

Let ABC be any spherical trian- 
gle ; produce the sides AB, AC, till 
Ihev meet again in D. The arcs ABD, 
ACD, will be semicircumferences, 
since two great circles always bisect 
each other (Book VIII. Prop. VIL 
Cor. 2.). But in the triangle BCD, we 
have the side BC<BD+CD (Prop 
I.); add AB+AC to both; we shall 
have AB+AC+BC<ABD+ACD, 
thatistosay,les8thanacircumference. 

PROPOSITION IV. THEOREM 

The sum of all the sides of any spherical polygon is less than th€ 

circumference of a grecU circle* 

Take the pentagon ABCDE, for 
example. Produce the sides AB, DC, 
till they meet in F; then since BC is 
less than BF+CF, the perimeter of 
the pentagon ABCDE will be less 
than- that of the quadrilateral AEDF. 
Again, produce the sides AE, FD, till B ii. 

they meet in G; we shall have ED<EG+DG; hence the pe* 
rimeter of the quadrilateral AEDF is less than that of the tri* 
angle AFG ; which last is itself less than the circumference of 
a great circle ; hence, for a still stronger reason, the perimeter 
of the polygon ABCDE is less than tlus same circumference. 
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Scholium. This proposition is fun- 
damentally the same as (Book VI. 
Prop. XX.) ; for, O being the centre 
of the sphere, a solid angle may be 
conceived as formed at O by the plane 
angles AOB, BOC, COD,&c., and the 
sum of these angles must be less than 
four right angles ; which is exactly _ 

the propbsition here proved. The A 

demonstration here given is different from that of Book VI. 
Prop. XX. ; both, however, suppose that the polygon ABCDE 
is convex, or that no side produced will cut the figure. 




PROPOSITION V. THEOREM. 

The poles of a great circle of a sphere, are the extremities of that 
diameter of the sphere which is perpendicular to the circle ; 
and these extremities are also the poles of all small circles 
parallel to it. 

Let ED be perpendic- 
ular to the great circle 
AMB ; then will E and 
D be its poles ; as also 
tlie poles of the parallel 
small circles HPI,FNG. 

For, DC being per- 
pendicular to the plane j^] 
AMB, is perpendicular 
to all the straight lines 
CA, CM, CB,&c. drawn 
through its foot in this 
plane ; hence all the arcs 
DA, DM, DB, &c. are 
quarters of the circumfe- 
rence. So likewise are 
all the arcs EA, EM, EB, &c. ; hence the points D and E are 
each equally distant from all the points of the circumference 
AMB ; hence, they are the poles of that circumference (Def 7.). 

Again, the radius DC, perpendicular to the plane AMB, is 
perpendicular to its parallel FNG; hence, it passes through O 
the centre of the circle FNG (Book VIII. Prop. VII. Cor. 4.) ; 
hence, if the oblique lines DF, DN, DG, be drawn, these ob- 
lique lines will diverge equally from the perpendicular DO, 
'and will themselves be equal. But, the chords being equal, 
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the arcs are equal ; hence the point D is the pole of the small 
circle FN6 ; and for like reasons, the point E is the other pole. 

Cor. 1. EveryarcDM, 
drawn from a point in 
the arc of a great circle 
AMB to its pole, is a quar- 
ter of the circumference, 
which for the sake of 
brevity, is usually named 
a quadrant : and this 
quadrant at the same 
time makes a risht angle 
with the arc AM. For, 
the line DC being per- 
pendicular to the plane 
AMC, every plane DME, 
passing through the line 
DC is perpendicular to 
the plane AMC (Book VI. Prop. XVI.) ; hence, the angle of 
these planes, or the angle AMD, is a right angle. 

Cor. 2. To find the pole of a given arc AM, draw the indefi- 
nite arc MD perpendicular to AM ; take MD equal to a quad« 
rant ; the point D will be one of the poles of the arc AM : or 
thus, at the two points A and M, draw the arcs AD and MD 
perpendicular to AM ; their point of intersection D will be the 
pole required. 

Cor. 3. Conversely, if the distance of the point D from each 
of the points A and M is equal to a quadrant, the point D will 
be the pole of the arc AM, and also the angles DAM, AMD, 
will be right angles. 

For, let C be the centre of the sphere ; and draw the radii 
CA, CD, CM. Since the angles ACD, MCD, are right angles, 
the line CD is perpendicular to the two straight lines CA, CM ; 
hence it is perperpendicular. to their plane (Book VI. Prop. 
IV,) ; hence the point D is the pole of the arc AM ; and conse- 
quently the angles DAM, AMD, are right angles. 

Scholium. The properties of these poles enable us to describe 
arcs of a circle on the surface of a sphere, with the same 
facility as on a plane surface. It is evident, for instance, that 
bjr turning the arc DF, or any other line extending to the same 
distance, round the point D, the extremity F will describe the 
small circle FN6 ; and by turning the quadrant DFA round 
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the point D, its extremity A will describe the arc of the great 
circle AMB. 

If the arc AM were required to be prod|Liced, and nothing 
were given but the points A and M through which it was to 
pass, we should first have to determine the pole D, by the 
mtersection of two arcs described from the points A and M as 
centres, with a distance equal to a quadrant ; the pole D being 
found, we might describe the arc AM and its prolongation, 
from D as a centre, and with the same distance as before* 

In fine, if it be required from a jgiven point P, to let fall a 
perpendicular on the given arc AM ; find a point on the arc 
AM at a quadrant's distance from the point P, which is done by 
describing aA arc with the point P as a pole, intersecting AM in S : 
S will be the ][>oint required, and is the pole with which a per- 
pendicular to AM may be described passing through the point P. 



PROPOSITION VI. THEOREM. 

TTie angh formed by two arcs of great circles^ is equal to the art' 
gle formed by the tangents of these arcs at their point ofinter^ 
section, and is measured by the arc described from this point 
of intersection, as a pole, and limited by the sides, produced if 
necessary. 

Let the, angle BAC be formed by the two 
arcs AB, AC ; then will it be equal to the 
angle FAG formed by the tangents AF, AG, 
and be measured by the arc DE, described 
about A as a pole. 

For the tangent AF, drawn in the plane 
of the arc AB, is perpendicular to the radius 
AO ; and the tangent AG, drawn in the plane 
of the arc AC, is perpendicular to the same 
radius AO. Hence the angle FAG is equal 
to the angle contained by the planes ABO, 
OAC (Book VL Def. 4.) ; which is that of HU 
the arcs AB* AC, and is called the angle BAC. 

In like manner, if the arcs AD and AE are both quadrants, 
the lines OD, OE, will be perpendicular to OA, and the angle 
DOE will still be equal to the angle of the planes AOD, AOE : 
hence the arc DE is the measure of the angle contained by 
these planes, or of the angle CAB. 

Cor. The angles of spherical triangles may be compared 
together, by means of the arcs of greal curcleji descnbed from 
their vertices as poles and included between their sides : henco 
it is easy to make m angle of this Kind equal to a fpven angle! 
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Scholium. Vertical angles, such 
as ACO and BCN are equal ; for 
either of them is still the angle 
formed by the two planes ACB, 
OCN. 

It is farther evident^ that, in the 
intersection of two arcs ACB, OCN, 
the two adjacent angles AGO, OCB, 
taken together, are equal to two 
right angles. 




PROPOSITION VII. THEOREM. 

If from the vertices of the three angles of a spliertcal triangle^ as 
poleSy three arcs he described forming a second triangle^ the 
vertices of the angles of this second triangle j will be respectively 
poles of the sides of the first. 

From the vertices A, B, C, 
as poles, let the arcs EF, FD, 
ED, be described, forming on 
the surface of the sphere, the 
triangle DFE ; then will the 
points D, E, and F, be respec- 
tively poles of the sides BC, 
AC, AB. 

For, the point A being the 
pole of the arc EF, the dis- 
tance AE is a quadrant ; the 
point C being the pole of the arc DE, the distance CE is like 
wise a quadrant : hence the point E is removed the length of a 
quadrant from each of the points A and C ; hence, it is the 
pok of the arc AC (Prop. V. Cor. 3.). It might be shown, by 
the same method, that D is the pole of thfe arc BC, and F that 
of the arc AB. 

Cor. Hence the triangle ABC may be described by means 
of DEF, as DEF is described by means of ABC. Triangles 
so described are called polar triangles^ or supplemental tri- 
angles. 
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The same supposition continuing as in the last Proposition^ each 
angle in one of the triangles, will be measured by a semicir* 
eumference, minus the side lying opposite to it in the other 
triangle. 

For, produce the sides AB, 
AC, if necessary, till they meet 
EF, in G and H. The point A 
being the pole of the arc GH, ' 
the angle A will be measured 
by that arc (Prop, VI.). But 
the arc EH is a quadrant, and 
likewise GF, E being the pole 
of AH, and F of AG ; hence 
EH+GF is equal to a semi- 
circumference. Now, EH-h 
GF is the same as EF+ GH ; hence the arc GH, which mea- 
sures the angle A, is equal to a semicircumference minus the 
side EF. In like manner, the angle B will be measured by 
Icirc. — DF : the angle C, by ^ circ. — DE. 

And this property must be reciprocal in the two triangles, 
since each of them is described in a similar manner by means 
of theother. Thus we shall find the angles D,E,F, of the triangle 
DEFtobe measured respectively by J circ. — BC, i circ. — ^AC, 
^ circ. — AB. Thus the angle D, for example, is measured by 
the arc MI ; but MI + BC=MC+BI=i circ. ; hence the arc 
MI, the measure of D, is equal to i circ. — ^BC \ and so of all 
the rest. 

» 

Scholium. It must further be observed, 
that besides the triangle DEF, three others 
might be formed by the intersection of 
the three arcs DE, EF, DF. But the 
proposition immediately before as is ap- 
plicable only to the central triangle, 
which is distinguished from the other 
three by the circumstance (see the last 
figure) that the two angles A and D lie 
on the same side of BC, the two B and £ on the same side ^ 
AC, and the two C and F on the same side Qf AB. 

R25 ^ 
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PROPOSITION IX. THEOREM. 

If around the vertices of the two angles of a given spherical tn» 
angle, as poles, the circumferences of two circles be described 
which shall pass through the third angle of the triangle; if then, 
through the other point in which these circumferences intersect 
and the two first angles of the triangle, the arcs of great cir- 
cles be drawn, the tiHangle thus formed will have all its parts 
equal to those of the given triangle. 

Let ABC be the given triangle, CED, 
DFC, the arcs described about A and B 
as poles ; then will the triangle ADB have 
all its parts equal to those of ABC. 

For, by construction, the side AD= 
AC, DB=BC, and AB is common ; hence 
these tv^o triangles have their sides equal, 
each to each. We are now to show, that 
the angles opposite these equal sides are 
also equal. 

If the centre of the sphere is supposed to be at O, a solid 
angle may be conceived as formed at O by the three plane 
angles AOB, AOC, BOC ; likewise another solid angle maybe 
conceived as formed by the three plane angles AOB, AOD, 
BOD. And because the sides of the triangle ABC are equal 
to those of the triangle ADB, the plane angles forming the one 
of these solid angles, must be equal to the plane angles forming 
the other, each to each. But in that case we have shown that 
the planes, in which the equal angles lie, are equally inclined 
to each other (Book VI. Prop. XXI.) ; hence all the angles of 
the spherical triangle DAB are respectively equal to those of 
the triangle CAB, namely, DAB=BAC, DBA = ABC, and 
ADB=ACB; hence the sides and the angles of the triangle 
ADB are equal to the sides and the angles of the triangle AC3. 

Scholium. .The equality of these triangles is not, howev«r, 
an absolute equality, or one of superposition ; for it would be 
impossible to apply them to each other exactly, unless thejr 
were isosceles. The equality meant here is what we have 
already named an equality by symmetry ; therefore we shall 
eall the triangles ACB, ADB, symmetrical triangles. 
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PROPOSITION X. THEOREM. 

Tu)o triangles on the same ^here, or on equal spkerej^, are equal 
in all their parts, when two sides and the included angle of the 
one are equal to two sides and the included angle of the others 
each to each. 

Suppose the side AB=EF, the side 
AC=EG, and the angle BAC=iFEG ; 
then will the two triangles be equal 
in all their parts. 

For, the triangle EFG may be 
placed •on the triangle ABC, or on 
ABD symmetrical with ABC, just as 
two rectilineal triangles are placed 
upon each other, when they have an 
equal angle included between equal sides. Hence all the parts 
of the triangle EFG will be equal to all the parts of the trian- 
gle ABC ; that is, besides the three parts equal by hypothesis, 
we shall have the side BC=FG, the angle ABC=EFG, and 
the angle ACB=EGF. 



PROPOSITION XL THEOREM. 

Two triangles on the same sphere, or on equal spheres, are equal 
in all their parts, when two angles and the included side of the 
one are equal to two angles and the included side of the other, 
each to each. 

For, one of these triangles, or the triangle symmetrical with 
it, may be placed on the other, as is done in the corres- 
ponding case of rectilineal triangles (Book I. Prop. VI.). 



PROPOSITION XIL THEOREM. 

If two triangles on the same sphere, or on equal spheres, have all 
their sides equal, each to each, their angles will likewise be 
equal, each to each, the equal angles lying opposite the equal 
sides. 
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This (ruth is evident from Prop. IX, 
where it was shown, that with three given 
sides AB, AC, BC, there can only be two 
. triangles ACB, ABD, differing as to the 
position of their parts, and equal as to the 
magnitude of those parts. Hence those 
two triangles, having all their sides re- 
spectively equal in both, must either be 
absolutely equal, or at least symmetrically 
so ; in either of which cases, their corres- 



ponding angles must be equal, and lie opposite to equal sides. 





PROPOSITION XIII. THEOREM. 

In every isosceles spherical triangle, the angles opposite the equal 
sides are equal ; and conversely, if two angles of a spherical 
triangle are equal, the triangle is isosceles. 

First Suppose the side AB=AC; we shall 
have the angle C=B. For, if the arc AD be 
drawn from the vertex A to the middle point 
D of the base, the two triangles ABD, ACD, 
will have all the sides of the one respectively 
equal to the corresponding sides of the other, 
namely, AD common, BD=DC, and AB= 
AC : hence by the last Proposition, their an- 
gles will be equal ; therefore, B=C. 

Secondly. Suppose the angle B=C ; we shall have the side 
AC=:AB. For, if not, let AB be the greater of the two ; take 
BO=:AC, and draw OC. The two sides BO, BC, are equal to 
the two AC, BC ; the angle OBC, contained by the first two 
is equal to ACB contained by the second two. Hence the 
two triangles BOC, ACB, have all their other parts equal. 
(Prop. X.) ; hence the angle OCB=ABC : but by hj^othesis, 
the angle ABCirACB ; hence we have OCBmACB, which is 
absurd ; hence it is absurd to suppose AB different from AC ; 
hence the sides AB, AC, opposite to the equal angles B and C 
are equal. ^ 

Scholium. The same demonstration proves the angle BAD=r 
DAC, and the angle BDA=ADC. Hence the two last are 
right angles ; hence the arc drawn from the vertex of an isosceles 
spherical triangle to the middle of the base, is at right angles tll^ 
that base, and bisects the vertical angle. - 
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PROPOSITION XIV. THEOREM. 

In any spherical iriangk, the greater side is opposite the greater 
angle ; and conversely ^ tJie greater angle is opposite the greater 
side. 

Let the angle A be greater 
than the angle B, then will RC 
be greater than AC ; and con- 
versely, . if BC is greater than 
AC, then will the angle A be 
greater than B. 

First. Suppose the angle A>B ; make the angle BAD=B ; 
then we shall have AD=DB (Prop. XIII.) : but AD+DC is 
greater than AC ; hence, putting DB in place of AD, we shall 
have DB + DC, or BOAC. 

Secondly. If we suppose BC>AC, the angle B AC will be 
greater than ABC. For, if BAC were equal to ABC, we 
should have BC=AC ; if BAC were less than ABC, we should 
then, as has just been shown, find BC<AC. Both these con- 
clusions are false : hence the angle BAC is greater than ABC. 



PROPOSITION~XV. THEOREM.* 

Jftwo triangles on the same sphere^ or on ^qual spheres^ are 
mutually equiangular, they will also he mutually equilateral. 

Let A and B be the two given triangles ; P and Q their polar 
triangles. Since the angles are equal in the triangles A and 
B, the sides will be equal in their polar triangles P and Q 
(Prop. YIII.) : but since the triangles P and Q are mutually 
evuilateral, they must also be mutually equiangular (Prop. 
XII.) ; and lastly, the angles being equal in the triangles P 
and Q, it follows that the sides are equal in their polar, trian- 
gles A and B. Hence the mutually equiangular triangles A 
and B are at the same time mutually equilateral. 

Scholium. This proposition is not applicable to rectilineal 
triangles ; in which equality among the angles indicates only 
proportionality among the sides. Nor is it difficult to account 
for the difference observable, in this respect, between spherical 
and rectilineal triangles. In the Proposition now -before mm^ 
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as well as in the preceding ones, which treat of the comparisim 
of triangles, it is expressly required that the arcs be traced on 
the same sphere, or on equal spheres. Now similar arcs are 
to each other as their radii ; hence, on equal spheres, two tri- 
angles cannot be similar without being equal. Therefore it is 
4iot strange that equality among the angles should produce 
equality among the sides. 

The case would be different, if the triangles were drawn 
upon unequal spheres ; there, the angles being equal, the trian- 
gles would be similar, and the homologous sides would be t'> 
each other as the radii of their spheres. 



PROPOSITION XVI. THEOREM. 

The sum of all the angles in any spherical triangle is less than 
six right angles, and greater than two. 

For, in the first place, every angle of a spherical triangle is 
le^ than twp right angles : hence the sum of all the three is 
less than six right angles. 

* Secondly, the measure of each angle of a spherical triangle 
is equal to the semicircumference minus the corresponding side 
of the polar triangle (Prop. VIII.) ; Iience the sum of all the three, 
is measured by the three semicircumferences 77dnusihe sum of all 
the sides of the polar triangle. Now this latter sum is less than a 
circumference (Prop. III.) ; therefore, taking it away from three 
semicircumferences, the remainder will be greater than one 
semicircumference, which is the measure of two right angles ; 
hence, in the second place, th^ sum of all the angles of a sphe- 
rical triangle is greater dian two right angles. 

Ger. 1. The sum of all the angles of a spheripal triangle is 
BOt constant, like that of all the angles of a rectilineal triangle ; 
it vaa-ies between two right angles and six, without ever arriving 
at either of these limits. Two given angles therefore do not 
serve to determine the third. 

Cor. 2. A spherical triangle may have two, or even three of 
ts angles, rigpt angles; also two, or even three of its angles 
obtuse. 4 
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Cor. 3, If the triangle ABC is hi-rectangulary 
in other words, has two right angles B and €> 
the vertex A will be the pole of the base BC ; 
and the sides AB, AC, will be quadrants 
(Prop, V. Cor. 3.). 

If the angle A is also a right angle, the tri- 
angle ABC will be tri-rectangular ; its angles 
will all be right angles, and its sides quadrants, 
tri-rectangular triangles make half a hemisphere, four make a 
hemisphere, and the tri-rectangular triangle is obviously con 
tained eight times in the surface of a sphere. 

Scholium. In all the preceding 
observations, we have supposed, in 
conformity with (Def. 1.) that sphe- 
rical triangles have always each of 
their sides less than a semicircum- 
ference ; from which it follows that 
any one of their angles is always 
less than two right angles. For, if 
the side AB is less than a semicir- 

cumference, and AC is so likewise, ^"^v^ ^^ ^ ^y^ % 

both those arcs will require to be E 

produced, before they can meet in D. Now the two angles 
ABC, CBD, taken together, are equal to two right angles ; 
hence the angle ABC itself, is less than two right angles. 

We may observe, however, that some spherical triangles do 
exist, in which certain of the sides are greater than a semicir- 
cumference, and certain of the angles greater than two right 
angles. Thus, if the side AC is produced so as to form a whole 
circumference ACE, the part which remains, after subtracting 
the triangle ABC from the hemisphere, is a new triangle also 
designated by ABC, and having AB, BC, AEDC for its sides. 
Here, it is plain, the side AEDC is greater than the semicir 
cumferencc AED ; and at the same time, the angle B opposite 
to it exceeds two right angles, by the quantity CBD. 

The triangles whose sides and angles are so large, have been 
excluded by the Definition ; but the only reason was, that the 
solution of them, or the determmation of their parts, is always 
reducible to the solution of such triangles as are comprehended 
by the Definition. Indeed, it is evident enough, that if the sides 
and angles of the triangle ABC are known, it will be easy to 
discover the angles and sides of the triangle which bears the 
9ame name, and is the difference between a hemisphere and th^ 
former trianirle. 
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PROPOSITION XVII THEOREM. 

The surface of a lune is to the surface of the sphere, as the angh 
of this lune, is to four right angles, or as the arc which mea- 
sures that angle, is to the circumference. 

Let AMBN be a lune ; then will its 
surface be to the surface of the sphere 
as the angle NCM to four right angles, 
or as the arc NM to the circumference 
of a great circle. 

Suppose, in the first place, the arc 
MN to be to the circumference MNPQ 
as some one rational number is to ano- 
ther, as 6 to 48, for example. The cir- 
cumference MNPQ being divided into 
48 equal parts, MN will* contain 5 of them ; and if the pole A 
were joined with the several points of division, by as many- 
quadrants, we should in the hemisphere AMNPQ have 48 tri- 
angles, all equal, because all their parts are equal. Henee the 
whole sphere must contain 96 of those partial triangles, the lune 
AMBNA will contain 10 of them ; hence the lune is to the 
sphere as 10 is to 96, or as 5 to 48, in other words, as the arc 
MN is to the circumference. 

If the arc MN is not commensurable with the circumference, 
we may still show, by a mode of reasoning frequently exem- 
plified already, that in th^t case also, the lune is to the sphere 
as MN is to the circumference. 

Cor. 1. Two lunes are to each other as their respective 
angles. 

Cor. 2. It was shown above, that the whole surface of the 
sphere is equal to eight tri-rectangular triangles (Prop. XVL 
Cor. 3.) ; hence, if the area of one such triangle is represented 
by T, the surface of the whole sphere will be expressed by 8T 
This granted, if the right angle be assumed equal to 1, the sur- 
face of the lune whose angle is A, will be expressed by 2A X T: 
for, 

4: A: :8T:2AxT 
in which expression, A represents such a part of unity, as the 
angle of the lune is of one right angle. 

Scholium. The spherical ungula, bounded by the planes 
AMB, ANB, is to the whole solid sphere, as the angle A is to 



Digitized by 



Google 




BOOK IX 201 

four right andes. For, the lunes being equal, the spherical 
ungulas will also be equal; hence two spherical ungulas are to 
each other, as the angles formed by the planes which bound 
them. 



PROPOSITION XVIII. THEOREM. 
Tuoo symmetrical spliericdl triangles are equivalent. . 

Let ABC, DEF, be two symmetri- 
cal triangles, that is to say, two tri- 
angles having their sides AB=DE, 
AC=DF, CB=EF, and yet incapa- 
ble of coinciding with each other : 
we are to show that the surface ABC 
is equal to the surface DEF. 

Let P be the pole of the small 
circle passing through the three points 
A, B, C ;* from this point draw the 
equal arcs PA, PB, PC (Prop. V*) ; at the point F, make the 
angle DFQzrACP, the arc FQ=CP ; and draw DQ, EQ. 

The sides DF, FQ, are equal to the sides AC, CP ; the an- 
gle DFQ= ACP : hence the two triangles DFQ, ACP are equal 
in all their parts (Prop. X.) ; hence the side DQ=AP, and the 
angle DQF=APC. 

In the proposed triangles DFE, ABC, the angles DFE, ACB, 
opposite to the equal sides DE, AB, bemg equal (Prop. XII.). 
if the angles DFQ, ACP, which are equal by construction, be 
taken away from them, there will remain the angle QFE, equal 
to PCB. Also the sides QF, FE, are equal to the sides PC, 
CB ; hence the two triangles FQE, CPB, are equal in all their 
parts ; hence the side QE=PB, and the angle FQE=CPB. 

Now, the triangles DFQ, ACP, which have their sides re- 
spectively equal, are at the same time isosceles, and capable of 
coinciding, when applied to ^ach other ; for having placed AC 
on its equal DF, the equal sides will fall on each other, and 
thus the two triangles will exactly coincide : hence they are 
equal ; and the surface DQF=APC. For a like reason, the 
surface FQE=CPB, and the surface DQE=APB ; hence we 



* The circle which passes through the three points- A, B, C, or which cir. 
camscribes the triangrle ABC, can only be a small circle of the sphere ; for if 
it were a great circle, the three sides AB, BC, AC, would lie in one plane, and 
the triangle ABC would be reduced to one of its sides. 

26 
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Mve .DQF+FQE— DQE=APC+CPB— APB, or DFE= 
ABC ; hence the two symmetrical triangles ABC, DEF are 
equal in surface. 

Scholium. The poles P and Q 
might lie within triangles ABC, 
DEF: in which case it would be 
requisite to add the three triangles 
DQF, FQE, DQE, together, in or- 
der to make up the triangle DEF ; 
and in like manner, to ^dd the three 
triangles APC, CPB, APB, together, 
in order, to make up the triangle 
ABC : in all other respects, the de- 
monstration and the result would still be the same. 




PROPOSITION XIX. THEOREM. 



If the circumferences of two great circles interseqt each other on 
the surface of a hemisphere^ the sum of the opposite triangles 
thus formed, is equivalent to the surface of a lune whose angle 
is equal to the angle fo77ned by the circles. 

Let the circumferences AOB, COD, 
intersect on the hemisphere OACBD ; 
then will the opposite triangles AOC, 
BOD, be equal to the lune whose an- 
gle is BOD. 

For, producing the arcs OB, OD, on 
the other hemisphere, till they meet in 
N, the arc OBN will be a semi-circum- 
ference, and AOB one also ; and taking 
OB from each, we shall have BN=AO. 
For a like reason, we have DN=CO, and BD=AC. Hence, 
the two triangles AOC, BDN, have their three sides respect- 
ively equal ; they are therefore symmetrical ; hence they are 
equal in surface (Prop. XVIII.) : but the sum of the triangles 
BDN, BOD, is equivalent to the lune OBNDO, whose angle is 
BOD: hence, AOC + BOD is equivalent to the lune whose 
angle is BOD. 

Scholium, It is likewise evident that the two spherical pyra- 
mids, which have the triangles AOC, BOD, for bases, dre toge- 
ther equivalent to the spherical ungula whose angle is BOD. 
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PROPOSITION XX. THEOREM. 

The surface of a spherical triangle is measured by the excess of 
the sum of its three angles above two right angles, multiplied 
by the tri-rectangular triangle. 

Let ABC be the proposed triangle : pro- ^ 

duce* its sides till they meet the great circle 
DEFG drawn at pleasure without the trian- 
clc. By the last Theorem, the two triangles 
ADE, AGH,.are together equivalent to the 
lune whose angle is A, and which is mea- 
sured by 2A.T (Prop. XVII. Cor. 2.). 
Hence we have AI)E+ AGH=2A.T ; and 
for a like reason, BGF+BID=2B.T, and 
CIH+CFE=2C.T But the sum of these 
six triangles exceeds the h^emisphere by twice the triangle 
ABC, and the hemisphere is represented by 4T ; therefore, 
twice the triangle ABC is equal to 2A.T + 2B.T+2C.T— 4 T; 
and consequently, once ABC=(A-hB + C — 2)T; hence every 
spherical triangle is measured by the sum of all its angles minus 
two right angles, multiplied by the tri-rectangular triangle. 

Cor, 1. However many right angles there may be in the sum of 
the three angles minus two right angles, just so many tri-rectan- 
gular triangles, or eighths of the sphere, will the proposed trian- 
gle contain. If the angles, for example, are each equal to ^ of 
a right angle, the three angles will amount to 4 right angles, and 
the sum of the angles minus two right angles will be represented 
by 4 — 2 or 2 ; therefore the surface of the triangle will be equal 
to two tri-rectangular triangles, or to the fourth part 6f the 
whole surface of the sphere. 

Scholium. While the spherical triangle ABC is compared 
with the tri-rectangular triangle, the spherical pyramid^ which 
has ABC for its base, is compared with the tri-rectangular py- 
ramid, and a similar proportion is found to subsist between 
them. The solid angle at the vertex of the pyramid, is in like 
manner compared with the solid angle at the vertex of the tri- 
rectangular pyramid. These comparisons are founded on the 
coincidence of the corresponding parts. If the bases of the 
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p}rramids coincide, the pyramids themselves will evidently co- 
incide, and likewise the solid angles at their vertices. From 
this, some consequences are deduced. 

First. Two triangular ijpherical pyramids are to each other 
as their bases : and since a polygonal pyramid may always be 
divided into a certain number of triangular ones, it follows that 
any two spherical pyramids are to each other, as the polygons 
which form their bases. 

Second, The solid angles at the vertices of these pyramids, are 
also as their bas<!s ; hence, for comparing any two solid angles^ 
we have merely to place their vertices at the centres of two 
equal spheres, and the solid angles will be to each other as the 
spherical polygons intercepted between their planes or faces* 

The vertical angle of the tri-rectangular pyramid is formed 
by three planes at right angles to each other : this angle, which 
may be called a right solid angles will serve as a very natural 
unit of measure for all other solid angles. If, for example, the 
the area of the triangle is f of the tri-rectangular triangle, 
then the corresponding solid angle will also be | of the 
right solid angle. 

PROPOSITION XXL THEOREM 

The surface of a spherical polygon is measured by the sum of all 
its an^fe^, minus two right angles multiplied by the number of 
sides in the polygon less two, into the tri-rectangular triangle. 

From one of the vertices A, let diago- 
nals AC, AD be drawn to all the other ver- 
tices ; the polygon ABCDE will be di- 
vided into as many triangles minus two as 
it has sides. But the surface of each tri- 
angle is measured by the sum of all its an- 
gles minus two right angles, into the tri- 
rectangular triangle ; and the sum of the angles in all the tn- 
angles is evidently the same as that of all the angles of the 
polygon ; hence, the surface of the polygon is equal to the sum 
of all itn angles, diminished by twice as many right angles as 
it has sides less two, into the tri-rectangular triangle. 

Scholium. Let s be the sum of all the angles in a spherical 
polygon, n the number of its sides, and T the tri-rectangular tri- 
angle ; the right angle being taken for unity, the surface of the 
polygon will be measured by 

(^s—2 (n— 2,)) T, or (s—2 n+4) T 
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THE REGULAR POLYEDRONS. 



A regular polyedron is one whose faces are all equal regular 
pdygons, and whose solid angles are all equal to each other. 
There are five such polyedrons. 

First If the faces are equilateral triangles, polyedrons may 
be formed of them, having solid angles contained by three of 
those triangles, by four, or by five : hence arise three regular 
bodies, the tetraedrouy the octaedron, the icosaedron. No other 
can be formed with equilateral triangles ; for six angles of such 
a triangle are equal to four right angles, and cannot form a 
solid angle (Book VI. Prop. XX.). 

Secondly. If the faces are squares, their angles may be ar- 
ranged by threes : hence results the hexaedron or cube. Four 
angles of a square are equal to four right angles, and cannot 
form a solid angle. 

Thirdly. In fine, if the faces are regular pentagons, their 
angles likewise may be arranged by threes : the regular dode- 
caedron will result. 

We can proceed no farther : three angles of a regular hexa- 
gon are equal to four right angles ; three of a heptagon are* 
greater. 

Hence there can only be five regular polyedrons ; three formed 
with equilateral triangles, one with squares, and one with pen- 
tagons. 

Construction of the Tetraedron. 

Let ABC be the equilateral triangle 
which is to form one face of * the tetrae- 
dron. At the point O, the centre of this 
triangle, erect OS perpendicular to the 
plane ABC ; tenninate this perpendicular 
m S, so that AS=AB; draw SB, SC: 
the pyramid S-ABC will be the tetrae- 
dron required. 

For, by reason of the equal distances 
OA, 09, OC, the oblique lines SA, SB, SC, are equally re- 
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moved from the perpendicular SO, and 
consequently equal (Book VI. Prop. V.). 
One of them SA=AB ; hence the four 
faces of the pyramid S-ABC, are trian- 
eles, equal to the given triangle ABC. 
And the solid angles of this pyramid 
are all equal, because each of them is 
formed by three equal plane angles: 
hence this pyramid is a regular tetrae- 
dron« 




H & 


\ ^ 



B 



Construction of the Hexaedron, 

Let ABCD be a given square. On the 
base ABCD, construct a right prism whose 
altitude AE shall be equal to the side AB. 
The faces of this prism will evidently be 
equal squares ; and its solid angles all equal, 
each being formed with three right angles : 
hence this prism is a regular hexaedron or 
cube. 

The following propositions can be easily proved. 

1. Any regular polyedron may be divided into as many 
regular p5rramids as the polyedron has faces ; the common 
vertex of these pyramids will be the centre of the polyedron ; 
and at the same time, that of the inscribed and of the circum- 
scribed sphere. 

2. The solidity of a regular polyedron is equal to its sur- 
face multiplied by a third part of the radius of the inscribed 
sphere. 

3. Two regular polyedrons of the same name, are two simi- 
lar solids, and their homologous dimensions are proportional ; 
hence the radii of the inscribed or the circumscribed spheres 
are to each other as the sides of the polyedrons. 

4. If a regular polyedron is inscribed in a sphere, the planes 
drawn from the centre, through the different edges, will divide 
the surface of the sphere into as many spherical polygons, all 
equal and similar, as the polyedron has faces. 
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APPLICATION OF ALGEBRA. 



TO THE SOLUTION OF 



GEOMETRICAL PROBLEMS. 



A problem is a question which requires a solution. A geo 
metrical problem is one, in which certain parts of a geometri- 
cal figure are given or known, from which it is required to de- 
termine certain other parts. 

When it is proposed to solve a geometrical problem by 
means of Algebra, the given parts are represented by the first 
letters of the alphabet, and the required parts by the final let- 
ters, and the relations which subsist between the known and 
unknown parts furnish the equations of the problem. The solu- 
tion of these equations, when so formed, gives the solution of 
the problem. 

No general rule can be given for forming the equations. The ' 
equations must be' independent of each other, and their number 
equal to that of the unknown quantities introduced (Alg. 
Art. 103.). Experience, and a careful examination of all the 
conditions, whether explicit or implicit (Alg. Art. 94,) will 
serve as guides in stating the questions ; to which may be 
added the following particular directions. 

1st. Draw a figure which shall represent all the given parts, 
and all the required parts. Then draw such other lines as will 
establish the most simple relations between them. If an angle 
is given, it is generally best to let fall a perpendicular that shall 
lie opposite to it; and this perpendicular, if possible, should be 
drawn from the extremity of a given side. 

2d. When two lines or quantities are connected in the same 
way with other parts of the figure or problem, it is in general, 
not best to use either of them separately; but to use their sum, 
their difference, their product, their quotient, or perhaps ano- 
ther line of the figure with which they /ire alike connected. 

3d. When the area, or perimeter of a figure, is given, it is 
sometimes best to assume another figure similar to the propo- 
sed, having one of its sides equal to unity, or some other known 
quantity. A comparison of the two figures will often give a re- 
quired part. We will add the following problems.* 

* The following problems arc selected from Hatton'a Application of Algrebra 
o Geometry, and the examples in Mensuration from his treatise on that subject. 
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PROBLEM r. 

In a right angled triangle BAG, having given the base BA^ 
and the sum of the hypothentise and perpendicular^ it is re- 
quired to find the hypothenuse and perpendicular. 

Put BA=c=3, BC=a:, AC=y and the sum of the hypo- 
thenuse and perpendicular equal to 5=9 

Then, a:+y=s=9. 

and x^=y^+(? (Bk . IV. Prop. XI.) 
From 1st equ: a:=5 — y 

and x^=:s^-^2sy+y^ 

By subtracting, 0=s^—2sy — c^ 

or 2sy=^—(P ^ 
^ f^ 

hence, ^—""25" =^=^0 

Therefore :i;+4=9 or a:=5=BC. 

PROBLEM II. 

In a tight angled triangle, having given the hypothenuse.and the 
sum of the base and perpendicular, to find these two sides. 

Put BC=a=5, BA=a;, AC=j/ and the sum 
of the base and perpendicular=s=7 

Then x-\-y=s=7 

and x^+y^=a^ 

From first equation x=s — y 

or x^=:s^—2sy+y'^ 

Hence, y^=:a^—^+2sy—y^ 



or , 2y^—2sy=a^'-^s^ 
or y^—sy= 

By completing the square y^ — sy+is^^z^a^-ri^ 

or y=isdo V^^—i^=4: or 3 

Hence x=ls=p Via^—is'^=S or 4 
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PROBLEM III. 

In a rectangle^ having given the diagonal andperimelery to find 

the sides. 

Let ABCD be the proposed rectangle. 
Put AC =6^=10, the perimeter=:2a=28, or ^ 
AB+BC=a=14: also put AB=a;andBC=y. 

Then, s?+y'=^ 

and x-^y=a 

From which equations we obtain, 

y=iadb Vi(P—ia^=S or 6, 
and ' x^iaop Vi^^^^i^==6 or 8 




PROBLEM IV. 



Having given the base and perpendicular of a triangle^ to find 
the side of an inscribed sqiiare. 



Let ABC be the triangle and HEFG 
the inscribed square. Put AB = 6, CD = a, 
and HE or GH=:a: : then CI = a — x. 

We have by similar triangles 

AB: CD:: GF: CI 

or b: a:: x: a — x 

Hence, ab — bx=ax 



C 



zm 



A. II OE B 



or 



ab 



a:=-— = the side of the inscribed square ; 
a^b 

which, therefore, depends only on the base and altitude of the 
triangle. 



PROBLEM V. 

[n an equilateral triangle, having given the lengths of the 
three perpendiculars drawn from a point within, on the three 
sides: to determine the sides of the triangle^ 



S* 
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Let ABC be the equilateral triangle ; 
DG, DE and DP tBe given perpendicu- 
lars let fall from D on the sides. Draw 
DA, DB, DC to the vertices of the angles, 
and let fall the perpendicular CH on 
the base. Let DG=a, DE=fe, and 
DF=c : put one of the equal sides AB 




and 



A H G B^ 

CH= \/aC2— AH2= V'4x2--«^ 



z=2x ; hence AH=a:, 

Now since the area of a triangle is equal to half its base 
into the altitude, (Bk. IV. Prop. VI.) 

iAB X CH=a; x x Vs^a^ Vs^triangle ACB 

iAB X I>Gz=:x X a =ax =triangle ADB 

^BC X DE =a; X 6 =bx =triangle BCD 

iAC X DF=a; x c =ca; =triangle ACD 

But the three last triangles make up, and are consequently 
equal tc^ the first ; hence, 

a? Vs^ax-hbx+cx^^x(a+b+c) ; 

xVs^a+b+c 



or 



therefore. 



^^ a + b + c 
V3 



Remark, Sinc6 the perpendicular CH is equal to a: y 3, it 
is consequently equal to a 4-6+ c; that is, the perpendicular let 
fall from either angle of an equilateral triangle on tbe^i^piMk 
site side, is equal to the sum of the three perpendiculars let 
fell from any point -within the triangle on the sides respectively. 



PROBLEM VI. 



In a right angled triangle, having given the base and the dit- 
ference between the hypothenuse and perpendicular, to find 
the sides. 



PROBLEM vn. 



In a right angled triangle, having given the hypothenuse and 
the difference between the base and perpendicular, to deter- 
mine the triangle. 
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PROBLEM Tin. 

Having given the area of a rectangle inscribed in a given 
triangle ; to determine the sides of the rectangle, 

PROBLEM IX, 

In a triangle, having given the ratio of the two sides, togeth- 
er with both the segments of the base made by a perpendic- 
ular from the vertical angle ; to determine the triangle. 

PROBLEM X. 

In a triangle, having given the base, the sum of the other two 
sides, and the length of a line drawn from the vertical angle 
to the middle of the base ; to find the sides of the triangle. 

PROBLEM XI. 

In a triangle, having given the two sides about the vertical 
angle, together with the line bisecting that angle and terminating 
in the base ; to find the base. 

PROBLEM XIL 

To determiqe a right angled triangle, having given the 
lengths of two lines drawn from the acute angles to the mid- 
dle of the opposite sides. 

1 

PROBLES^Xni. 

To determine a right-angled triangle, having given the pe- 
rimeter and the radius of the inscribed circle. 

PROBLEM xrv. 

To determine a triangle, having given the base, the per- 
pendicular and the ratio of the two sides. 

PROBLEM XV. 

To determine a right angled triangle, having given the 
hjrpothenuse, and the side of the inscribed square. 

PROBLEM XTI. 

To determine the radii of three equal circles, described 
within and tangent to, a given circle, and also tangent to 
each other. 
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PBOBLSM xyn. 

In a right angled triande, having given the perimeter and 
the perpendicular let Ml from the right angle on the hypothe- 
nuse, to determine the triangle. 

PROBLEM XVm. 

To determine a right angled triangle, having given the 
hypothenuse and the difference of two lines drawn from the 
two acute angles to the centre of the inscribed circle. 

PROBLEM XIX. 

To determine a triangle, having given the base, the perpen« 
dicular, and the difference of the two other sides. 

PROBLEM XX. 

To determine a triangle, having given the base, the perpen- 
dicular and the rectangle of t&e two sides. 

PROBLEM XXI. 

To determine a triangle, having given the lengths of three 
lines drawn from the three angles to the middle of the opposite 
sides. 

PROBLEM xxn. 

In a triangle, having given the thr^e sides, to find the radius 
of the inscribed circle. 

PROBLEM XXIIL 

To determine a right ancled triangle, having given the side 
of the inscribed square, and the radius of the inscribed circle. 

. PROBLEM XXTV. 

To determine a right angled triangle, having given the 
hypothenuse and radius of the inscribed circle. 

PROBLEM XXV« 

To determine a trianele, haying given the base, the line 
bisecting the vertical angle^ and tl^ diameter of the cireum" 
*:ribing circle* 
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PLANE TRIGONOMETRY. 

In every triangle there are six parts : three sides and three 
angles* These parts are so related to each other, that if a 
certain number of them be known or given, the remaining 
ones can be determined. 

Plane Trigonometry explains the methods of finding, by cal- 
culation, the unkno,wn parts >of a rectilineal triangle, when 
a sufficient number of the six parts are given. 

When three of the six parts are known, and one of them is a 
side, the remaining parts can always be found. If the three 
angles were given, it is obvious that the problem would be in- 
determinate, since all similar triangles would satisfy the con- 
ditions. 

It has already been shown, in the problems annexed to Book 
III., how rectihneal triangles are constructed by means of three 
given parts. But these constructions, which are called graphic 
methods, though perfectly correct in theory, would give only 
a moderate approximation in practice, on account of the im- . 
perfection of the instruments required in constructing them. 
Trigonometrical methods, on the contrary, being independent 
of all mechanical operations, give solutions with the utmoet 
accuracy. 

These methods are founded upon the properties of lines called 
trigonometrical lines, which furnish a very simple mode of ex- 
pressing the relations between the sides and angles of triangles. 

We shall first explain the properties of those lines, and the 
principal formulas derived from them ; formulas which are of 
great use in all the branches of mathematics, and which even 
furnish means of improvement to algebraical analysis. We 
shall next apply those results to the solution of rectilineal tri- 
angles. 



DIVISION OF THE CIRCUMFERENCE. 

I. For the purposes of trigonometrical calculation, the cir 
cumference of the circle is divided into 360 equal parts, called 
degrees ; each degree? into 60 equal parts, called minutes ; and 
each minute into 60 equal parts, called seconds.. 

The semicircumference, or the measure of two right angles, 
contains 180 degrees ; the quarter of the circumference, usually 
denominated ^the quadrant, and which measures the right an* 
gle, contains 90 degrees. 

II. Degrees, minutes, and seconds, are respectively desig- 
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nated by the characters : <>, ', " : thus the expression 16® 6' 15" 
represents an arc, or an angle, of 16 degrees, 6 minutes, and 
15 seconds. 

III. The complement of an angle, or of an arc,' is what re- 
mains after taking that angle or that arc from 90°. Thus the 
complement of 25° 40' is equal to 90° — ^25° 40'=z64° 20' ; and 
the complement of 12° 4' 32" is equal to 90°— 12^ 4' 32"=77o 
55' 28 ". 

In general, A being any angle or any arc, 90° — ^A is the com- 
plement of that angle or arc. If any arc or angle be added 
to its complement, the sum will be 90°. Whence it is evident 
that if the angle or arc is greater than 90°, its complement will 
be negative. Thus, the complement of 160° 34' 10" is — 70° 
34' 10". In this case, the complement, taken positively, would 
be a quantity, which being subtracted from the given angle or 
arc, the remainder would be equal to 90°. 

The two acute angles of a right-angled triangle, are together 
equal to a right angle ; they are, therefore, complements of each 
other. 

IV. The suppkment of an angle, or of an arc, is what re- 
mains after taking that angle or arc from 180°. Thus A being 
any angle or arc, 180° — ^A is its supplement. 

In any triangle, either angle is the supplement of the sum of 
the two others, since the three together make 180°. 

If any arc or angle be added to its supplement, the sum will 
be 180°. Hence if an arc or angle be greater than 180°, its 
supplement will be negative. Thus, the supplement of 200° 
is — ^20°. The supplement of any angle of a triangle, or indeed 
of the sum of either two angles, is always positive. 

GENERAL IIMEAS RELATING TO TRIGONOMETRICAL LINES. 



V. The sine of an arc is 
the perpendicular let fall from 
one extreniity of the arc, on 
the diameter which passes 
through the other extremity. 
Thus, MP is the sine of the 
arc AM,or of theangle ACM. 

The tangent of an arc is a 
line touching the arc at one 
extremity, and limited by the 
prolongation of the diameter 
which passes through the 
other extremity. Thus AT is 
the tangent ojf the arc AM, 
OK of the angle ACM. 
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The secant of an arc is the line drawn from the centre of 
the circle through one extremity of the arc and limited by the 
tangent drawn through the other extremity. Thus CT is the 
secant of the arc AM, or of the angle ACM. 

The versed sine of an arc, is the part of the diameter inter- 
cepted between one extremity of the arc and the foot of the 
sine. Thus, AP is the versed sine of the arc AM, or the angle 
ACM. 

These four lines MP, AT, CT, AP, are dependent upon the 
arc AM, and are always determined by it and the radius ; thev 
are thus designated : 

MPmsinAM, or sin ACM, 
AT=ztangAM, or tang ACM, 
CT=secAM, or sec ACM, 
APzzver-sin AM, or ver-sinACM. 
VI. Having taken the arc AD equal to a quadrant, from the 
points M and D draw the lines MQ, DS, perpendicular to the 
radius CD, the one terminated by that radius, the other termi- 
nated by the radius CM produced ; the lines MQ, DS, and CS, 
will, in like manner, be the sine, tangent, and secant of the arc 
MD, the complement of AM. For the sake of brevity, they 
are called the cosine, cotangent, and cosecant, of the arc AM, 
and are thus designated : 

MQnrJcosAM, or cos ACM, 
^ DS=cot AM, or cot ACM, 

CSzrcosec AM, or cosec ACM. 
In general, A being any arc or angle, we have 
cos A=sin (90° — ^A), 
cot A = tang (90°— A), 
cosec A=sec (90° — ^A). 
The triangle MQC is, by ^instruction, equal to the triangle 
CPM ; consequently CPmMQ : hence in the right-angled tri- 
angle CMP, whose hypothenuse is equal to the radius, the two 
sides MP^ CP are the sine and cosine of the arc AM : hence, 
the cosine of an arc is equal to that part of the radius inter- 
cepted betjiveen the centre and foot of the sine. 

The triangles CAT, CDS, are similar to the equal triangles 
CPM, CQM ; hence they are similar to each other. From 
these principles, we shallVery soon deduce the different rela- 
tions which exist between the lines now defined : before doing 
so, however, we must examine the changes which those lines 
undergo, when the arc to which they relate increases from zero 
to 180^ 

The angle ACD is called the first quadrant ; the angle DCB» 
the second quMrant ; the angle BCE, the third quadrant ; and 
the angle l!CA, the fourth quadrant. — * 
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VII. Suppose one extrem- 
ity of the arc remains fixed in 
A, while the other extremity, 
marked M, runs successively* 
throughout the whole extent 
of the semicircumference, 
from A to B in the directi(Mi 
ADB. 

When the point M is at A, 
or when the arc AM is zero, 
the three points T, M, P, are 
confounded with the point A ; 
whence it appears that the 
sine and tangent of an arc 

zero^ are zero, and the cosine and secant of this same arc, are 
each equal to the radius. Hence if R represents the radius oi 
the circle, we have 

sin 0=0, tang 0=0, cos 0=R, secO:i=R. 

VIII. As the point M advances towards D, the sine increases, 
and so likewise does the tangent and the secant ; but the cosine, 
the cotangent, and the cosecant, diminish. 

When the point M is at the middle of AD, or when the arc 
AM is 45% in which case it is equal to its complement MI), 
the sine MP is equal to the cosine MQ or CP ; and the trian- 
gle CMP, having become isosceles, gives the proportion 
MP : CM : : 1 : %/2, 
or sin 45° : R : : 1 : V2. 

R 



Hence 



sin 45^=cos45*'= 



V2 



= JRn/2. 



In this same case, the triangle CAT becomes isosceles and 
equal to the triangle CDS ; whence the tangent of 45^ and its 
cotangent, are each equal to the radius, and consequently we 
have 

tang 45°= cot 15' =R. 

IX. The arc AM continuing to increase, the sine increases 
lill M arrives at D ; at which poijt the sine is equal to the ra- 
dius, and the cosine is zero. Hence we have 

sin90°=R, cos 90° =0; 
and it may be observed, that these values are a consequence 
of the values already found for the sine and cosine of the arc 
zero ; because the complement of 90^ being zero, we have 

*sin 90°=icos j0°r=:R, and 

cos 90°=sin 0°=0. 
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As to the tangent, it increases very rapidly as the point M 
approaches D ; and finally when this point reaches D, the tan- 
gent properly exists no. longer, because the lines AT, CD, 
being parallel, cannot meet. This is expressed by saying that 
the tangent of 90° is infinite ; aad we wjite tang 90<'=: ao 
The complemi^nt of 90^ being zero, we have 

taiig O=cot 90O and cot Orztang 90o. 
Hence cot 90o=;0, and cot 0=<x>.. 

i' 

X. The point- M continuing to advdnce from D towards B, 
the sines diminish and the cosines increase. Thus MT' is the 
sine of the ara A^', and M'Q, or CP' its cosine. But the arc 
M'B is the supplement of AM', since AM'-f M'B is equal to a 
semicircumfeience ; besides, if M'M^is drawn parallel to AB, 
the arcs- AM, BM', which are included beti^een parallels, will 
evidently fa^ equal, and likewise the perpendiculars or f^hes 
MP, M'P'. Hence, the sine of an arc or of an angle is equal to 
the sine of the supplement of that arc or angie. 

The arc or angle A has for its supplement 180^ — ^A: hence 
generally, we have 

sinA=sfn(180o— A.) 
The same property might also be expressed by the equation 

sin (90^+B)=sin (90°— B), 
B being the arc DM or its equal DM'. ^ 

XI. The same arcs AM, AIM', which are supplemento of 
each other, and which have equal sines, have also equqf co- 
sines CP, CP' ; but it must be observed, that these cosines lie 
in difierent directions. The line CP which is the cosine of the 
arc AM, has the origin of its value at the centre C, and is esti- 
mated in the direction from C towards A*; while CP', the cosine 
of AM' has also the origin of its value at C, but is estimated in 
a contrary direction, from C towards B. 

Some notation must obviously be adopted to distinguish the 
one of such equal lines from the other ; and that they may both 
be expressed analytically, and in the same general formula^ it is 
necessary to consider airlines which are estimated in one di- 
rection as positive^ and th<}$e which are estimated in the con- 
trary direction as negative. If, therefore, the cosines which 
are estimated from C towards A be considered as positive, 
those estimated from C towards B, must be regarded as nega- 
tive. Hence, generally, we shall have, 

cos A= — cos (180° — ^A) 
that is, the cosine of an arc or angle is equal to tlie cosine of its 
supplement taken negatively. \ 

The necessity of .changing the algebraic sign to correspond 

T 
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with the change of direction 
in the trigonometrical line, 
may be illustrated by the fol- 
lowing example. The versed 
sine AJP is equal to the radius 
CA minus CP the cosine AM : 
that is, 

ver-sin AM=R— cos AM. 
Now when the arc AM be- 
comes AM' the versed sine 
AP, becomes AP', that is equal 
toR + CF. But this expression 
cannot be derived from the 
formula, 

ver-sin AM=:R — cos AM, 
unless we suppose the cosine AM to become negative as soon 
as the arc AM becomes greater than a quadrant. 

At the point B the cosine becomes equal to — R ; that is, 
cos 180^=— R. 

For all arcs, such as ADEN', which terminate in the third 
quadrant, the cosine is estimated from C towards B, and is 
consequently negative. At E the cosine becomes zero, and for 
all arcs which terminate in the fourth quadrant the cosines are 
estimated from C towards A, and are consequently positive. 

The sines of all the arcs which terminate in the first apd 
second quadrants, are estimated above the diameter BA, While 
the sines of those arcs which terminate in the third and fourth 
quadrants are estimated below it. Hence, considering the 
iformer as positive, we must regard the latter as negative, -p 

Xflf. Let us now see what sign is to be given to the tangent 
/of •«! affe. The tangent of the gcrc AM falls above the line BA, 
and we have already regarded the lines estimated in the direc- 
tion AT as positive : therefore the tangents of all arcs which 
terminate in the first quadrant will be positive. But the tan- 
gent of the arc AM', greater than 90°, is determined by the 
intersection of the two lines M'C and AT. These lines, how- 
ever, do not meet in the direction AT ; but they meet in the 
opposite direction- AV. But since -the tangents estimated in the 
direction AT are positive, those estimated in the direction AV 
must be negative : therefore, the tangents of all arcs which ter- 
minate in the second quadrant will he negative. 

When the point M' reaches the point B the tangent AV will 
become equal to zero : that is, 

tang 180^=0. 

When the point M' passes the point B, and comes into the 
fouiiion N'. the tangent of the arc ADN'will be the line AT : 
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hence, the tangents of all arcs which terminate in the third quad-- 
rant are positive. 

At E the tangent becomes infinite : that is, 
tang 270° = 00. 

When the point has passed along into the fourth quadrant 
to N, the tangent of the arc ADN'N will be the line AV : hence, 
the tangents of all arcs which terminate in the fourth quadrant 
•are negative. 

The cotangents are estimated from the line ED. Those which 
lie on the side DS are regarded as positive, and those which lie 
on the side DS' as negative. Hence, the cotangents are posi- 
tive in the first quadrant, negative in the second, positive in the 
third, and negative in the fourth. When the point M is at B 
the cotangent is infinite ; when at E it is zero : hence, 

cot 180°=— 00 ; cot 270° =0. 
Let q stand for a quadrant ; then the following table will show 
the signs of the trigonometrical lines in the different quadrants. 

Iq 2q Sq 4q 

Sine + -h — — 

Cosine + — — + 

Tangent + — + — 

Cotangent 4- — -f — 

XIIL In trigonometry,' the sines, cosines, &c. of arcs or an- 
gles greater than 180° do not require to be considered ; the 
angles of triangles, rectilineal as well as spherical, and the 
sides of the latter, being always comprehended between and 
180°. But in various applications of trigonometry, there is fre- 
quently occasion to reason about arcs greater than the seini- 
circumference, and even about arcs containing several circum- 
ferencejs. It will therefore be necessary to find the expression 
of the sines and cosines of those arcs whatever be their 
magnitude. 

We generally consider the arcs as positive which are esti- 
mated from A in the direction ADB, and then those arcs must 
be regarded as. negative which are estimated in the contrary 
direction AEB. 

We observe, in the first place, that two equal arcs AM, AN 
with contraiy algebraic signs, have equal sines MP, PN, with 
contrary algebraic signs ; while the cosine CP is the same for 
both. 

The equal tangents AT, AV, as well as the equal cotangents 
DS, DS', have also contrary algebraic signs. Hence, calling 
z the arc, we have in general, 

sin ( — x)= — ^^sin x 
cos ( — ^a;)=cos x 
tang ( — x)= — ^tang x 
cot ( — x) = — cot x 

Digitized by VjOOQ IC 



320 



FLANE TRIGONOMETRY. 



N 


f^^^ 


q'^ 


Y\ 


i 




P' \ 


/ 


\ 

P 


A 


V 


/^ 


\ 


I 




^' 


\^_ 


t^ 


^ 


V 



£ 



By considering the arc AM, and its supplement AM', and 
recollecting what has been said, we readily see that, 
sin (an arc) = sin (its supplement) 
cos (an arc) = — cos (its supplement) 
tang (an arc)= — ^tang (its supplement) 
cot (an arc)= — cot (its supplement). 
It is no less evident, that S' D ^ 

if one or several circumfe- 
rences were added to any 
5UPC AM, it would still termi- 
nate exactly at the point M, 
and the arc thus increased 
would have the same sine as 
the arc AM ; hence if C rep- 
resent a whole circumfe- 
rence or 360*, we shall have 
sinar=sin (C+a:)=sina;=sin 
(2C+a:), &c. 

The skjne observation is ap- 
plicable to the cosine, tan- 
gent, &c. 

Hence it appears, that whatever be the magnitude of x the 
proposed arc, its sine may always be expressed, with a proper 
sign, by the sine of an arc less than 180°» For, in the first 
place, we may subtract 360° from the arc x as often as they 
are contained in it ; and y being the remainder, we shall have 
sin a:=sin y. Then if y is greater than 180^ make y=180° -f-z, 
and*\ye have sin y= — sin 2. Thus all the cases are reduced 
to that in which the proposed arc is less than 180° ; and since 
we farther have sin (90°+a:)=sin (90° — £), they are likewise 
ultimately Teducible to the case, in which the proposed arc is 
between zero and 90°. 

XIV. The cosines are always reducible to sines, by means 
of the formula cos A=sin (90° — ^A) ; or if we require it, by 
means of the formula cos A=sin (90°+ A): and thus, if we can 
find the value of the sines in all possible cases, we can also find 
that of the cosines. Besides, as has already been shown, that 
the negative cosines are separated from the positive cosines by 
the diameter DE ; all the arcs whose extremities fall on the 
right side of DE, having a positive cosine, while those whose 
extremities fall on the left have a negative cosine. 

Thus from 0*^ to 90° the cosines are positive ; from 90° to 
270° they are negative ; from 270° to 360° they again become 
positive ; and after a whole revolution they assume the same 
values as in the preceding revolution, for cos (360° + a:) = cos a:. 
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From these explanations, it will evidently appear, that the 
sines and cosines of the various arcs which are multiples of the 
quadrant have the following- values : 



sm 0^=0 
sin 180^=0 
sin 360'' =0 
sin 540° =0 
sin 720°=0 
&c. 



sm 90° =R 
sin 270°=— R 
sin 450° =R 
sin 630°=— R 
sin 810°=R 
&c. 



cos 0°=R 
cos 180°=— R 
cos 360° =R 
cos 540°=— R 
cos 720° =R 
&c. 



cos 90° =0 
cos 270° =0 
cos 450° =0 
cos 630° =0 
cos 810°=0 
&c. 



And generally, k designating any whole number we shall 
have 

sin 2* . 90°=0, cos (2A;+ 1) . 90°=0, 

sin (4^4- 1) . 90°=R, cos 4A: . 90°=R, 

sin (4A:— 1 ) . 90° =— R, cos (4A + 2) . 90° =— R. 
What we have just said concerning the sines and cosines 
renders it unnecessary for us to enter into any particular de- 
tail respecting the tangents, cotangents, &c. of arcs greater 
than 180° ; the value of these quantities are always easily de- 
duced from those of the sines and cosines of the same arcs : 
as we shall see by the formulas, which we now proceed to 
explain. 



THEOREMS AND FORMULAS RELATING TO SINES, COSINES, 
TANGENTS, &c. 

XV. Tile sine of an arc is half the chord which subtends a 
double arc. 



For the radius CA, perpen- 
dicular to the chord MN, bi- 
sects this chord, and likewise 
the arc MAN ; hence MP, the 
sine of the arc MA, is half the 
chord MN which subtends 
the arc MAN, the double of 
MA. 

The chord which subtends 
the sixth part of the circum- 
ference is equal to the radius ; 
hence 

sin rrLor sin 30°=4R, 
12 

in other words, the sine of a third part of. the right angle is 
equal to the half of the radius 




T* 
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XVI. T/ie square of the sine 
of an arc^ together with the 
square of the cosine^ is equal 
to the square of the radius ; so 
that in general terms we have 

sin«A+cos2A=R2. 
This property results im- 
mediately from the right-an- 
gled triangle CMP, in which 
MP+CP^=CM2. 

It follows that w^hen the 
sine of an arc is given, its co- 
sine may be found, and re- 
ciprocally, by means of the 

formulas cos A = it V (R^— sln^A), and sin A = db \^ (R^-^cos^A). 
The sign of these formulas is +, or — , because the same~sine 
MP answers to the two arcs AM, AM', whose cosines CP, CP', 
are equal and have contrary signs ; and the same cosine CP 
answers to the tv^o arcs AM, AN, whose sines MP, PN, are 
also equal, and have contrary signs. 
/ Thus, for example, having found sin 30°=JR, we may de- \ 
{ duce from it cos 30% or sin 60°= V (R^— iRS) = V|R2=iRx/3, J 

XVII. The sine and cosine of an arc A being given, it is re- 
quired to find the tangent, secant, cotangent, and cosecant of the 
same arc. 

The triangles CPM, CAT, CDS, being similar, we have the 
proportions : 

AT ; or cos A : sin A : : R : tang A=- ' ' 



CP:PM::CA 



CP : CM : : CA : CT ; or cos A : R : : R : sec A= 
: CP : : CD : DS ; or sin A : cos A : : R : cot A= 




PM; 



cos A 
RcosA 



sin A 

R* 
PM : CM : : CD : CS ; or sin A : R : : R : cosec A=:-:— r- / 

, sm Ay 

which are the four formulas required. It may also be observed, 
that the two last formulas might be deduced from the first two^ 
by simply putting 90° — ^A instead of A. 

. From these formulas, may be deduced the values, with their 
proper signs, of the tangents, secants, &c. belonging to any 
arc whose sine and cosine are known ; and since the progres- 
sive law of the sines and cosines, according to the different 
arcs to which they relate, has been developed already, it is 
unnecessary to say more of the few which regul^es the taa- 
gentfl and secants.. 
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By means of these formulas, several results, which have 
already been obtained concerning the trigonometrical lines* 
may be confirmed. If, for example, we make A =90°, we 
shall have sin A=R, cos A=0 ; and consequently tang 90^= 

— , an expression which designates an infinite quantity; for, 

the quotient of radius divided by a very small quantity, is very 
great, and increases as the divisor diminishes ; hence, the quo- 
tient of the radius divided by zero is greater than any finite 
quantity. 

The tangent being equal to R.^; and cotangent to R.5^; 

cos sin 

it follows that tangent and cotangent will both be positive 
when the sine and cosine have like algebraic signs, and both 
negative, when the sine and cosine have contrary algebraic 
fiigns. Hence, the tangent and cotangent have the same 
sign in the diagonal quadrants : that is, positive in the 1st and 
5d, and negative in the 2d and 4th ; results agreeing with those 
ofArtXIL 

In regard to the secants, they will be positive for all arcs 
of the circumference. For we have secant equal to radius 
square divided by cosine, and since the secant always falls on 
the right of the vertical diameter DE, the cosine will be esti- 
mated from C towards A, and, will consequently be positive. 
The cosecant is equal to radius square divided by thfe sine, 
which will always be above the diameter BA : hence the co- 
secants are also positive. 

XVIIL The formulas of the preceding Article, combined 
with each other and with the equatioi\ sin *^A+cos *Az=R^, 
furnish soipe others^ worthy of attention. 

R« sin^ A _ 
cos^ A 
RMsin'A+cos^A)^_^. ^^^^^ ^, , A=sec« A, a 

cos ^A cos^ A 

formula which might be immediately deduced from the right- 
angled triangle CAT. By these formulas, or by the right-an- 
gled triangle CDS, we have also R^+cot* Ar=cosec^ A. 
Lastly, by taking the product of the two formulas tang A=z 

?^l!L^, and cot A=?^^, we have tang Ax cot A=R«, a 

cog A sin A 

formula which gives cot A= ^^ a , and tang A= |^ a 

R2 

We likewise havetjot B^s =-. 

tanj(B 
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Hence cot A : cot B : : tang B : tang A ; that is, the cotan- 
gents of two arcs are reciprocally proportioTial to their tangents. 
The formula cot Ax tang A=W might be deduced imme- 
diately, by comparing the similar triangles CAT, CDS, which 
give AT : CA : : CD : DS, or tang A : R : : R : cot A 

XIX. The sines and cosines of two arcs, a and b, being given, 
it is required to find the sine and cosine of the sum or difference 
of these arcs. 

Let the radius AC=R,the arc 
AB=a, the arc BD=ft, and con- 
sequently ABD=a + h. From 
the points B and D, let fall the 
pei-pendiculars BE, DF upon AC ; 
from the point D, draw DI per- 
pendicular to BC ; lastly, from 
the point I draw IK perpendicu- 
lar, and IL parallel to, AC. F' C FX: KB~ 

The similar triangles BCE, ICK, give the proportions, 

CB : CI : : BE : IK, or R : cos 6 : : sina : IK= ^'"^^^"^ ' 

R 
cos a cos 6. 




CB : CI :: CE : CK,orR :cosft : :cosa: CK= 



R 



The triangles DIL, CBE, having their sides perpendicular, 
each to each, are similar, and give the proportions, 

CB:DI : :CE : DL,orR: sin ft : : cosa:DL= 



CB : DI : : BE : IL, or R : sin 6 : : sin a : IL= 



cos a sin h. 
sin a sin 6. 



R 

But we have 

IK+DL=DP=sin (a+6), and CK— IL=CFz=cos (a+i). 
Hence 

sift (^4-M— ^^^ ^ ^^^ ft+sin h cos a 
R 



cos (ez+6): 



cos a cos h — sin a si n 6. 
R 



The values of sin {a — 6) and of cos {a — h) might be easily 
deduced from these two formulas ; but they may be found 
directly by the same figuie. For, produce the sine DI till it 
nieets the circumference at M ; then we have BM=BD=6, 
and MI=ID=sin h. Through the point M, draw MP perpen- 
dicular, and MN parallel to, AC : since JMI^^DI, we have MN 
-iLr, and IN=:DL. But we have IK— IN;=MP=sia (a— 6), 
Wd CK+MN=CP==cos {a—b) ; hence 
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. / , V sin a cos b — ^sin b cos a 

sin (fl-f-oj= = * 

K 

,. cos a cos fe+sin a sin b, 
cos(a-*)= g •: . 

These are the formulas which it was required to find. 

The preceding demonstration may seem defective in point 

of generality, since, in the figure which we have followed, the 

arcs a and 6, and even a +6, are supposed to be less than 90^ 

But first the demonstration is easily extended to the case in 

which a and b being less than 90°, their sum a-\-bis greater 

than 90°. Then the point F would fall on the prolongation of 

AC, and the only change required in the demonstration would 

be that of taking cos (a +6)= — CF ; but as we should, at the 

same time, have CF=rL' — CK',it would still follow that cos 

(a+6)=CK' — ^I'L', or R cos (a + ft) = cos a cos b — ^sin a sin 6. 

And whatever be the values of the arcs a and 6, it is easily 

shown that the formulas are true : hence we may regard them 

as established for all arcs. We will repeat and number the 

formulas for the purpose of more convenient reference. 

, . / . ,v fAn a cos 6-Hm b cos a „ v\ 
sm(a+5) = j^ ' (l.)A 

1 . , , ,v sin a cos b — sin b cos a ,„ v 
[ sm {a—b)=— g ^ (2.). 

, , ''cos a cos b — sin a sin b ,^ ^ 
cos (a+6)= g (3.) 

,^ cos a cos ft+sin a sin 5 .^ . 

. cos (27-6)= p (4.), 

V. . •# " 

XX. If, in the formulas 6f the preceding Article, we make 
6=a, the first^nd the third will give. 

2 sin a cos a ^ cos' a — sin' a 2 cos' a — ^R^ 
sm2a=- fT -, cos 2a= g = p " 

formulas which enable us to find the sine and cosine of the 
double arc, \^en we know the sine smd cosine of the arc itself. 
To express the sin d and cos a in terms of ^, put \a for a, 
and we have 

8ina=£il!^£i^, cosa= cosHo-syi'^ ^ 
R R 

To find the sine and cosine of \a in terms of a, take the 
equations 

cos' i^+sin' id=R', and cos'^o — sin' ia=R cos fl, 
there results by adding and suotracting 

cos' ia=|R'+^R cos a, and sin'jtfafc^R' — JR cos a; 

whence ^ ■ . ^ 

sin la= V (JR'— }R cos a) = J V^2R'— 2R cos a. t 

cos Ja= \^ (JR'+ iR cos a)=i V2R'+2Rco8 o.^ ^ 
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If we put 2a in the place of a, we shall have, 



sin a= V(iR2— }R cos 2a)=^ V2R'^— 2R cos 2a. 

cos a= V (iRHiR cob 2a) =i V2RH2Rcos2a, 

Making, in the two last formulas, a=45°, gives cos 2a=0, and 

sin 45°== ViR3=RV^ ; and also, cos 45°= VlR^R Vf 

Next, make a=22°'30', which gives cos 2a=R \^i, and we have 

sin 22° 30'=R y/(j^—^Vi) and cos 22° 30'=:RV(j+iVi). 

X XXI. If we multiply together formulas (1.) and (2.) Art. 

XIX. and substitute for cos^ a, R^-^sin'-* «, and for cos^ 6, 

R* — sin^ b ; we shall obtain, after reducing and dividing by R^, 

sin (a+b) sin (a — &)=sin^a — sin^&=(sin<z + sin b) (sine — ^sin b). 

or, sin {a — b) : sin a — sin b : : sin a + sin ft : sin (a +6). 

XXII. The formulas of Art. XIX. furnish a great number of 
consequences ; among'which it will be enough to mention th'ose 
of most frequent use. By adding and subtracting we obtain 
the four which follow, 

sin {a+b) + An (a — 6)=^sin a cos b. 

t ^ 

2 • 
sin (a+b) — sin {a — 6) =!-•-_. sm b cos a. 
R 

2 

cos (a +6)+ COS (a — b)=r^coa a cos 6. 
R 

2 # 

cos (a — b) — cos (<i+6)=-psin a sin d. 

and which serve to change a prodact of several sines or co- 
sines into linear sines or cosines, that is, into sines and cosines 
nittltiplied only by constant quantities. . S^ 

. XXIII. If in these formulas we put d+b=p, a — 6=y, which 

p-\-q p — q * 

gives a=-2~> *~"~2~» ^® ^^^^ ^^^ 
2 

sio;? + sin ?=-^sin i{p+^ cos i(j)T—q) (1.) 

2 
sin p—sin ?=-gSin J (p—q) cos J (p+q) (2.) 

2 
cos^ + COS g = --COS J (jp + ?) COS J (j) — q) (3.) 
R 

COS gr— co8;> =^sin J (;> + 9) sin J (jp—q) (4.) 
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If we make 9=0, we shall obtain, 

2sinAocosip 
sin p = ^-% *^ 

„ 2cos«Ao 
R+cos;)= g-^^ 

R-.-COS j3= ; hence 

R 

sin jp _ tang ^ jp R 

'R+cosjp*" R ^cotjp 

sinj? _^ cot i^ p _ R 

» R — cos p R tang j^^ : 

formt^'as which are often employed in trigonometrical calcula* 
tions lor reducing two terms to a single one. 

XXIV. From the first four formulas of Art XXIII. and the first 

of Art. XX.,dividinff, and considerinffthat = — M—^ = 

*' ® cos.rt R cot a 

we derive the following : 

sin ^ + sin q __ sin ^{ p + q) cos ^ (p — q) __ tang^(jp+g^) 

sin p — sin q cos^ {p + q) sin ^ (p — q) tang J (p — q) 

sin j? + sin q _^ s^nh (p+q) _ iSLng^ (p-\-q) 

cos;> + cos5' cos^{p-\rq) R 

sin ;?+sin y_ cos^(jP — y) _ cot i (p — g) . 

cos q — cos p sin ^ (p — q) R 

sin p — ^sin g _ sin ^ {p — g )_ tang j^ (;? — q) * 

cos p + cos q cos ^ (7?— 5) R 

sin p — sin ? _cos ^ ( jp + q)_ CQt i{p-\-<i) 

cos q — cos p sin ^(p + q) R 

cos j? + cos g _ cos^(;? + g) co8^(jp — y )_ cot i(p-\'q) 

cos q — cos^ sin ^{p+q) sin ^ {p — qj tang J (p — q) 
sin p-fsin q 2sin j (/? + y) cos j- (/? — y) cos j (p — q) 
sin {p + q)^2&m^(j}-\-q)cosl(j>-\-q)''cosi{p+q) 
s in y — sin q 2sin ^ (jo — q) cos j (? +9^) s'^^ ? (P — g) 
sin (;? + g) ■~2sin i.(p+q) cos i (/> + g)"'sini OP+g) 

Formulas which are the expression of so many theorems. 
From the first, it follows that the sum of the sines of two arcs is 
to the difference of these sines^ as the tangent of half the sum of 
the arcs is to the tangent of^ half their difference. 
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XXV. In order likewise to develop some fomuilas relative 
to tangents, let us consider the expression 

tang (a+t)=' . — rr^, in which by substituting the values 

of sin (a+b) and cos (a+b)^ we shall find 

* /- . i.\ R (sin a cos ft + sin 6 cos a) 

tang {a-\-b)= — ^ — . . . — \ 

cos a cos b — ^sin 6 sin a 

^T 1 . cos a tang a , . , co» b tails b 
Now we have sin a= r > ^^ ^^ *~ r • 

substitute these values, dividing all the terms by cos a C09 b ; 
we shall have 

tang(a+5)= y"g'^+;'^? ; 
^ R^ — ^tang a tang b 

which is the value of the tangent of the sum of two arcs, ex- 
pressed by the tangents of each of these arcs. For the tangent 
of their difference, we should in like manner find 
R^ (tang a— tang b) 
tang («-«^)=R2+tangatang&. 
Suppose b=za ; for the duplication of the arcs, we ^all have 
the formula 

2R2tang(z 
tang2a=j^,_^^g,^: 

Suppose b=2a; for their triplication, we shall have the for- 
mula 

. tang-3a=gi^?n£^^±^?B^); 

s R«— tang a tang 2a' 

in which, substituting the value of tang 2 a, we shall 'have 

• tang3a^^^';""g^-y^ 
^ R2_3 tang ^a. 

XXVI. Scholium. The radius R being entirely arbitrary, is 
generally taken equal to 1, in which case it does not appear in 
the trigonometrical formulas. For example the expression for 
the tangent of twice an arc when R=l, becomes, 

„ 2 tang a 

tang 2 a= ^^-' 

1 — tang* fl- 
it we have an analytical formula calculated to the radius of 1, 
and wish to apply it to another circle in which the radius is R, 
we must multiply each term by such a power of R as will pake 
all the terms homogeneous: that is, so that each shall contain the 
same number of literal factors. 
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CONSTRUCTION AND DESCRIPTION OF THE TABLES. 

XXYII. If the radius of a circle is takeu equal to I, and the 
lengths of the lines representing the sines, cosines, tangents, 
cotangents, &c. for every minute of the quadrant be calculated, 
and written in a table, this- would be a table of natural sines, 
cosines, &c. 

XX^^II. If such a table were known, it would be easy to 
calculate a table of sines, &c. to any other radius ; since, in 
different circles, the sines, cosines, &c. of arcs containing the 
same number of degrees, are to each other as their radii. 

XXIX. If the trigonometrical lines themselves were used, it 
would be necessary, in the calculations, to perform the opera- 
tions of multiplication and division. To avoid so tedious a 
method of calculation, we use the logarithms of the sines, co- 
sines, &c. ; so that the tables in common use show the values 
of the logarithms of the sines, cosines, tangents, cotangents, &c. 
for each degree and minute of the quadrant, calculated to a 
given radius. This radius is 10,000,000,000, and consequently 
its logarithm is 10. 

XXX, Lfct us glance for a moment at one of the methods 
of calculating a table of natural sines. 

The radius of acirclebeinfir l,the semi-circumference is known 
to be 3. 141 59265358979. This being divided successively, by 
180 and 60, or at once by 10800, gives .0002908882086657, 
for the arc of 1 minute. Of so small an arc the sine, chord, 
and arc, differ almost imperceptibly from the ratio of equality ; 
so that the first ten of the preceding figures, that is, .0002908882 
may be regarded as the sine of V ; and in fact the sine given 
in the tables which run to seven, places of figures is .0002909. 
By Art. XVI. we have for any arc, co8= V(l— sin^. This 
theoi*emgives,in the present case, cos 1' =.9999999577. Then 
by Art. aXII. we shall have 

2 cos r X sin 1'— sin 0'=sin S'=. 00058 17764 
2 cos I'xsin 2'—8\n l'=»in 3' =.0008726646 
2 cos I'xsin 3— sin 2'=sin 4' =.00 11635626 
2 cos I'xsin 4— sin 3'= sin 5'=.0014544407 
2 cos I'xsin 5'— sin 4'=-sin 6'=.0017453284 
&c. &c. &c. 

Thus may the work be contiriued to any extent, the whole 
difficulty consisting in the multiplication of each successive re- 
sult by the quantity 2 cos 1'= 1.9999999154. 

Digitized by VjOOQ IC 



280 PLANE TRIGONOMETRY. 

Or, the sines of T and 2' being determined, the work might 
be continued thus (Art. XXI.) : 

sin r : sin 2' — sin T : : sin 2'+sin 1' : sin 3' 
sin 2' : sin 3' — sin 1' :: sin 3'+ sin 1' : sin 4' 
sin 3' : sin 41 — sin T : : sin 4' + sin 1' : sin 5' 
sin 4' : sin 5' — sin 1' : : sin 5'H-sin 1' : sin 6* 
&c. &c. &c. 

In like manner, the computer might proceed for the sines of 
degrees, &c. thus : 

sin I'' : sin 2°— sin V : : sin 2''+sin 1° : sin 3® 

sin 2'' : sm 3°— sin 1° : : sin S^'+sin V* : sin 4** 

sin 3^ : sin 4*~sin l"* : : sin 4°+ sin 1° : sin 6° 

&c. &c. &c. 

Above 46° the process may be considerably simplified by 

the theorem for the tangents of the sums and differences of 

arcs. For, when the radius is unity, the tangent of 45° is also 

unity, and tan (a+ J) will be denoted thus : 

tan(45°4&)=:l±^. 
^ ^ 1— tan6 

And this, again, may be still further simplified in jjractice. 
The secants and cosecants may be found from the cosines and 
sines. 



TABLE OF LOGARITHMS. 

XXXI. J[f the logarithms of all the numbers between 1 and 
any given number, be calculated and arranged in a tabular form, 
such table is called a table of logarithms. . The table annexed 
.shows the logarithms of all numbers between 1 and 10,000. 

The first column, on the left of each page of the table, is the 
column of numbers, and is designated by the letter N ; the deci- 
mal part of the logarithms of these numbws is placed directly 
opposite them, and on the same horizontal line. 

The cAamc^dns^icof the logarithm, or the part which stands 
to the left of the decimal point, is always known, being 1 less thau 
the places of integer figm«^ in the given number, and there- 
fore it is not written in the t^ble of logarithms. Thus, for all 
numbers between 1 and lOJthe characteristic is 0: for num- 
bers between 10 and 100 it \is 1, between 100 and 1000 it is 
2, &c. 
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PROBLEM. 
To find from the table the logarithm of any number. 



CASE I. ^ 

When the mmber is less than 100. 

Look on the first page of the table of logarithms, along the 
columns of numbers under N, until the number is found ; the 
number directly opposite it, in the column designated Log., is 
the logarithm' sought. 



CASE II. 
Wlien the number is greater than 100, and less than 10,000. 

» Find, in the column of numbers, the three first figures of the 

E'ven nuipber. Then, pass across the page, in a horizontal 
ie« into the columns marked 0, 1,2, 3, 4, £c., until you come 
to the column which is designated by the fourth figure of the 
given number : to the four figures so found, two figures taken 
from the column marked 0, are to be prefixed. If the four 
figures found, stand opposite to a row of six figures in the column 
marked 0, the two figures from this column, which are to be 
prefixed to the four before found, are the first two on the left 
hand ; but, if the four figures stand opposite a line of only four 
figures, you are then to ascend the column, till you come to the 
line of six figures : the two figures at the left hand are to be 

Prefixed, and then the decimal part of the logarithm is obtained, 
^o this, the characteristic of the logarithm is to be prefixed, 
which is always one less than the places of integer figures in 
the given number. Thus, the logarithm of 1 122 is 3.049993. 

In several of the columns, designated 0, 1, 2, 3, &c., small 
dots are found. Where this occurs, a cipher must be written 
for each of these dots, and the two figures which are to be pre* 
fixed, from the first column, are then found in the horizontal 
line directly below. Thus, the log. of 2 188 is 3.340047, the two 
dots being changed into two ciphers, and the 34 from the 
colunm 0, prefixed. The two figures from the colum 0, must 
also be taken from the line below, if any dots sljiall have been 
passed over, in passing along the horizontal lifie : thus, the Io^< 
rithm of 3098 is 3.491081, the 49 from the column bemg 
taken from the line 310. 
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CASE in. 

When the number exceeds 10,000, or consists of five or mott 
places of figures. 

Consider all the figures after the fourth from the left band, 
as ciphers. Find, from the table, the logarithm of the first four 
places, and prefix a characteristic which shall be one less than 
the number of places including the ciphers. Take from the last 
column on the right of the pa^e, marked D, the number on the 
same horizontal une with the logarithm, and multiply this num- 
ber by the numbers that have been considered as ciphers: 
then, cut off from the right hand as many places for decimals 
as there are figures in the multiplier, and add the product, so 
obtained, to the first logarithm : this sum will be the logarithm 
sought. 

Let it be required to find the logarithm of 672887. The log. 
of 672800 is found, on the 1 1th page of the table, to be 5.827886, 
after prefixing the characteristic 5. The corresponding num- 
ber in the column D is 65, which being multiplied by 87, the 
Qgures regarded as ciphers, gives 5655 ; then, pointing off two 
places for decimals^ithe number to be added is 56.55. This 
number being added to 5.827886, gives 6.827042 for the loga- 
rithm of 672887 ; the decimal part .55, being omitted. 
' This method of finding the logarithms of numbers, from thq 
table, supposes that the logarithms are proportional to their 
respective numbers, which is not rigorously true. In the exam- 
ple, the logarithm of 672800 is 5.827886 ; the logarithm of 
672900, a number greater by 100, 5.827951 : the difference of 
the logarithms is 65. Now, as 100, the difference of the numbers, 
is to 65, the difference of their logarithms, so is 87, the diffe- 
rence between the given number and the least of the numbers 
used, to the difference of their logarithms, which is 56.55 : this 
difference being added to 5.827888, the logarithm of the less 
number, gives '5.827942 for the logarithm of 672887. The use 
of the column of difference^ is therefore manifest. 

When, however, the decimal part which is to be omitted ex- 
ceeds .5, we come nearer to the true result by increasing tte 
next figure to the left by 1 ; and this will be done in all the 
calculations which follow. Thus, the difierence to be addedp 
was nearer 57 than 56 ; hence it would have been more exact 
4.0 have added the former number. * 

The logarithm of a vulgar fraction is equal to the loga- 
rithm of the numerator, minus the logarithm of the denom* 
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The logarithm of a decroial fraction is found, by con* 
r it as a whole number, and then prefixing to the decimal 
' its logarithm a negative characteristic^ greater by unity 
s fiunAer of ciphers between the decimal point and the first 

significant place of figures. Thus, the logarithm of .0412. is 

21614897. 



PROBLEM. 
To find from the table, a number answering to a given logarithm, 

XXXII Search, in the column of logarithms, for the decimal 
pRTt of the given logarithm, and if it be exactly found, set down 
the corresponding number. Then, if the characteristic of the 
ffiven logarithm be positive, point off, from the left of the number 
found, one place more for whole numbers than there are units 
in the characteristic of the given logarithm, and treat the other 
places as decimals ; this will give the number sought. 

If the characteristic of the given logarithm be 0, there will 
be cme place of whole numbers ; if it be — 1, the number will 
be entirely decimal ; if it be — 2, there will be one cipher be- 
tween the decimal point and the first significant figure ; if it be 
— 3, there will be two, &c. The number whose logarithm is 
1.492481 is found in page 5, and is 31.08. 

But if the decimal part of the logarithm cannot be exactly 
found in the table, take the number answering to the nearest 
less logarithm ; take also from the table the corresponding dif- 
ference in the column D : then, subtract this less logarithm from 
the given logarithm ; and having annexed a suffi3ient number 
of ciphers to the remainder, divide it by the difference taken 
from the column D, and annex the quotient to the number an- 
swering to the less logarithm : this gives the required number, 
nearly. This rule, like the one for finding the logarithm of a 
number when the places exceed four, supposes the numbers to 
be proportional to their corresponding logarithms. 

Ex. I. Find the number answering to the logarithm 1.532708 
Here, 

The given logarithm, is ... 1.632708 

Next less logarithm of 34,09, is - - 1.532627 

Their difference is .... 1 sT 

And the tabular difference is 128 : hence 
128) 81.00 (63 
which being annexed to 34,09, gives 34.0963 for the number 
answering to the logarithm 1.532708. 

■ '■ '^* n I 
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Ex. 2. Required the mtmber aDffwering to the logarHhiu 
8.233568. 

The given logarithm is 3.283569 

The next less tabular logarithm of 1712, is 3.238504 

Diff.= 64 

Tab. Diff.=253) 64.00 (26 
Hence the number sought is 1712.25, marking four places 
of integers for the characteristic 3. 



TABLE OF LOGARITHMIC SINES. 

XXXIII. In this table are arranged the logarithms of the 
numerical values of the sines, cosines, tangents, and cotangents, 
of all the arcs or angles of the quadrant, divided to minutes, 
and calculated for a radius of 10,000,000,000. The logarithm 
of this radius is 10. In the first and last horizontal line, of each 
page, are written the degrees vi^hose logarithmic sines, &c. are 
expressed on the page. The vertical columns on the left and 
right, are columns of minutes, i 



CASE L 

To find, in the table, tJie logarithmic sine, cosine, tangent, or co- 
tangent of any given arc or angle. 

1. If the angle be less than 45°, look in the first horizontal 
line of the dificrent pages, until the number of degrees be 
found ; then descend along the column of minutes, on the left 
of the page, till you reach the number showing the minutes ; 
then pass along the horizontal line till you come into the column 
designated, sine, cosine, tangent, or cotangent, as the case may 
be : the nunfiber so indicated, is the logarithm sought. Thus, the 
sine, cosine, tangent, and cotangent of 19° 55', are found on 
page 37, opposite 55, and are, respectively, 9.532312, 9.973215, 
9.559097, 10.440903. 

2. If the angle be greater than 45°, search along the bottom 
line of the different pages, till the number of degrees are found ; 
then ascend alon^ the column of minutes, on the right band 
side of the page, till you reach the number expressing the mi- 
nutes ; then pass along the horizontal line into the columns 
designated tang., cotang., sine, cosine, as the case may be ^ the 
numoer so pointed out is the logarithm required. 
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It wiH be teen, that the colama* dengnated sine at the tc^ of 
the page, is designated cosine at the bottom ; the one desig- 
nated tang«9 by cotang., and the one designated cotang., by. 
tang. ^ 

The angle found by taking the degrees at the top of the page, 
and the minutes from the first vertical column on the left, is the 
complement of the angle, found by taking the corresponding 
degrees at the bottom of the page, and tli^ minutes traced up 
in the right hand column to the same horizontal line. This 
being apparent, the reasop is manifest, why the columns desig*^ 
nated sine, cosine, tang., and cotang., when the degrees are 
pointed out at the top of the page, and the minutes counted 
downwards, ought to be changed, respectively, into cosine, sine, 
cotang., ^pA tang., when the degrees are shown at the bottom 
of the page, and the minutes counted upwards. 

If the angle be greater than 90^, we have only to subtract it 
from 180% and take the sine, cosine, tangent, or cotangent of 
the remainder. 

The secants and cosecants are omitted in the table, being 
easily found from the cosines and sines. 

For, sec.= ; oi', taking the logarithms, log. 8ec.=:2 

cos* 

log. R^— log. COS. =20— log. COS. ; that is, the logarithmic secant 
is found by substracting the logarithmic cosine from 20. And 

cosec. =—, — , or log. cosec.=i2 log. R — ^log. sine =20 — ^log. 
sme 

sme ; that is, the logarithmic cosecant is found by subtracting the 

logarithmic sine from 20. 

It has been shown that R'irtang. x cotang. ; therefore, 2 log. 
R=log» tang. -flog, cotang.; or 20=log. tang. + log. cotang. 

The column of the table, nex;t to the column of sines, and 
on the right of it, is designated by the letter D. This column 
is calculated in the following manner. Opening the table at 
any page, as 42, the sine of 24° is found to be 9.609313 ; of 
24° r, 9.609597 : then- difference is 284 ; this being divided by 
60, the number of seconds in a minute, gives 4.73, which fs 
entered in the column D, omitting the decimal point. • Now, 
supposing the increase of the logarithmic sine to be propor- 
tional to the increase of the arc, and it is nearly so for 60", it 
follows, that 473 (the last two places being regarded as deci- 
mals) is the increase of the sine for 1". Similarly, if the arc 
be 24° 20', the increase of the sine for 1", is 465, the last two 
places being decimals. The same remarks are equally appli- 
cable in respect of the column D, after the column cosme, and 
of the column D, between the tangents and cotangents. The 
column D, between the tangents and cotangents, answers 
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to either of these columnB ; since of the same arc, the log. 
tang. + log. cotang=:20. Therefore, havinff two arcs, a and &, 
log. tang 6+ log. cotang fr=log. tang a+Tog. cotang a ; or, 
log. tang ^log. tang a=log. cotang a — log. cotang b. 

rfow, if it were required to find the logarithmic sine of an 
arc expressed in degrees, minutes, and seconds, we have only 
to find the degrees and minutes as before ; then multiply the 
corresponding tabular number by the seconds, cut off two placet 
to the right hand for decimals, and then add the product to the 
number first found, for the sine of the given arc. Thus^ if we 
wish the sine of 40^ 26' 28-'. 

The sine 40° 26' .... 9.811962 - 

Tabular difference = 247 

Number of seconds = 28 

Product =z 69.16, to be added = 69.16 



Gives for the sine of 40° 26' 28" = 9.812021.16 

The tangent of an arc, in which there are seconds, is found 
in a manner entirely similar. In regard to the cosine and co« 
tangent, it must be remembered, that they increase while the 
arcs decrease, and decrease while the arcs are increased, con* 
sequently, the proportional numbers found for the seconds most 
be subtracted, not added. 

Ex. To find the cosine 3° 40' 40". 

Cosine 3° 40' 9.999110 

Tabular difference = 13 

Number of seconds = 40 

Product = 6.20, which being subtracted = 5.20 
Gives for the cosine of 3° 40^ 40" 9.999104.80 



^ CASE II. 

To find the degrees, minutes, and seconds answering to any given 
logarithmic sine, cosine, tangent, or cotangent. 

Search in the table, and in the proper column, until the num- 
ber be found ; the degrees are shown either at the top or bot- 
tom of the page, and the minutes in the side columns, either at 
the left or right. But if the number cannot be exactly found in 
the table, take the degrees and minutes answering to the nearest 
less logarithm, the logarithm itself, and also the corresponding 
tabular difference. S'ubtract the logarithm taken, &om the 
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giTen logarithm, annex two ciphers, and then divide the re- 
mainder by the tabular difierence ;. the quotient is seconds, and 
is to be connected \yith the degrees and minutes before found ; 
to be added for the sine and tangent, and subtracted for the 
cosine and cotangent 

Ex. I. To find the arc answering to the sine 9.880054 
Sine 49"^ 20', next less in the table, 9.879963 



Tab. Diiar. 181)9100(50" 

Hence the arc 49** 20' 50" corresponds to the given sine 
9.880054, 
Ex. 2. To find the arc corresponding to cotang. 10.008688. 

Cptang 44'' 26', next less in the table 10.008591 

Tab. Diffi 421)9700(23" 

Hence, 44"* 26'— 23"=44° 25' 37" is the arc correspondmg 
to the given cotangent 10.008688. 



PRINCIPLES FOR THE SOLUTION OF RECTILINEAL TRI- 
ANGLES. 

THEOREM I^ 

In every right angled triangle^ radius is to the sine of either 
of the acute angles, as the hypothenuse to the opposite side . 
and radius is to the cosine of either of the acute angles^ as 
the hypothenuse to the adjacent side. 

Let ABC be the proposed tri- 
angle, right-angled at A: from 
the point C as a centre, with a 
radius CD equal to the radius of 
the tables, describe the arc DE, 
which will measure the angle C ; 
on CD let fall the perpendicular 
EF, which will be the sine of the 
angle C, and CF vrill be its co- 
sine. The triangles CBA, CEF, are similar, and give the pro- 
portion, 

CE : EF : : CB : BA : hence 

R : sinC : : BC : BA. 
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Bat we alfo have, 

CE : CF J 
R : cosC 



Cor. 



CB : 
; CB 



CA : hence 
CA. 



If the radius R=l, we shall have, 
AB=CB sin C, and CA=CB cos C. 
Hence, in every right angled triangle, the perpendicular is eqrial 
to the hypothenuse muUiplied by ii^ sifie of the angk at the hose ; 
and the base is equal to the hypothenuse mvMpKedby the cosine 
of the angle at the base ; the radius being equal to unity. A^ 



THEOREM II. 

In every right angled triangle^ radius is to the tangent of ex- 
ther of the acute angles^ as the side adjacent to the side op- 
posite. 

Let CAB be the proposed tri* 
anffle. 

With any radius, as CD, de- 
scribe the arc D£, and draw the 
tangent DG. 

From the similar triangles 
CD6, CAB, we shall have, 

CD : DG : : CA : AB : hence, 
R : tang C : : C A : AB. 

Cor. I. If the radius R=l, 

AB=CA tang C. 
Hence, the perpendicular of a right angled triangle is equal to 
the base muUiplied by the tangent of the angle at the base, the 
radius being unity. * 

Cor. 2. Since the tangent of an arc is equal to the cotangent 
ot its complement (Art. YL), the cotangent of B may be sub- 
stituted in the proportion for tang C, which will give 

R:cotB::CA:AB. ^ 




THEOREM in. 

In every rectilineal triangle^ the sines of the angles are to each 
other as the opposite sides. 
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Let ABC be the prooosed triangle ; AD 
the perpendicular, let fall from the vertex A 
on the opposite side BC : there may be two 
cases. 

First If the perpendicular falls within 
the triangle ABC, the right-angled triangles 
ABD, ACD, will give, 

R:BinB::AB:AD. 
R ; sin C : : AC : AD. 
In these two propositions, the extremes are equal ; hence, 
sin C : sin B : : AB : AC. 

Secondiji. If the perpendicular falls j^ 
without the triangle . ABC, the right- 
angled triangles ^D, ACD, will still 
give the proportions, 

R : sin ABD : : AB : AD, _^ 

R:sinC ::AC:AD; ^ 

from which we derive 

sin C : sin ABD : : AB : AC. 

But the angle ABD is the supplement of ABC, or B ; hence 
sin ABD = sin B ; hence lye still have 

sui C : sin B : : AB : AC. 




THEOREM IV. . . 

In every rectilineal triangle^ the cosine of either of the angles is 
equal to radius multiplied by the sum of the squares of the sides 
adjacent to the angle, minus the square of the side opposite^ 
divided by twice the rectangle of the adjacent sides. 

Let ABC be a triangle : then will 

^ ^ ABHBC«-AC« A 

^^^ °= ^ 2ABxBC. 

First. If the perpendicular falls within 
the triangle, we shall have AC^z=AB*H- 




BC^— 2BCxBD(Book IV. Prop. XII.); B 

. ^p, AB^+BC*— AC^ T, , . ,u • u* , J . 1 
hence BD= ^^ . But m the right-angled tnangle 

ABD, we have 

R : cos B : : AB : BD ; 
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RxBD 
hence, cos B= ^ , or by sabBtitutiog tfie value of BD» 

_ „ Ay+BC— AC 
*^°=^^ ^ABxBC 

Secondly. If the perpendicular falls 
without the triangle, we shall have 
AC«=AB2+BC24-2BCxBD; heope 
^^ AC*— AB«— EC? 

^^== 2BC • 

But in the right-angled triangle BAD, ..^^ — — -^ 

RxSD D B C 

we still have cos ABD=— ^^ ; and the angle JLBD being 

supplemental to ABC, or B, we have ^ 

■Q Aur. RxBD 

COS B= — cos'ABD= — ■ j^^ • 

hence by substituting the value of BD, we shall again have 

^ „ ABHBC*— AC^ 
cosB=Rx ^^^^^ . 

Scholium. Let A, B, C, be the three angles of any triangle ; 
a, bf c, the sides respectively opposite them : by the theorem, 

we shall have cos B=^R x — 5 . And the same prinoq>le, 

when applied to each of the other two angles, will, in like man- 

ner give cos A=R x — ^ ^ and cos C=R x — ^-t — . 

Either of these formolas may readily be reduced to one in which 
the computation can be made by logarithms. 

Recurring to the formula R^ — R cos A=^sin* J A (Art. 
XXIII.), or 28in^JA=R® — ^RcosA, and substituting for cosA, 
we shall have 

" 2bc ""• ^ 2ic 

= R«^^=^)Wx(?±1^4M£l±>. Hence 
2oc 2bc 

siahA^n^{ttt=f^±£=^), 

For the sake of brevity, put 

^(a+b+c)=p, or a+b+c=2pi we have a+6-T<^=2|i — ^2c, 

a+ c— i=2p — 2b ; hence 

siniA=RVffc^^^^=^^X 
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THEOREM V. 

In every rectilineal triangle^ the Hum of two sides is to their diffe* 
rence as the tangent of half the $ttm of the angles opposite these 
sideSf to the tangent of ha^ their difference. 

For, AB : BC : : sin G : «in A (Theo- 
rem Itt). Hence, AB+BC : AB— BC 

,:;sin C+sin A:sin G— Sin A. But 

sinC + sin A: sin C— sin A : : tang—- — : 
XXIV.) ; hence, 

AB— BC : : tang ^±^ : tang ^=^, wWch is 

the property we had to demonstrate. 

With the aid of these five theorems we can solve all the 
cases of rectilineal trigonometry. 

Scholium* The required part should always be found from 
the given parts ; so that if an error is made in any part of the 
work, it may Aot affect the correctness of that which follows. 



SOLUTION OF RECTILINEAL TRIANGLES BY MEANS OF 
I LOGARITHMS. 

It has already been remarked, that in order to abridge the 
calculations which are necessary to find the unknown parts of 
a triangle, we use the logarithms of the parts^ instead of the 
parts themselves. 

Since the addition of logarithms answers to the multiplica- 
tion of their corresponding numbers, and their subtraction to 
the division of their numbers ; it follows, that the logarithm of 
the fourth term of a proportion will be equal to the sum of 
the logarithms of the second and third terms, diminished by 
the logarithm of the first term. 

Instead, however, of subtracting the logarithm of the first 
term from the sum of the logarithms of the second and third 
terms, it is more convenient to use the arithmetical complement 
of the first term. 

The arithmetical complement of a logarithm is the number 
which remains afler subtracting the logarithm from 10. Thus 
10—9.274687=0.725313: hence, 0.725313 is the arithmetical 
complement of 9^374087. Digitized by v^OOg le 
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^ It is now to be shown that, tJie difference between two loga- 
rithms is truly founds by adding to the first logarithm the arith- 
metical complement of the logarithm to be subtracted^ and dimin- 
ishing their sum by 10. 

Let a = the first logarithm. 

& = the logarithm to be subtracted. 

c = 10 — t=the arithmetical complement of 6. 

Now, the difference between the two logarithms will be 
expressed by a — b. But from the equation c=10 — 6, we have 
c — 10= — b : hence if we substitute for — b its value, we shall 
have 

a — b=a+c — 10, 
which agrees with the enunciation. 

When we wish the arithmetical complement of a logarithm, 
we may write it directly from the tables, by subtracting the 
left hand figure from 9, then proceeding to the right, subtract 
eacli figure from 9, till we reach the last significant figure, which 
must be taken from 10 : this will be the same as taking the 
logarithm from 10. 



Ex. 


From 3.274107 take 2.104729. 






Common method. 




By ar.-comp. 




3.274107 




3.274107 




2.104729 


ar.-comp 


. 7.895271 



Diff. 1.169378 sum 1.169378 after re- 

jecting the 10. 

We therefore have, for all the proportions of trigonometry, 
the following 



RULE. 



Add together Hie arithmetical complement of the logarithm of the 
the first term, the logarithm of the secovA term^ and the Loga- 
rithm of the third term, and their sum after rejecting 10, will 
be the logarithm of the fourth term. And if any expression 
occurs in which the arithmetical complement is twice usedy 20 

' must be rejected from the sum. 
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SOLUTION OF RIGHT ANGLED TRIANGLES. 

Let A be the right angle of the proposed 
fight angled triangle, B and C the other two 
angles ; let a be the hypothenuse, h the side 
opposite' the angle B, c the side opposite the 
angle C. Here we mu^t consider that the ^'^ c" 
two angles C and B are complements of each other ; and that 
consequently, according to the different cases, wb are entitled 
to assume sin C=cos B, sin B=cos C^ and likewise tang B= 
cot G; .tang C=r cot B. This being fixed, the unknown parts 
of a right angled triangle may be found by the fkst two theo- 
rems ; or if two of the sides are given, by means of the pro- 
perty, that the sqtiare of the hypothehuse is equal to the sum 
of the squares of the other two sides. 

EXAMPLES. 

Ex. 1. In the right angled triangle BCA, there are given the 
hypothenuse a==250, and the side 6=240 ; required the oth^r 
pai:ts. 

R : sin B : : a : 6 (Theorem L). 
or, a,: 6 : : R : sinB. 

When Ipgarithms ar6 used, it is most convenient to write tlie 
proportion thus, 

As hyp. a - 250 - ar.-comp. log. - 7.602060 

To side 6 - 240 . - . - ^ - . . 2.380211 

So is R - ---.-...-.- 10.000000 

To sin B - 73° 44' 23" (after rejecting 10) 9.982271 

But the angle C=90«— B=90°— 73° 44' 23"=16° 15' 37". 
or, C nught be found by the proportion, 

As hyp. a - 250 - ar.-comp. log. - 7.002060 

to side 6 - 240 2.380211 

So is R 10.000000 

TorosC - 16° 15' 37" 9.982271 

To find the side c, we say, i 

As R - - ar. comp. log. - 0.000000 

To tang. C 16° 15' 37" .... 9.464889 

So is side J 240 - - - - 2.880211 

To side c 70.0003 . ;; - - L846100 
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Or the Bide c might be found from the equation 

Fw, c«==tf«— 6*=(a+ 6) X (a—*) : 

hence, 2 log. c=log. (a + ft) + log. (a — 6), or 

log. c=Jlog. (a+b) + Jlog. (a—*) 
a-fi*=260 + 240«490 log. 2.690196 
a— 6=»250— '240=10 - - 1.000000 

2 ) 3.690196 
Log. c 70 1.845098 

Ex. 2. In the right angled triangle BCA, there are given, 
fiadeb=384yard8; and the angle B=53'' 8' : required the other 
parts. 

To find the third side c. 
R : tang B : : c : ft (Theorem II.) 
or, tangB : R : : ft : c. Hence, 

As tang B 63° 8' ar.-comp. log. 9.875010 

Is to R 10.000000 

So is side ft 384 2.584331 

To side c 287.965 .... 2.45934 1 

Note, When the logarithm whose arithmetical complement 
is to be used, exceeds 10, take tlie arithmetical complement 
with reference to 20 and reject 20 fron: the sum. 

To find the hypothenuse a. 
R : sin B : : a : ft (Theorem L). Hence, 

As sin B 53° 8' ar. comp. log. 0.096892 

IstoR 10.000000 

Soiswde6384 .... 2.584331 

To hyp. tf 479.98 - *- - 2.681223 

Ex. 3. In the right angled triangle BAG, there are given, f 
side c==195, angle B==47° 55', 
required the other parts. 

Am. Angle 0=42° 05', a=290.963, ft«=215.937. 



SOLUTION OF RECTILINEAL TRIANGLES IN GENERAL. 

Let A, B, C be the three angles of a proposed rectilineal tri 
angle ; a, ft, c, the sides which are respectively opposite ^hem ; 
the different problems which may occur in determminfi; three of 
these quantities .by means of the other three, will alfbe redu* 
oible to the four following cases. , r^r^^.^ 
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CASE I. 

Given a side and two angles of a trianglef to find the remaining 

parts. 

First, subtract the sum of the two angles from two right an- 
gles, the remainder will be the third angle. The remaining 
sides can then be found by Theorem III. - •.. . 

1. Iii the triangle ABC, there are given the angle A =58° 07', 
the angle B=22° 3T, and the side c=;^40S yards: required the. 
remaining angle and the two other sides. 

To the angle A - - • ; - - =68° OT 
Add the angle B - - - ' - - =22° 37' 

Their sum =80° 44' 

taken from 180° leaves the angle C - =99° 16'. 

This angle being greater than 90° its sine is found by taking 
that of 'its supplement 80° 44'. 

To find the side a. 

As sine C 99° 16' ar.-comp. log. 0.005705 
Is to sine A 58° 07' - - - - 9.928972 
So is side c 408 2.610^60 

So side a. 351.024 .... 2.545367 

4 

To find the side ft. 

As sine C 99° 16' ar.-comp. log. 0.005705 

Is to sine B 22° 37' - - - - 9.584968 

So is side c 408 - - - - - 2.610660 

To side ft 158.976 - - - • 2.201333 » 

2. In a triangle ABC, there are given the angle A =38° 25' 
B=57° 42', and the side c=400 : required the remaining 
parts. 

Ans. Angle C=:=83° 53', side tf=249.974, side 5=340.04. , . 

CASE II. 

Given two sides of a triangle^ and an angle opposite one of themg 
to find the third side and the two remaining angles^ 



i* 
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1. In the triangle ABC, there 
are given side AC =216, BC= 
117, and the angle A=22** 37', 
to find the remaining parts. 

Describe the triangles ACB, 
ACS', as in Prob. XI. Book III. 

Then find the angle B by 
Theorem III. 

As side B'C or BC 117 ar.-comp. log. 7.931814 

Is to side AC 216 2.334454 

So is sine A 22° 37' ; 9.584968 

To sine B' 45° 1 3' 65" or ABC 1 34° 46' Oft' 9.85123G 

Add to each A 22° 37' 00 '^ 22°3rW 

Take their sum 67° 50' 55' 157°23'0&" 

Prom 180° 00' 00'' 180° 00' 00" 

Rem. 



ACB' 1 12° 09' 05" ACB=22° 36' 55" 
To find the side AB or AB'. 



As sine A 22° 37' ar. 

Is to sine ACB' 1 12° 09' 05" 
So is side B'C 117 

To side AB' 281.785 



comp. log. 



0.41503l^ 
9.96670a 
2.068186 
2.449918 



The ambiguity in this, and similar examples, arises in con- 
sequence of the first p»'oportion being true for both the trian* 
fles ACB, ACB'. As long as the two triangles exist, the am- 
iguity will continue. But if the side CB, opposite the given 
angle, be greater than AC, the arc BB' will cut th6 line ABB', 
on the same side of the point A, byt in one point, and then 
there will be but one triangle answering the conditions. 

If the side CB be equal to the perpendicular Cd, the arc 
BB' will be tangent to ABB', and in this case also, there will 
be but one triangle. When CB is less than the perpendicular 
Cd, the arc BB' will not intersect the base ABB', and in that 
case there will be no triangle, or the conditions arc impossible. 

2. Given two sides of a triangle 50 and 40 respectively, aiid 
the angle opposite the latter equal to 32° : required the remain* 
ing parts of t!ie triangle. 

Ans. If the angle opposite the side 50 be acute, it is equal 
to 41° 28' 59", the third angle is then equal to 106° 31' 01", and 
the third side to 72.368. If the angle opposite the side 50 be 
obtuse, it is equal to 138^ 31' 01", the thurd angle to 9° 28' 69", 
and the remaining side to 12.^436^ 
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CASE III. 

Given two sides of a tridngk, with their included angk, to find 
the third side and the two remaining angles. 

Let ABC be a triangle, B the given 
an^le, and c and a the given sides. 

Knowing the angle B, we shall lilce- 
wise know the sum of the other two an- 
gles C -f A^180° — B, and their half sura 
J(C+A)=90— ^B. We shaU next il fr 'c 

compute the half difference of these two angles by the propor 
tion (Theorem V*), 

c+a : c — a : : tang J (C+A) or cot^ B : tang } (C — ^A,) 

in which we consider c>a and consequently C > A. Having 
found the half difference, by adding it /to the half sum 
^ (C+A), we shall have the greater angle C ; and by subtract- 
ing it from the half-sum, we shall have the smaller angle A. 
For, C and A being any two quantities, we have always, 

Cz=:A(C+A)+i(C— A) 
A:=J(CH-A)^(C-A). 

Knowing the angles C and A to find the third side i, we have 
the proportion. 

sin A : sin B : : a : 6 

Ex. L In the triangle ABC, let a=450,c=540, and the in- 
cluded angle Bzz: 80® : required the remaining parts. 
c+(i=:990,c— a=90, 180°— B=100®=C+A, 

As c+a 990 ar.-comp. log. 7.004365 

Is toe— a 90 - ' - - - - r.954243 

Soistangi(C+A)50° - - - 10.0';6187 

To tang J (C— A) 6° 1 1' - - - 9.034795 

Hence, 50°+6° ir=56° ll'=C; and 50°^-6° ir=43'^ 49' 

s=A. 

To find the third side 6. 

As sine A 43^49' ar.-comp. log. 0.159672 

Is to sine B 80° 9.993351 

So is side a 450 - - - - 2J653213 

To side 6 640.082 - - -. - 2.806236 
Ex. 2. Given two sides of a plane triangle, 1686 and 960, 
and their included angle 128° 04': required the other parts. 

Ans. Angles, 33° 34' 39', 18° 21' 21", side 2400. 
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CASE lY. 
Crtven the three sides of a triangkf to find the angles* 
We have from Theorem IV. the formula, 

p represents the half sum of the three sides. Hence, 
8i„«iA=R'(^2=^^), or 

2 log. sin JA=2 log. R+log. {p — 6)+ log. (p — c) — ^log. c— 
log. h. 

Ex. 1. In a triangle ABC, let 6=40, c=34, and a— 26 < 
required the angles. 

40 + 34 + 25 
Here j9= ^ :=49.5,|7 — ft=9.6, and p — c=15.5. 

2 Log. R 20.000000 

log. {p—b) 9.5 0.977724 

log. (p-^) 15.5 - - - - - 1.190332 

-3og. c 34 ar.-comp. - - 8.468521 

—log. 6 40 ar.-comp. - - 8.397940 

2 log. sin i A 19.034517 

log. sin J A 19° 12' 39" - - - 9'5 17258 

Angle A=38° 25' 18". 

In a similar m&nner "we find the angle B=83° 53' 18" and 
the angle C=57° 41' 24". 

Ex. 2. What are the angles of a plane triangle whose sides 
are, a=60, 6=50, and c=40? 

Ans. 4r 24' 34", 55° 46' 16" and 82° 49' 10". ^ 

APPLICATIONS. 

Suppose the height of a building AB were required, the 
foot of it being accessible. 



Digitized by 



Googk 



PLANE TRIGONOMETRY 



249 



On the ground which we 
rjppose to be horizontal or very 
nearly so, measure a base AD, 
neither very great nor very 
small in comparison with the 
altitude AB ; then at D place 
the foot of the circle, or what- 
ever be the instrument^ with 
which we are to measure the 

angle BCE formed by the hori- 

zontal line CE parallel to AD, A I> 

and by the visual ray direct it to the summit of the building. 
Suppose we 'find AD or CE=:67.84 yards, and the angle 
BCE=4lo 04' : in order to find BE, we shall have to solve 
the right angled triangle BCE, in which the angle C and the 
adjacent side CE are known. 




To find the side EB. 



AsR 



ar.-comp. 



0.000000 



Is to tang. C 4r 04' 9.940183 

So is EC 67.84 1.831486 



ToEB 



69.111 1.771669 



Hence, EB=59.111 yards. To EB add the height of the 
instrument, which we will suppose to be 1.12 yards, we shall 
then have the required height AB=60.231 yards. 

If, in the same triangle BCE it were required to find the 
hypothenuse, form the proportion 

As cos C 41° 04' ar.-comp. - - log. 0.122660 

IstoR 10.000000 

SoisCE 67.84 1.831486 

To CB 89.98 1.954146 

Note. If only the summit B of the building or place whose 
height is required were visible, we should determine the dis- 
tance CE by the method shown in the following example ; 
this distance and the given angle BCE are suflScient for solv- 
ing the right angled triangle BCE, whose side, increased by 
the height of the instrunwnt, will be the height required. 
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2. To find upon the ground 
the distance of the point A 
from an inaccessible object 
B, we must measure a biise 
AD, and the two adjacent 
angles BAD, ADB. Sup- 
pose we have found AD== 
588.45 yards, BAD=103° 
55' 55", and BDA= 36^04' ; 
we shall thence get the third 
angle ABD=40° 05", and to 
obtain AB, we shall form the 
proportion 




As sine ABD 40^ 05" 
Is to sin BDA 36° 04' 
So is AD 588.45 

To AB - . 538.943 



ar.-comp. - log. 



0.191920 
9.769913 
2.769710 



2.731543 



If for another inaccessible object C, we have found the an- 
gles CAD=35° 15', ADC=119^ 32', we shall in like manner 
find the distance AC = 1201.744 yards. 

3. To find the distance between two inaccessible objects B 
and C, wc determine AB and AC as in the last example ; we 
shall, at the same time, have the included angle BAC=:BAD — 
DAC. Suppose AB has been found equal to 538.818 yards, 
AC = 1201.744 yards, and the angle BAC=68°^ 40' 55"; to 
get BC, we must resolve the triangle BAC, in which are know 4 
two sides and the included angle. 

AsAC+AB 1740.562 ar.-comp. log.- 6.759311 

Is to AC— AB 662.926 2.821465 

B4-C 
So is tang.— ^ 55° 39' 32" '- - . • -10.165449 



To tang. 



B— C 



29° 08' 19" - 9.74G225 



Hence - - 
But wc have 



B— C 



2 

B+C 

2 



=29° 08' 19" 



a«55° 39' 32" 



Hence B =84° 47' 61" 

and C =26° 31' 13" 



Digitized by 



Googk 



PLANE TRIGONOMETRY. 251 

Now, to find the distance BC make the proportion, 

As sine B 84° 47' 61" ar.-comp. - log. - 0.001793 

Is to sine A 68° 40' 55 ' .... ^ - - 9.969218 

. So is AC 1201.744 ........ 3.079811 

To BC 1124.145 3.050822 

4. Wanting to know the distance between two inaccessible 
objects wbich lie in a direct line from the bottom of a tower 
of 120 ibet in height, the angles of depression are measured, 
and found to be, of the nearest, 57° ; of the most remote, 
25° 30' : required the distance between them. 

Ans. 173.650 feet. 

5. In order to find the distanpe between two trees, A and 
B, which could not be directly measured because of a pool 
which occupied the intermediate space, the distance of a third 
point C from each, was measured, viz. CA=588 feet and CB 
=672 feet, and also the contained angle ACB=55° 40': requi\ - 
red the distance AB. * \ 

Ans. 592.967 feet. 

6. Being on a horizontal plane, and wanting to ascertain 
the height of a tower, standmg on the top of an inaccessible 
hillf there were measured, the angle of elevation of the top ol 
the hill 40^, and of the top of die tower 51° : then measuring 
in a direct line 180 feet farther from the hill, the angle of ele- 
vation of the top of the tower was 33° 45' : required the height 
of the tower. \ 

Ans. 83.9983 feet. 

7. Wanting to know the horizontal distance between two 
inaccessible objects A and B, and not finding any station from 
which both of them could be seen, two points C and D, were 
chosen, at a distance from each other equal to 200 yards, from 
the former of which A could be seen, and from the latter B, 
and at each of the points C and D a staflF was set up. From 
C a distance CF was measured, not in the direction DC, equal 
to 200 yards, and from D, a distance DE equal to 200 yards, 
and the following angles were taken, viz. AFC=83° ACF= 
64° 31', ACD=53° 30, BDC=156° 25', BDE=54° 30', and 
BED=88° 30' : required the distance AB. 

Ans. 345.46 yards. 

8. From a station P there can be seen three objects. A, B 
and C, whose distances fi'om each other are known, viz. ABas 
800, AC=600, and BC=400 yards. There are also measured 
the horizontal angles,' A?C=33° 45', BPC=22° 30'. It is re- 

Juured, from these data, to determine the three distances PA, 
€ and PB. 
Ans. PA=710.193, PC=1042.522, PB«934,291 yards. ^ 

r 
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SPHERICAL TRIGONOMETRY. 

I. It has already been shovTn that a spherical triangle is 
fonned by the arcs of three great circles intersecting each other 
on the surface of a sphere, (Book IX. Def. 1). Hence, every 
spherical trian^e has six parts : the sides and three angles. 

Sphericcd Triganametry explains the methoAEi of determin- 
ing, by calculation, the unknown sides and angles of a sphen- 
cu- triangle when any three of the six parts are given. 

II. Any two parts of a spherical triangle are said to be of ' 
the same species whep they are both less or both greater than 
90° ; and they are of different species when one is less and the 
other greater than 90°. 

III. Let ABC be a spherical 
triangle, and O the centre of the 
sphere. Let the sides of the tri- 
angle be designated by letters 
corresponding to their opposite 
angles : that is, the side opposite 
the angle A by a, the side oppo- 
site B by2»,and the side opposite 
C by c. . Then the angle COB 
will be repjresented by a, the an- 

fle COA by b and the angle 
iOA by v. The angles of the 
spherical triangle will be equal to the angles included between 
the planes wliich determine its sides (Book IX. Prop. VI.). 

Froni any point A, of the edge OA, draw AD perpendicular 
to the plane COB. From D draw DH perpendicular to OB, 
and DK perpendicular to OC ; and draw AH and AK : the 
last lines will be respectively perpendicular to OB and OC, 
(Book VI. Prop. VI.) 

The anglQ DHA will bo equal to the angle B of the spheri- 
cal triangle, and the angle DKA to the angle C. 

The two right angled triangles OKA, ADKl, will give the 
proportions 

R : sin AOK : : OA : AK, or, Rx AK=OA sin 6. 
R : sin AKD :: AK : AD, or, Rx AD=AK sin C. 

Hence, R^ x AD = AO sin b sin C, by substituting for AK its 
value taken from the first equation. 
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In like manner the triangles AHO, ADH, right angled at 
H and D, give 

R :' sin c : : AO : AH, or Rx AH=AO sin c 
R : sin B : : AH : AD, or Rx AD=AH sin B. 
Hence, R* x AD= AO sin c sin B. 

Equating this with the value of R^ x AD, before found, and di- 
viding by AO, %e , have. 

. , . ^ . . • sin C sin c . . 
sm sm C=sin c siii B, or -: — o ="^ — r ( ^ ) 

siij Jd sm 6 ^ ' 

or, sin B : sin C : : sin 5 : sin c that is. 

The sine^ of the angles of a spherical triangle are to each 

other as the sines of their opposite sides. 
» 

IV. From K draw KE perpendicular to OB, and from D draw 
DF parallel to OB. Then will the angle DKF=COB=a, 
since each is the complement of the angle EKO. 

In the right angled triangle OAH, we have 

R : cos c : : OA : OH ; hence 

AO cos c=R X OH=R x OE+R-DF. 

In the right-angled triangle OELB 

R : cos a : : OK : OE, or RxOEz=OK cos a. 
But in the right angled triangle OKA 

R : cos 6 : : OA : OK:, or, Rx OK=OA cos h. 

TT T> nn rkA COS a cos h 
Hence R x OE = O A. g 

In the right-angled triangle KFD 

R : sin a : KD : DF, or RxDF=KD sin a. 

But in the right angled triangles OAK, ADK, we have 
R : sin 2^ : : OA : AK, or Rx AK=OA sin h 
R : cos K : AK : KD, or RxKD=AK cos C 

, ^^ OA sin h cos C _ 
hence KD= ^ , and 

„ _,- OA sin a sin J cos C , 
RxDF= gg : therefore 

-. . OA cos a cos & . AO sin a sin ft cos C 
OA cos c= g + ^ ^ or 

R' cos c=R cos a cos ft+sin a sfai ft cos G 
Y 
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Similar^ equations may be deduced for each of the other 
sides. Hence, generally, 

R' cos a=R cos b cos c+sin b sin c cos A. ^ 

R' cos b=R cos a cos c+sin a sin c cos B. > (2.) 

Rs cos c=R cos b cos a+sin b sin a cos C. ; 

That is, radius sqiiare into the cosine of either side of a spheri- 
cal triangle is equal to radius into the rectangle of the cosirtes of 
the two other sides plus the rectangle of the sines of those sides 
ifUo the cosine of their included angle.^ 

V. Each of the formulas designated (2) involves the three 
sides of the triangle together with one of the angles. These 
formulas are used to determine the angles when the three sides 
are known. It is necessary, however, to put them under an- 
other form to adapt them to logarithmic computation. 

Taking the first equation, we have 

. R' cos a — ^R cos b cos c 

cos A= . , . 

sm sm c 

Adding R to each member, we have 

R^ cos a+R sin fe sin c — ^R cos b cos c 



R+cos A=- 



sin b sin c 



But, R+cos A=?-^^^^ (Art. XXIIL), and 

K sin 6 sm c — ^R cos fc cos c= — R^ cos(&+c) (Art. XIX.) # 

, 2 cos^^A R^ (cos a — cos (& + <:)) 

neuce. • •*% ■"■ —— • i • z^z 

K sm 6 sm c 

sm 6 sm c ^ 

Putting s^a+b+Cf we shall have 

j«=j(a+6+c) and is — a=i(b+c — a) : hence 



cos i A=Rv/ ^'"i^^>f'"/^^-^> 
** ^ sm 6 sm c 

^ ein /? cin /» 



sm a sm c 



Y (8-) 



cosiO=Rv/'MU)i^ 
^ ▼ sm a sm o 



sin a sin ft 
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Had we subtracted each member of the first equatioii fiom 
R, instead of adding, we should, by making similar reductions 
have found 



sm 



sm 



sm 



}A=R V . r . 



1 C-R V ^^" ^^^"^^"^^ sin JK^+c-^") 

3 ain n a'ln h 



r(4) 



sin a sin ft 
Putting s=a+b+c, we shall have 

J5— a== J(6+c— fl), Js— 6=J (a+c— 6), and Js— c=J(a+i-<) 
hence, 



sin ^A=R4V 8i" (^^— c) sin (^s— fe) 
sin ft sin c 



sm ^R=R4^/ sir(^^ sin ft5-^ 






sin a sin c 



▼ flin // lain h ^ 



sin a sin ft 



(6.) 



VI. We may deduce the value of the side of a trian^ in 
terms of the three angles by applying equations (4.), to 
the polar triangle. Thus, if «', ft', c\ A', B', C', represent the 
sides and angles of the polar triangle, we shall have 

A=180°-^, B=180°— ft', C=180«— </ ; 
a=180^— A', ft=180^— B', and c=180^— C' 

(Book IX. Prop. VII.) : hence, omitting the ', since the equa- 
tions are applicable to any triangle, we shall have 



cos JU=R.. Ao« \ (A+B-C) cos \ (A+C-B) 



sin B sin C 



cos 



cos 



\ ft=:R4, Aq« \ (AH-B— C) cos \ (B-hC— A) 
sin A sin C 



>(«.) 



\ c=R»^/ cog \ (A+C— B) cos \ (B+C— A) ^ 
nn A sin B. 
32 
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Putting S=A+B+C, we shall have 

iS— A=J(C+B— A),iS— B=HA+C— B) and 
. JS— C=J(A+B— C), hence 



C06 \a=R\/ ^ (JS-C) cos (jS-B) 
sin B sin C 



cos ife=R^ <^Q» (jS— C) cos gS— A) 
sin A sin C 



> (V 



W'cos (iS-B) COS as— A) 

cosic=RV . . . p 

siu A sm B 

VII. If we apply equations (2.) to the polar triangle, we 
shall have 

— ^R' cos A'=R cos B' cos C — sin B' sin C cos a\ 

Or, omitting the ', since the equation is applicable to any tri- 
angle, we have the three symmetrical equations, 



R'.cos A=sin B sin C cos a — R cos B cos C 
R'.cos B=sin A sin C cos b — ^R cos A cos C ^ (8.) 
R'.cos C=sin A sin B cos c — R cos A cos B 



MS.) 



That is, radius square into the cosine of either angle of a sphe' 
rical triangk, is equal to the rectangle of the sines oftlie two other 
angles into the cosine of their included side^ minus radius into the 
rectangle of their cosines, 

VIIL All the formulas necessary for the solution of spheri- 
cal triangles, may be deduced from equations marked (2.). If 
we substitute for cos 6 in the third equation, its value taken 
from the second, and substitute for cos^ a its value R^ — sin* a, 
and then divide by the common factor R.sin a, we shall have 

R.C0S c sin a=sin c cos a cos B + R.sin b cos C. 

-n ^ .. /, \ • . , sin B sin c 

But equation (1.) gives sm b= . ^ ■> ; 

^ ° sm C 

hence, by substitution, 

-o -D , Ti sm B COS C sin c 

R cos c sin a=sm c cos a cos B-f R. : — 7^ 

sin C 

Dividmg by sin c, we have 

D cos c . .„ . T^ sin B cos C 
R -T — sm a=cos a cos B+R : — j^ — . 

sm c sin C 
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But, ^J^ (Art XVIL). 

sin R /c ■ 

Therefore, cot c sin fl=cos a cos B+cot C sin B. 

Hence, we may write the three symmetrical equations, 

cot a sin fe=cos b cos C+cot A sin C \ 
cot b sin c=:cos c cos A+cot B sin A > (9.) 
cot c sin a=:coi a cos B+cot C sin B / 

That is, in every spfierical triangle, the cotangent of one of the 
sides into the sine of a second side, is equal to the cosine of tie se^ 
cond side into the cosine of the included angle, plus the cotangent 
of the an^le opposite the first side into the sine of the included 
angle. | ' 

IX. We shall terminate these formulas by demonstrating 
Napier's Analogies, which serve to simplify several cases in the 
4Bolution of spherical triangles. 

If from the first equations (2.) cos c be eliminated, there will 
result^ after a little reduction, 

R cos A sin c=R cos a sin b — cos C sin a cos 6. 

By a simple permutation, this gives 

R cos B sin c=R cos b sin a-*-co% C sin b cos a. 

Hence by adding these two equations, and reducing, we dball 
have 

sin c (cos A+cos B)=(R — cos C) sin {a+b) 

^ . sin c sin a sin ft , „ , 

But smce :ir rJ=rir-r =;rr-ft> we shall have 
am O sm A sm 15 

sin c (sin A+sin B)=sin C (sin a+sin b), and 

sin c (sin A — sin B)=sin C (sin a — sin 6). 

Dividing these two equations successively by the preceding 

one ; we shall have 

sin A+sin B_ sinC sin g + sin b 
cos A+cos B^R — cos C ' sin (a+fc) 
sin A — sin B sin C sin a — sin 6 
cos A+cos B""!! — cos C * sin {fl+b 
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And reducing these by the formulas in Articles XXIIL and 
XXIV.» there will result 

tangi(A+B)=cotJC.H2iii?z| 
^'^ ^ co8j(a+6) 

tangi(A-B)=cot*C.t"47^- 
®*^ ' - Sin J (a 4-6) 

Hence, two irides a and h with the included angle C beii/g 
given, the two other angles A aiid B may be found by the 
analogies, 

cosJ(a+i) : cos J (a — V) : : cot JC : tangJ(A+B) 
sin J^ (tf+fe) : sin \ {a — h) : : cot J C : tang J^ (A — ^B). 

If these same analogies are applied to the polar triangle of 
ABC,we shall have toput 180°— A', 180°— B', 180°— a', 180°- 6', 
180° — c', instead of a, 6, A, B, C, respectively; and for the result, 
we shall have after omitting the ', these two analogies, 

cosJ^(A+B) : cosi(A — B) : : tangle : tang^(fiK+6) 
8inJ(A+B) : sin J (A — B) : : tangle : tang J (a — 6), 
by means of which, when a side c and the two adjacent angles 
A and B are given, we are enabled to find the twp other sides 
a and h. These four J)roportions are known by the name of 
Napier's Analogies. 

X. In the case in which th^re are given two sides and an 
angle opposite one of them, there will in general be two solu- 
tions corresponding to the two results in Case II. of rectilineal 
triangles. It is also plain that tlis ambiguity will extend itselt 
to the corresponding case of the polar triangle, that is, to the 
case in which there are given tv^v angles and a side opposite 
one of them. In every case we sl.all avoid all false solutions 
by recollecting, 

1st. That every angle, and every side of a spherical triangle 
tslessthfinlSO''. 

2d. That the greater angle lies opposite the greater side, and 
the least angle opposite the least side, and reciprocally. 



NAPIER'S CIRCULAR PARTS. 

XL Besides the analogies of Niapier already demonstrated, 
tliat Geometer also invented rules for the solution of all the 
cases of right angled spherical triangles. 
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In every right angled spherical 
triangle BAG, there are six parts : 
three sides and three angles. If 
we omit the consideration of the 
right angle, which is always 
known, there will be five remain- 
ing parts, two of which must 
be given before the others can 
be determined. 

The circular parts, as they are called, are the two sidesc and ft, 
about the right angle, the complements of the oblique angles B 
and C, and the complement of the hypothenuse a. Hence there 
are five circular parts. The right angle A not being a circular 
part, is supposed riot to separate the circular parts c and 6, so 
that these parts are considered as adjacent to each other. 

If any two parts of the triangle be given, their comcsponding 
circular parts will also be known, and these together with a 
required part, will make three parts under consideration. Now, 
these three parts will all lie together, or one of them will be sepa- 
rated from both of the others. For example, if B and c were 
given,* and a required, the three parts considered would He 
together. But if B and C were given, and b required, the parts 
would not lie together ; for, B would be separated from C by 
the part a, and from b by the part c. In either case B is the 
middle part. Hence, when there are three of the circular parts 
under consideration, the middle jMrt is that one of them to which 
both of the others are adjacent, or from which both of them are 
separated. In the former case the parts are said to fee adjacent, 
and in the latter case the parts are said to be opposite. 

This being premised, we are now to prove the following 
rules for the solution of right angled spherical triangles, which 
it must be remembered apply to the circular parts, as already 
defined. 

1st. Radius into the sine of the middle part is equal to the rect- 
angle of the tangents of the adjacent parts. 

' 2d. Radius into the sine of the middle part is equal to the rect- 
angle of the cosines, of the opposite parts. 

These rules are proved by assuming each of the five circu- 
lar parts, in succession, as the nKddle part, and by taking the 
extremes first opposite, then adjacent.' Having thus fixed the 
three parts which are to be considered, take that one of the 
general equations for oblique angled triangles, which shall con* 
tain the three corresponding parts of the triangle, t(^ether with 
the right angle : then make A =90*^, and afler making the reduc-- 
tions corresponding to this supposition, the resulting equation 
will prove the rule for that particular case. 
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Fo/ exaivtple, let comp. a be the middle part and the ex 
tremes opposite. The equation to be applied in this case must 
contain a, i, c, and A. The first of equations (2.) contains these 
four quantities : hence 

R* cos a=R cos h cos c+sin h sin c cos A. 

If A=9()° cos A=0 ; hence 

R cos a=cos h cos c ; 

that is, radius into the sine of the middle part, (which is the 
complement of a,) is equal to the rectangle of the cosines of the 
opposite parts. 

Suppose now that the complement C 

of a were the middle part and the ex- 
tremes adjacent. The equation to be 
applied must contain the four quan- 
tities ay B, C, and A. It is the first 
of equations (8.), ^ 

R^ cos A=sin B sin C cos a — ^R cos B cos C. 
Making A =90°, we have 

sin B sin C cos a=R cos B cos C, or 
R cos a=c'ot B cot C ; 
that is, radius into the sine of the middle part is equal to the 
rectangle of the tangent of the complement of B into the tan- 
gent of the complement of C, that is, to the rectangle of the 
tangents of the adjacent circular parts. 

Let us now take the comp. B, for the middle part and the 
extremes opposite. The two other parts under consideration 
will then be the perpendicular h and the angle C. The equation 
to be applied must contain the four parts A, B, C, and i : it is the 
second of equations (8.), 

R^ cos B=sin A sin C cos h — ^R cos A cos C. 

Making A = 90°, we have, after dividing by R, 

R cos B=sin C cos &. 

Let comp. B be still the middle part and the extremes adja^ 
cent. The equation to be applied must then contain the fou; 
four parts a, B, c, and A. It is similar to equations (9.), 

cot a sin c=cos c cos B + cot A sin B 
But if A=90°, cot A=0 ; hence, 

cot a sin c=rcos c cos B ; o^ 
R cos B=cot a tang & 
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And by pursuing the same method of demonstration when each 
circular part is made the middle part, we obtain the five fol^ 
lowing equations, which embrace all the cases, 

R cos a=cos b cos c=cot B cot C^ 
R cos B=cos 6 sin C = cot a tang c 
R cos C=cos c sin B=cot a tang b > (I^-) 
R sin b=8in a sin B=tang c cot C 
*R sin c=sinasinC=tang&cotB> 

We see from these equations that, if the middle part is required' 
we must begin the proportion with radius ; and when one of the 
extremes is required we must begin the proportion with the other 
extreme. 

We also conclude, from the first of the equations, that when 
the hypothenuse is less than 90°, the sides b and c will be of the same 
species, and also that the angles B and C will likewise be of the 
same species. When a is greater than 90°, the sides b and c will 
be of different species, and the same will be true of the angles B 
and C. We also see from the two last equations that a side and 
its opposite angle will always be of the same species. 

These properties are proved by considering the algebraic 
signs which have been attributed to the trigonometrical lines, 
and by remembering that the two members of an equation must 
always have the same algebraic sign. \^ 



SOLUTION OF RIGHT ANGLED SPHERICAL TRIANGLES BY 
LOGARITHMS. 

It i^ to be observed, that when any element is discovered in 
the form of its sine only, there may be two values for this ele- 
ment, and consequently two triangles that will satisfy the ques- 
tion ; because, the same sine which corresponds to an angle or 
an arc, corresponds likewise to its supplement. This will not 
take place, when the unknown quantity is determined by means 
of its cosine, its tangent, or cotangent In all these cases, the 
sign will enable us to decide whether the element in question is 
less or greater than 90® ; the element will be less than 90°, if its 
cosine, tangent, ix cotangent, has the sign + ; it will be greater 
if one of these quantities has the sign — . 

In order to discover the species of the required element of 
the triangle, we shall annex the minus sign to the logarithms ot 
all the elements whose cosines, tangents, or cotangents, are 
negative. Then by recollecting that the product of the' two 
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extremes has the same sign as that of the means, we can at once 
determine the sign which is to be given to the required elemem» 
and then its species will be known. 

EXAMFLES. 

1. In the ri^t angled spherical tri- 
angle BAC, right angled at A, there 
are given a=64'=' 40' and 6=42° 12' : 
required the remaining parts. 

First to find the side c. B - 

. The hypothenuse a corresponds to the middle part, and the 
extremes are opposite : hence 

R cos a = cos 6 cos c, or 

As cos h 42° 12' ar.-comp. log. 0.130296 

Is to R . - . . - - 10.000000 

So is cos a 64'' 40' • - - - 9.631326 

Tocos c 54° 43' 07" - - - 9.761622 

To find the angle B. 

The side h will be the middle part and the extremes oppo- 
site : hence 

R sin &=cos (comp. a) x cos (comp. B)=sin a sin B. 

As sin a 64° 40' ar.-comp. log. 0.043911 
Is to sin h 42° 12' - - - ? 9.827189 
Sois R 10.000000 

To sin B 48° 00' 14" .... 9.871100 

To find the angle C. 

The angle C is the middle part and the extremes adjacent 
lence 

R cos C=cot a tang h. 

ar.-comp. log. 0.000000 

9.675237 

. - - - 9.957485 

. . . - 9.632722 

S. la a right angled triangle BAG, there are given the hy« 
pothenuse a= 105° 34', and the angle B=80° 40' : required the . 
nanuuning parts. f 



As R 


. 


Is to cot a 


64° 40' 


So is tang h 


42" 12' 


To cos C 


64° 84' 46" 
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To find the angle C. 

The hypothenuse will be the middle part and the extremes 
adjacent : hence, 

R cos a=cot B cot C. 

Ascot B 80° 40' ar.-comp. log. 0.784220+ • 

Is to cos a 105° 34' . - - • 9.428717— 

So is R - - - . . 10.000000 -h 

To cot C 148° 30' 54" - - - 10.212937— ' 

Since the cotangent of C is negatiye the anele C is greater 
than 90°, and is the supplement of the arc whi<m would corres 
pond to the cotangent, if it were positive. 

Tq find the side c. 
The angle B will correspond to the middle part, and th<l 
Extremes will be adjacent : hence, 

R cos B=cot a tang c. 

Ascot a 105° 34' ar.-comp. log. 0.555053— 

Is to R 10.000000 + 

So is cos B 80° 40^ - - - - 9.209992 + 
To tang c 149° 47' 36" - - - * 9/765045— 

To find the side h. 

The side h will be the middle part and the extremes oppo 
site: hence, 

Rsini=8inasinB. 

As R - ar. comp. log. • 0.000000 

To sin a 105° 34' - - - - 9.983770 

So is sin B 80° 40' .... 9.994212 

To sin h 71°54' 33" .... 9.977982 



OF QUADRANTAL TRIANGLES. 

A quadrantal spherical triangle is oqe which has one of its 
■ides equal to 90°. 

Let BAG be a .quadrantal triangle 
in which the side a=90°. If we pass 
to the corresponding polar triangle, 
we shall have A' = 180°— a =90°, B'== 
180°—*, C =180°— c, a'=i=180°— A, 
V- 180°— B,c'=: 180°— C; from which 
we see, that the polar triangle will be 
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right angled at A', and hence every case may be referred to 
a right angled triangle. 

But we can solve the quadrantal triangle by means of the 
right angled triangle in a manner still more simple. 

In the quadrantal triangle BAG, 
in which BC =90°, produce the side 
CA till CD is equaho 9(P, and con- 
ceive the arc of a great circle to be 
drawn through B and D. Then C 
will be the pole of the arc BD, and 
the angle C will be measured by 
BD (Book IX. Prop. VI.), and the 
angles CBD and D will be right an- 
gles. Now before, the remaining 
Earts of the quadrantal triangle can 
e found, at lelist two parts must be given in'' addition to the 
side BC=90'^ ; in which case two parts of the right ansled tri- 
angle BDA, together with the right angle, become Known. 
Hence the conditions which enable us to determine one of these 
triangles, will enable us also to determine the other. 

3. In the quadrantal triangle BCA, there are given CB=90^ 
the angle C=42° 12', and die angle A=115° 20' : required the 
remaining parts. 

Having produced CA to D, making CD =90° and drawn the 
arc BD, there will then be given in the right angled triangle 
BAD, the side a=C=42° 12', and the angle BAD=180°— 
BAC = 180^-^1 15° 20'=64°40',to find the remaining parts. 

To find the side d. 

The side a will be the middle part, and the extremes oppo-> 
site : hence, 

R sin a=sin A sin d. 



As sin A 
Is to R 
So is sin a 
To sin d 



64° 40' 



ar.-comp. log. 



42° 12' 
48° 00' 14" 



0.043911 

10.000000 

9.827189 

9.871100 



To find the angle B. 

The angle A will correspond to the middle part, and the ex* 
tremes will be opposite : hence 

R cos A=sin B cos a. 

As cos a 42° 12' ar.-comp. log. 

Isto R 

So is cos A 64° 40' . . . • 

To sin B 35° 16' 53' ... 



0.130296 

10.000000 

9.631326 



9.761633 
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To find the side b. 

The side b will be the middle part, and the extremea adja-' 
cent : hence, 

'R sin 6=cot A tang a. 

As R - ar.-comp. log. 0.000000 

Is to cot A 64^40' - . ^- - 9.675237 

Soistanga :42M2' - , - - 9.957485 

To sin fe 25° 25' 14" ^;.- - - 9.632722 

Hence, CA=90°-T-i=90°1^25° 25' 14" =64° 34' 46" 

CBA=9Q^^ABD=90°— 35° 16' 53"=:54° 43* 07" 
BA=d . ... - =:48°00'15^ 



4. In the right angled triangle BAC, right angled at A, there 
are given a=ll5° 25', and c=60° 59' : required the remaining 
parts. 

/ B— 148° 56' 45*^ 
Ans. J C= 75°30'33'' 'f' 

i 6 =152° 13' 50". 

I 5. In the right angled spherical triangle BAC, right angled 
at A, there are givep e=116° 30' 43", and 6=29° 41' 32" : re- 
\qaired the remaining parts. 

( C=103° 52' 46'' 

^715. J B= 32° 30' 22'^ 

(a =112° 48' 58". 

6. In a quadrantal triangle, there are given the quadrantal 
side =90°, an adjacent side =115° 09', and the included angle 
= 1 15° 55' : required the remaining parts. 

side, 113° 18' 19'^ 



^'^' 1 angles ill7'33'52^ 
jangles, |ioi°40'07". 



; 



SOLUTION OF OBLIQUE ANGLED TRIANGLES BY LOGARITHMS. 

There are six cases which occur in the solution of oblique 
angled spherical triangles. 

1. Havipg given two sides, and an angle opposite one of 
them. 

2. Having given two angles, and a side opposite one of 
them. * 

3. Having given the three sides of a triangle, to find tht 
«0gles. 
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266 SPHERICAL TRIGONOMETRY. 

4. Having given the tliree angles of a triangle, to find the 
sides. 

5. Having given two sides and the included angle. 

6. Having given two angles and the included side. 



CASE I. 

Cfiven two stdes^ and an angle opposite one ofthem, to find the re 
maining parts. 

For this case we employ equation (1.) ; 

As sin a : sin & : : sin A : sin B. 

Ex. 1. Given the side a =44^ 
13' 45", 6=84° 14' 29" and, the 
angle A=32'' 26' 07" : required 
the remaining parts. 

To find the angle B. 

As sin a 44° 13' 45" ar.-comp. 

Is to sin h 84° 14' 29" 

So is sin A 32° 26' 07" - 

To sin B 49° 54' 38" or sin B' 130° 5' 22" 9.883685 

Since the sine of an arc is the same as the sine of its supple • 
ment, there will be two angles corresponding to the logarithmic 
sine 9.883685 and these angles will be supplements of each 
other. It does not follow however that both of them will satisfy 
all the other conditions of the question. If they do, there will 
be two triangles ACB', ACB ; if not, there will be but one. 

To determine the circumstances under which this ambiguity 
arises, we will consider the 2d of equations (2.). 

R^ cos 5=R cos a cos c+sin a sin c cos B. 

from which we obtain 

_ R^ cos h — ^R cos a cos e 

cos B= : i . 

sm a sm c 

Now if cos h be greater than cos a, we shall have 

R^ cos 6>R cos a cos c, 

et the sign of the second member of the equation will depend 
M that of cos b. Hence cos B and cos b will have the same 
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SPHERICAL TRIGONOMETRY. 2G7 

sign, or B and b will be of the same species, and there will be 
but one triangle. 

But when cos 6>cos a, sin fe<sin a : hence, 

If the sine of the side opposite the required angle be less than 
the sine of the other given side, there will be but one triangle. 

If however, sin 6>sin a, the cos b will be less than cos a, 
and it is plain that such a value may then be given to c as to 
render 

R^ cos 6<R cos a cos c, 

or the sign of the second member may be made to depend on 
cos c. 

We can therefore give such values to c as to satisfy the two 
equations 

_ R^ cos b — ^R cos a cos c 
+COS B=— 



— cos B= 



sm a sm c 



sin a sm c 

Rence, if the sine oftlieside opposite the required angle be 
greater than the sine of the other given side, there will be two tri" 
angles which will fulfil the given conditions. 

Let us, however, consider the triangle ACB, in which we are 
yet to find the base AB and the angle C. We can find these 
parts most readily by dividing the triangle into two right angled 
triangles. Draw the arc CD perpendicular to the base AB : 
then in each of the triangles there will be given the hypothe- 
nuse and the angle at the base. And generally, when it is 
proposed to solve an oblique angled triangle by means of the 
right angled triangle, we must so draw the perpendicular that 
it shall pass through the extremity of a given side^ and lie oppo* 
site to a given angle. 

To find the angle C, in the triangle ACD. 

As cot A 320 26' 07" ar.-comp. log. 9.803105 

Is to R 10.000000 

So is cos b 84° 14' 29" - - - 9.001465 

To cot ACD 86° 21' 09" - - - 8.804570 

To find the angle C in the triangle DCB, 

Ascot B 49° 54' 38" ar.-comp. log. 0.074910 

Is to R 10.000000 

So is cos a 44° 13' 45" - - - 98553 50 

To cot DCB 49° 35' 38" - - - 9.930060 

Hence ACB=:135o 56' 47'^ 
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268 SPHERICAL TRIGONOMETRY. 

To find the side AB. 

As sin A 32° 26' 07" ar.-comp. log. 0.270555 

Is to sin C 135° 56' 47" - - - 9.842191 

So is sin a 44° 13' 45" - - - 9.843563 

To sin c 115° 16' 29'' -. - - 9.956309 

The arc 64° 43' 31", which corresponds to sin c is not the 
value of the side AB : for the side AB must be greater than h 
since it lies opposite to a greater angle. But 6=84° 14' 29" : 
hence the side AB must be the supplement of 64° 43'. 31", or 
115° 16' 29". 

Ex. 2. Given 6=91° 03' 25", a=40° 36' 37", and A=35° 57' 
15": required the remaining parts, when the obtuse angle B is 
tidcen. 

B= 115° 35' 41" 

^715. JC= 58° 30' 57" 

70° 58' 52" 



CASE U. 



(B=l 



Having given two angles and a side opposite one ofthenii to find 
the remaining parts. 

For this case, we employ the equation (1.) 
sin A : sin B : : sin a : sin 6. 

Ex. 1. In a spherical triangle ABC, there are given the angle 
A=50° 12', B=58° 8', and the side a=62° 42' ; to find the re- 
maining parts. 

To find the side h. 

As sin A 50° 12' ar.-comp. log. 0.114478 
Is to sin B 58° 08' ... - 9.929050 
So is sin a 62° 42' - . - . 9.948715 



To sin h 79° 12' 10", or 100° 47' 50" 9.992243 

We see here, as in the last example, that there are two arcs 
corresponding to the 4th term of the proportion, and these arcs 
are supplements of each other, since they have the same sine. 
It does'not follow, however, that both of them will satisfy all 
the conditions of the question. If they do, there will be two 
triangles ; if not, there wiU be but one. 
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To determine when there are two triangles, and also when 
there is but one, let us consider the second of equations (8.) 

R2 cos B=sin A sin C cos b — R cos A cos^C, which gives 

, R^cosB+Rcos AcosC 

cos 6= ■' A — = — TJ . 

. sin A sin O 

Now, if cos B be greater than cos A we shall have 

W cos B>R cos A cos C, 

and hence the sign of the second member of the equation will 
depend on that of cos B, and consequently cos b and cos B will 
' have the same algebraic sign, or b and B will be of the same 
species. ' But when cos B>cos A the sin B<sin A : hence 

If the sine of the angle opposite the required side be kss than 
the sine of the other given angle, there will be but one solution. 

If, however, sin B>sin A, the cos B will be less than coS A, 
and it is plain tliat such a value may then be given to cos C, as 
to render 

it^cos B<R cos A cos C, 

or the sign of the second member of the equation may be made 
to depend on cos C. We can therefore give such values to C 
as to satisfy the two equations 

, W cos B +R cos A <:os C 

-f cos b= -. — 7 — r—pi , and 

sin A sjn C 

R^ cos B +R cos A cos C 

——cos 6= r — 7 — ; — ■;^ ' :, 

sm A sin O 

Hence, if ike sine oflhe angle opposite the required side be 
greater than the sine of the other given angle there will be two 
solutions. 

Let us first suppose the side b to be less than 90°, or equal 
to 79° 12' 10". 

If now, we let fall from the angle C a perpendicular on the 
base BA, the triangle will be divided into two right angled tri- 
angles, in each of which there will be two parts known beside* 
the right angle. 

Calculating the parts by Napier's rules we find, 

C=130^ 54' 26" 
c=119°03'26". 
If w« take the side ft=100° 4r 50", we shall find 

C=r=156^ 15' 04" 
.«inal52° 14' 18". 

Z • 
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Ex. 2. In a spherical triangle ABC there are given A=10y 
69' 67", B=46° 18' 7", and a=42^ 8' 48" ; required the remain- 
ing parts. 

There will but one triangle, since sin B<sin A. 

/ b =30^ 
Ans. )C=36°r54" 
/ c =24° 3' 56''. 



CASE III. 

Having given the three sides of a spherical triangle to find the 

angles. 



For this case we use equations (3.). 



cosjA=RV sin6sin^ 

Ex. 1. In ^n oblique angled spherical triangle there are 
given a=66° 40', 6=83° 13' and c=114° 30'; required the 
angles. 

i{a+h^c)=^s =127° 11' 30" 
l(b+c—ay^^s—a)=70\Sr 30". 

Log sin J5 127° 11' 30^. - . - 9.901250 

log sin (^5— a) 70° 31' 30" ^ - - 9.974413 

—log sin b 83° 13' ar^comp. 0.003051* 

—log sin c 114° 30' ar.-(iQmp. 0.040977 

Sum -\ - 19.919691 

Half sum =log cos J A 24° 15', 39" - ' ^ 9,959845 

Hence, angle A=48° 31' 18". 

The addition of twice the logarithm of radius, or 20, to the 
numerator of the quantity under the radical just cancels the 20 
which is to be subtracted on account of the arithmetical com- 
plements, iO that the 20, in both cases, may be omitted. 
Applying the same formulas to the angles B and C, we find, 

B= 62° 56' 46" 
C = 125° 19' 02". 
Ex. 2. In a spherical triangle there are given a=z40° 18' 29^*, 
6=fl7\14' 28", and c=89° 47' 6" : required tlie three angles. 

iA= 34° 22' 18" 
B= 53° 36' 16" 
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CASE IV. 



Having given the three angles of a spherical triangk^ to find the 
three sides. 

For this case we employ equations (7.) 



/cos(JS-B)cos(iS-C) 

cosia=RV Ti ' n • 

sin 1> sin O 

Ex. 1. In a spherical triangle ABC there are given A =48® 
30', B=125° 20', and C=62° 54' ; required the sides. 

KA+B + C)=iS= 118^22' 



(iS-A) . 


= 69° 52' 




(iS— B) 


=_ 6° 58' 


* 


as-c) - 


= 55° 29' 


» 


Log cos (iS B) 6^58' 


• 


9.996782 


log cos (iS— C) 55^28' 
—log sin B 125° 20' 


, - 


9.753495 


ar.-comp. 


0.088415 


—log sin C 62° 54' 


ar^rcomp. 


0.050506 


Sum - - - - 


- 


19.889198 


Half sum=log cos iA=28° 


19' 48" 


9.944599 


Hence, side a =56° 


39' 36". 




In a similar manner we find 


t 






&= 


1140 29' 58" 




C=: 


83° 12' 06". 



Ex. 2. In a spherical triangle ABC, there are given A= 109^ 
55' 42", B=116o 38' 33", and C=120o 43' 37" ; required the 
tluree sides. 

( a= 98° 21' 40" 

Ans. ) 6=109° 50' 22" 

/c = 115® 13^26". 



CASE V. 

Having given in a spherical triangle^ two sides and tlteir in« 
eluded angle, to find the remaining parts. 
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278 SPHERICAL TRIGONOMETRY. 

For this case Ve employ the two first of Napier's Analogies 
cos i(a+6) : cos i{a — b) : : cot ^C : tang i(A+B) 
sin i{a+b) : sin ^o-^) : : cot ^C : tang i(A— B). 

Having found the half sum and the half diflFerence of the 
angles A and B, the angles themselves become known ; for, the 
greater angle is equal to the half sum plus the half difference, 
and the lesser is equal to the half sum minus the half diffe- 
rence. 

The greater angle is then to be placed opposite the greater 
side. The remaining side of the triangle can then be found by 
Case II. 



Ex. 1. In a spherical triangle ABC, there are given a=68° 
46' 2", 6=37° 10', and C=39° 23' ; to find the remaining parts 
J(a+6)=52° 58' 1", i(a— ft) = 15o 48' 1", ^C = 19°41' 30". 
As cos A(a+i)52°58' 1" log. ar.-comp. O.220210 
Is to cos i((Z— 6) 15°48' 1" - - - 9.983271 
So is cot ^C 19° 41' 30" - - - 10.446254 
Totangi(A + B) 77° 22' 25" . . . 10.649735 

As sin i.(a +6) 52° S8' 1" log. ar.-comp. 0.097840 

Is to sin -^(a— ft) 15° 48' 1" - . - 9.4350ie 

So is cot ^C 19° 41' 30" - - - 10.446^4 

Totangi(A— B)43°3r21" - - . 9.979110* 

Hence, A~77° 22' 25"+43° 37' 21"=120° 59' 46" 
B=;i77° 22' 25"— 43° 37' 21"= 33° 45' 04" 
side c . - . . -_ 430 37/ 3.7//^ 

Ex. 2. In a spherical triangle ABC, there are given 5=83° 
19' 42", c=23° 27' 46", the contained angle A=20° 39' 48"; 
to find the remaining parts. 

( B=156° 30' 16" 
J C= 9° 11^48" 
/ a = 61° 32' 12". 



CASE VI. 

In a spherical triangle, having given two angks and the included 
fide to find the re?naining parts. 
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For this case we employ the second of Napier^s Analogies, 
cos J(A+B) : cos J(A— B) : : tangjc : tang}(a+&) 
sin J(A+B) : sm J (A— B) : : tang Jc : tang J(a— J). 

From which a and b are found as in the last case. The re 
maining angle can then be found by Case I. 

Ex. 1. In a spherical triangle ABC, there are given A=81° 
&8' 20", B=70° 9' 38", c=59° 16' 23" ; to find the remaining 
parts. 

i(A+B)=75« 53' 59", J(A— B)=5M4'2r', Jc=29*» 38' 11" 

As cos i(A-fB) 76^ 53' 59" log. ar.-comp. 0.613287 

Tocos i(A— B) 5M4'21" >. - - 9.997818 

. So is tang Jc 29° 38' 11" - - 9.755051 

To tang i(a + J) 66M2'52r' - - 10.366156 

As sin i(A+B) 75° 53' 59" log. ar.-comp. 0.013286 
To sin |(A— B) 5° 14' 21" - • 9.000000 

So is tang ^c 29° 38' 11" - - 9.755051 

To tang i(«— *) 3° 21' 25" - - 8.768337 

«.» "* 

Hence a=66« 42' 52N-3° 21' 25" =70° 04' 17" 

&=66° 42' 52"— 3° 21' 25"=63° 21' 27" 

• angle C - - - =64° 46' 33". 

Ex. 2. In a spherical triangle ABC, there are given A=34° 
15' 3", B=42° 15' 13", and 0=76° 35' 36" ; to find the remain- 
ing parts. 

(a =40° 0' 10" 

Ans. ) b =50° 10' 30" 

(C=58°23'41". 
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MENSURATION OF SURFACES. 

The area, or content of a surface, is determined by finding 
how many times it contains some other surface which is as- 
sumed as the unit of measure. Thus, when we say that a 
square yard contains 9 square feet, we should understand that 
one square foot is taken for the unit of measure, and that this 
unit is contained 9 times in the square yard. 

The most convenient unit of measure for a surface, is a 
square whose side is the Unear unit in which the hnear dimen- 
sions of the figure are estimated. Thus, if the linear dimen- 
sions are feet, it will be most convenient to express the area in 
square feet ; if the linear dimensions are yards, it will be most 
convenient to express the area in square yards, &c. 

We have already seen (Book IV. Prop. IV. Sch.), that the 
term, rectangle or product of two lines, designates the rectan- 
gle constructed on the lines as sides ; and that the numericial 
value of this product expresses the number of times which the 
rectangle contains its unit of measure. 

PROBLEM I. 

To find the area of a square, a rectangle, or a parallelogram.^ 

Rule. — Multiply the base by the altitude^ and the product will 
be the area (Book IV. Prop. V.). 

1. To find the area of a parallelogram, the base being 12.25 
and the altitude 8.5. Ans. 104.125. 

2. What is the area of a square whose side is 204.3 feet? 

Ans. 41738.49 sq.ft. 

3. What is the content, in square yards, of a rectangle whose 
base is 66.3 feet, and altitude 33.3 feet? Ans. 245.31. 

4. To find the area of a rectangular board, whose length is 
121 feet, and breadth 9 inches. Ans. 9f sq.ft. 

5. To find the number of square yards of painting in a par- 
aflelogram, whose base is S7 feet, wid altitude 5 teet 3 inches. 

Ans. 21^. 
PROBLEM II. 

To find the area of a triangle. 

CASE I. 

When the base and altitude are given. 

Rule. — Multiply the base by the altitude^ and take half the 
product. Or, multiply one of these dimensions by half the 
other (Book IV. Prop. VI.). 
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1. To find the area of a triangle, whose base is 625 and alti- 
tude 520 feet. Arts. 162500 sq.ft. 

2. To find the number of square yards in a triangle, whose 
base is 40 and altitude 30 feet. Ans. 66|. 

3. To find the number of square yards in a triangle, whose 
base is 49 and altitude 26J feet. Am. 68.7361 



CASK 11 

.When two sides and their included angle are given. 

V 

Rule. — Add together the logarithms of the two sides and tlie 
logarithmic sine of their included angle ; from this sum sub- 
tract the logarithm of the radius, which is 10, and the remain- 
der will be the logarithm of double the area of the triangle. 
Find, from the table, the number answering to this logarithm, 
and divide it by 2; the quotient will be the required area. 

Let BAC be a triangle, in which there : a 
are given BA, BC, and the included an- 
gleS 

From the vertex A draw AD, perpen- 
dicular to the base BC, and represent the 
area of the triangle by Q. Then, " " 

R : sin B : : BA : AD (Trig. Th. I.) : 

hence, AD=?^l2i^!L§. 

R 

But, Q^BCXAD ^^y. jy Pj.^p yj j . 

hence, by substituting for AD its value, we have 

^j. 20 -_^C X BA X sin B 




Q_ BCxBAxsinB 



2R - jj 

Taking the logarithms of both numbers, we have 
log. 2Q=log. BC+log. BA+log. sin B— log. R ; 
which proves the rule as enunciated. 



1. What is the area of a triangle whose sides are, BC= 
125.81, BA=^7.65, and the included angle B=57° 25'? 

' +log. FC 125.81 .... 2.099715 
+ log. BA 57.65.... 1.760799 
+ log. sin B 5T 25' ... . 9.925626 
— log. R . —10. 



Then, log. 2Q= 



log. 2Q . 3.786140 

and 2Q=6111.4, or Q=3055.7, the required area. 
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. 2. What is the area of a triangle whose sides are 30 and 40, 
and their included angle 28° 67' ? Ans. 290.427. 

3. What is the number of square yards in a triangle of which 
the sides are 25 feet and 21.25 feet, and their included angle 
45°? Ans. 20.8694. 

CASE IIL 
When the three sides are known. 

Rule. — 1. Add the three sides together^ and take half their sum. 

2. From this half-sum subtract each side separately. 

3. Multiply together the half sum and each of the three re- 
mainders, and the product will be the square of the area of 
Uie triangle. Then, extract the square root of this product, 
for the required area. 

Or, After having obtained tlie three remainders, add together the 
logarithm of the half sum and the logarithms of the respective 
remainders, and divide tfieir sum by 2: the quotient will he 
the logarithm of the area. 

Let ABC be the given triangle. aC 

Take CD equal to the side CB, and /j\ 

draw DB; draw AE parallel to DB, ij \ \ 

meeting CB produced, in E: then y'' /X-fX 
CE will be equal to CA. Draw / y- -;;/'|r;;.^^ 

CFG perpendicular to AE and DB, / If/ ''/f^ 
and it will bisect them at the points \ yjy^ \ • 

G and F. Draw FHI parallel to £v::l/£. ^1/.. 

AB, meeting CA in H, and EA pro- '" '.{J^ ,-- ''^^ 

duced, in I. Lastly, with the cen- IC ' 

tre H and radius HF, describe the circumference of a circle, 
meeting CA produced in K: this circumference will pass 
through I, because AI=FBz=FD, therefore, HF=HI ; and it 
will also pass through the point G, because FGI is a right 
angle. 

Now, since HA=HD, CH is equal to half the sum of the 
sides CA, CB; that is, CH=iCA+iCB; and since HK is 
equal to iIF=iAB, it follows that 

CK=iAC+iCB+lAB=iS, 
by representing the sum of the sides by S. 
Again, HK=HI=iIF=iAB, or KL=AB. 
Hence, CL=CK— KL=iS— AB, 
and AK=CK-CA=iS— CA, 
and AL=DK=CK— CD=iS— CB. 
, Now, AGx CG=: the area of the triangle ACE, 
wd AG X FG= the area of the triangle ABE : 

therefore! AG x CF=: the area of the triangle ACB. 



% 
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Also, by similar triangles, 

AG : CG : : DF : CF, or AI : CF; 

therefore, AG x CF= triangle ACB=CG x DF=CG x AI ; 

consequently, AG x CF x CG x AI= square of the area ACB. 

But CGx CF==CKx CL=iS(iS— AB), 
and AG x AI = AK x AL= (iS— CA) x (iS— CB) ; 

therefore, AG xCFxCGxAI =iSaS— AB)x(iS— CA)x 
(^S — CB), which is equal to the square of the area of the 
triangle ACB. 

1. To find the area of a triangle whose three sides are 20, 
30, and 40. 

20 45 45 45half.snm. 

30 20 30 40 

40 ' — — — 

— 25 1st rem. 15 2d rem. 5 3d rem. 

2)90 

45 half-sum. 

Then, 45x25x15x5=84375. • 
The square root of which is 290.4737, the required area. 

2. How many square yards of plastering are there in a tri- 
angle whose sides are 30, 40, and 50 feet 7 Ans. 66f • 

PROBLEM III. 
To find the area of a trapezoid. 

Rule. — Add together the two parallel sides : then multiply their 
sum by the altitude of the trapezoid, and ha^ Ae product unll 
be the required area (Book IV. Prop. VII.). 

1. In a trapezoid the parallel sides* are 750 and 1225, and 
the perpendicular distance between them is 1540 ; what is the 
area? Ans. 152075. i« 

2. How many square feet are contained in a plank, whose 
length is 12 feet 6 inches, the breadth at the gi*eater end 15 
inches, and at the less end 11 inches? Ans, 13}f sq.ft. 

8. How many square yards are there in a trapezoid, whose 
parallel sides are 240 feet, 320 feet, and altitude 66 feet ? 

Ans. 2053^. 

PROBLEM IV. 
To find the area of a quadrilateral 

RvLE,— ^otn two of the angles by a diagonal, dividing the quad- 
rilateral into two triangles. Then, from each of the othm 
i angles let fall a perpendicular on the diagonal : then muUipbf 

A a 
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the diagonal by half the sum of tlie two perpendiculars, and 
the product mil be the area. 

1. What is the area of the quad- 
rilateral ABCD, the diagonal AC 
being 42, and the perpendiculars 
J)g,m, equal to 18 and 16 feet? 
Ans. 714. 



2. How many square yards of paving are there in the quad* 
rilateral whose diagonal is 65 feet, and the two perpendiculars 
let fall on it 28 and 33} feet ? Ans. 222tV 

PROBLEM V. 
To find the area of an irregular polygon. 

RuLS. — Draw diagonals dividing the proposed polygon into 
trapezoid^ and triangles. Then find the areas of these 
figures separately , and add them together for the content of 
the whole polygon^ 

1. Let it be required to determine 
}he content of the polygon ABCDE, 
having five sides. 

Let us suppose that we have mea- 
sured the diagonals and perpendicu- 
lars, and found AC=36.21, EC= 
39.11, B6=4, Dd=7.26, Aa=4.18, required the area. 

Ans. 296.1292. 

• PROBLEM VL 

To find the area of a long and irregular figure, bounded on 
one side by a right line. 

Rule. — 1. At tlie extremities of the right line measure the per* 
pendicular breadths of the figure, and do the same at several 
intermediate points, at equal distances from each other. 

2. Add togetlier the intermediate breaths and half the sum of 
the extreme ones : then multiply this sum by one of the equal 
parts of the base line : the product will be the required area, 
very nearly. 

Let AEea be an irregular figure, hav- 
ing for its base the right line A£. At 
the points A, B, C, D, and E, equally 
distant from each other, erect the per- 
pendiculars Aa, Bb, Cc« D(2, Ee, to the 
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base line AE, and designate them respectively by the letters 
Of bf Cf dy and e. 

Then, the area of the trapezoid KSba=^—-^ x AB, 

6-l-c 
the area of the trapezoid BCcfe=— — x BC, 

u»^.or^.„P»«-,aci,^4.ci>, 

and the area of the trapezoid DEei= xDE ; 

hence, their sum, or the area of the whole figm*e, is equal to 
/a+6 ft+c c-\-d d-\-e\ .^ 

since AB, BC, &c. are equal to each other. But tins sum is 
also equal to 

/|.+i+c+d+l.)xAB, 
which corresponds with the enunciation of the rule. 

1. The breadths of an irregular figure at five equidistant 
places being 8.2, 7.4, 9.2, 10.2, and 8.6, and the length of the 
tmse 40, required the area. 

8.2 4)40 

8.6 — . 



2(16.8 



10 one of the equal parts. 



8.4 mean of the extremes. 

7.4 35.2 sum. 

9.2 10 

10.2 

352=area. 

35.2 sum. 



2. The length of an irregular figure being 84, and the 
breadths at six equidistant places 17.4, 20.6, 14.2, 16.5, 20.1, 
and 24.4; what is the area? Ans. 1550.64. 

PROBLEM VII. 

To find the area of a regular polygon. 

Rule I. — Multiply half the perimeter of the polygon by the 
avoiheniy or perpendicular let fall from the centre on one of 
the suks^ and the product will be the area required (Book Y • 
Prop. IX.). 
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RgMABK I. — ^The following is the manner of dctermimng 
the perpendicular when only one side and the number of sides 
of the re^lar polygon are known : — 

First, divide 300 degrees by the number of sides of the poly- 
gon, and the quotient will be the angle at the centre ; that is, 
the angle subtended by one of the equal sides. Divide this 
angle by 2, and half the angle at the centre will then be known. 

Now, the line drawn from the centre to an angle of the 
polygon, the perpendicular let fall on one of the equal sides, 
nnA half this side, form a right-ansled tridngle, in which there 
are^ known, the base, which is half the equal side of the poly- 
gon, and the angle at the vertex. Hence, the perpendicular 
can be determined. 

L To find the area <^ a regular hexa- 
gon, whose sides are 20 feet each. 

6)300° 

60°=ACB, the angle at the centre. 

SO^'^ACD, half the angle at the centre 

Also, CAD=90°— ACD=60°; and AD=10. 

Then, as sin ACD . . . 30"", ar. comp 0.301030 

; sin CAD ... 00° 0.987531 

•: AD 10 1.000000 

: CD . . . 17.3205 1.238561 

Perimeter =120, and half the perimeter =60. 
Then, 60 x 17.3205=1039.23, the area. 

9* What is the area of an octagon whose side is 20 7 
V;,^ -An*. 1931.36886. 




RsMABK IL — ^The area Of a regular polygon of any number 
of sides is easily calculated by the above nue. Let the areas 
of the regular polygons whose sides are unity, or 1, be calcu- 
lated and arranged m the following 
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TABLE. 



Names, 


Sides. 


Areas. 


Triangle ^ . . 


. 3 . . . 


0.4330127 


Square . • • 


. 4 . . 


. 1,0000000 


Pentagon . . • 


. 5 . . 


1.7204774 


Hexagon • . • 


. 6 . . . 


2.5980762 


Heptagon . • . 


. 7 . . , 


3.6339124 


Octagon , . . 


. 8 . . 


. 4,8284271 


Nonagon . . . 


. 9 . . . 


6.1818242 


Decagon . . . 


. 10 . • 


. 7.6942088 


Undecagon . . 


. 11 . : 


. 9.3656399 


Dodecagon . • . 


12 . . , 


11.1961524 



Now, since the areas of similar polyi^ons are to each other' 
fts the squares of their homologous sides (Book IV. Prop. 
XXVII.), we shall hdve 

1^ : tabular area :: any side squared : area. 

Or, to find the area of any regular polygon, we have 

Rule II. — 1. Square the side of the polygon, 

2. Then multiply that square Jry the tabular area set opposite 
the polygon of the same number of sides, and the product will 
be the required area, 

1. What is the area of a regular hexagon whose side is 20? 

202=400, tabular area =2.6980702. 
Hence, 2.5980752x400=1039.2300800, as before. 

2. To iind the area of a pentagon whose side is 25. 

^715. 1075.298375. 

3. To find the area of a decagon whose side is 20. 

Ans. 3077.08352. 

PROBLEM VIII. 

To find the circumference of a circle when the diameter is 
given, or the diameter when the circumference is given. 

Rule. — Multiply the diameter ?>y 3.1416, and the product will 
lie the circumference; or, divide the circumference by 3.1410, 
and the quotient will be the diameter. 

It is shown (Book V. Prop. XIV.), that the circumference 
of a circle whose diameter is 1, is 3.1415926, or 3.1416. But 
since the circumferences of circles are to each other as their 
radii or diameters, we have, by calling the diameter of the 
second circle d, 

I : d :: 3;1416 : circumference, 
or, i2 X 3.1416= circumference* 

Hence, alsQ, ^^circumference 



3.1416 
Aa3 
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1. What is the circumference of a circle whose diameter 
is 25? ' Ans. 78.54. 

2. If the diameter of the earth is 7921 miles, what is the 
circumference T ^715. 24884.6136. 

3. What is the diameter of a circle whose circumference is 
11662.1904 T Ans. 37.09. 

4. What is the diameter of a circle whose circumference is 
6860? Ans. 2180.41. 

PROBLEM IK 

To find the length of an arc of a circle containing any number 
of degrees. • 

Rule. — Multiply the number of degrees in the given arc hj 
0.0087266, and the product by the diameter of the circle. 

Since the circumference of a circle whose diameter is 1, is 
3.1416, it follows, that if 3.1416 be divided by 360 degrees, 
the quotient will be the length of an arc of 1 degree : that is, 

?:ill^= 0.0087266= arc of one degree to the diameter 1. 

360 ^ 

This being multiplied by the number of degrees in an arc, the 
product will be the length of t^at arc in the circle whose diam- 
eter is 1 ; and this product bemg then multiplied by the diam- 
eter, will give the length of the arc for any diameter whatever. 

Remark. — ^When the arc contains degrees and minutes, re- 
duce the minute^ to the decimal of a degree, which is done by 
dividing them by 60. 

1. To find the length of an arc of 30 degrees, the diametei 
oeing 18 feet. Ans. 4.712364. 

2. To find the length of an arc of 12^ 10', or 12^, the diam- 
eter being 20 feet. Ans. 2.123472. 

3. What is the length of an arc of 10^ 15', or 10}°, in a cir- 
cle whose diameter is 68? Ans. 6.082396. 

PROBLEM X. 
To find the area of a circle. 

Rule !♦ — Multiply the circumference by half the radius (Book 
V, Prop. XII.). . 

RvLB Ih-^Multiply the square of the radius by 3.1416 (Book 
V. Prop. XXL Cor. 2). 

1. To find the area of a. circle whose diameter is 10 and 
airc»im£Bxence ai.416w Ans^ 7&54 
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2. Find the area of a circle whose diameter ia 7 and cir- 
cumference 21.9912. Ans. 88.4846. 

3. How many square yards in a circle whose diameter is 
3} feet? Ans. 1.069016. 

4. What is th^ area of a circle whose circumference is 12 
feet? ' • Ans. 11.4595. 

PROBLEM XL 
To find the area of the sector of a circle. 

Rule I. — Multiply the arc of the sector by half the radius (Book 
V. Prop. XII. Car. 1). 

Rule II. — Compute the area of the whole circle : then sar/y as 
360 degixes is to the degrees in the arc of the sector^ so is the 
area of the whole circle to the area of the sector. 

1. To find the area of a circular sector whose arc contains 
18 degrees, the diameter of the circlfe being 3 feet 

Ans. 0.35343. 

2. To find the area of a sector whose arc is 20 feet, the 
radius being 10. Ans. 100. 

3. Required the area of a sector whose arc is 147° 29', and 
radius 25 feet. Ans. 804.3986. 

PROBLEM XIL 
To find the area of a segment of a circle. 

Rule. — 1. Find the area of the sector having the same arc, by 
the last problem. 

2. Find the area of the triangle formed by the chord of the 
segment and the two radii of the sector. 

3. Then add these two together for the answer when the seg^ 
ment is greater than a semicirchy and subtract them when it 
is less. 

I. To find the area of the segment 
ACB, its chord AB being 12, and the 
radius EA, 10 feet. 

AsEA lOar.comp. . . 9.000000 
: AD 6 0.778151 

•2 sin D 90° 10.000000 



BinAED36°52'=36.87 9.778151 
2 




73.74=the degrees in the arc ACB^ 
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Then, 0.0087266 x 73.74 x 20= 12.87=arc ACB, nearly. 

5 

64.35=areaEACB. 



Again, VEA«— AD«=: -J 100—36= V64=8=ED ; 
and 6 X 8=48=the area of the triangle EAB. 

Hence, sect. EACB—EAB=64.35— 48= 16.35= ACB. 

2. Find the area of thd segment \7hose height is 18, the 
diameter of the circle being 60. Ans. 636.4834. 

3. Required the area of the segment whose chord is 16, the 
diameter being 20. Atls. 44.764. 

PROBLEM XIU. 

To find the area of a circular ring: that is, the area included 
between the circumferences of two 'circles which have a 
common centre. 

Rule. — Take the difference between the areas of the two circles. 
Or, subtract the square of the less radius from the square of 
the greater, and multiply the remainder by 3.1416. 

For the area of the larger is R-^ 

and of the smaller r^ 



Their difference, or the area of the ring, is (R* — r®)»r. 

1. The diameters of two concentric circles being 10 and 6, 
required the area of the ring contained between their circum- 
ferences. Ans. 50.2656. 

2. What is the area of the ring when the diameters of the 
circles are 10 and 20? Ans. 235.62. 

PROBLEM XIV. 

To find the area of an ellipse, or oval.* 

RvLE. — Multiply the two semi-axes together, and their product 
by 3.1416. 

c 

1. Required the area of an ellipse 
whose semi-axes AE, EC, are 35 and 25. 
Ans. 2748.9. 

* Although thifl rale, and the one for the foUowin? ppoblem, cannot be de- 
■Mnatrated without the aid of principles not yet considered, stiU it was then^lA 
best t% iQMat them, as they complete the rules necessary for the meneor&tieB 
jQf planes. 
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2, Required the area of an ellipse \vhose axes are 24 and 18 

Ans. 330.2928. 

PROBLEM XV. 

To find the area of any portion of a parabola. 

Rule. — Multiply the hose by the perpendicular height^ and take 
two-thirds of the product for ^ required area* 

1. To find the area of the parabola 
ACB9 the base A6 being 20 and the al- 
titude CD, 18. 

Ans. 240. 



2. Required the area of a parabola, the base being 20 and 
the altitude 30. Ans. 400* 



MENSURATION OP SOLIDS. 

The mensuration of solids is divided into two parts. 
1st. The mensuration of their surfaces ; and, 
2dly. The mensuration of their solidities. 
We have already seen, that the unit of measure for plane 
surfaces is a square whose side is the unit of length. 

A curved line which is expressed by numbers is also referred 
to a unit of length, and its numerical value is the number of 
times which the line contains its unit. If, then, we suppose the 
linear unit to be reduced to a right line, and a square con- 
structed on this line, this square will be the unit of measure 
for curved surfaces. 

The unit of solidity is a cube, the face of which is equal to 
the superficial unit in which the surface of the solid is estimated, 
and the edge is equal to the linear unit in which the linear di- 
mensions of the solid are expressed (Book VII. Prop. XIII. 
Sch.). 
The following is a table of solid measures : — 
1728 cubic inches =3 1 cubic foot. 
27 cubic feet = 1 cubic yard. 
4492| cubic feet = 1 cubic rod. 
282 cubic inches . = 1 ale gallon. 
231 cubic inches == 1 wine gallon. 
2150.42 cubi<^ inches =5 1 bueheL 
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OF POLTEDRON8, OR SURFACES BOUNDED BY PLANES, 
PROBLEM I. 

To find the surface of a right prism. 

Rule. — Multiply the perimeter of the base by the altitude^ mi 
the product will be the convex surface (Book VII. Prop. L). 
To this add the area of the two bases^ when the entire surface 
is required. 

1. To find the surface of « cube, the length of each side 
being 20 feet. Ans. 2400 sq.ft. 

2. To find the whole surface of a triangular prism, whose 
base is an equilateral triangle, havihg each of its sides equal 
to 18 inches, and altitude 20 feet. Ans. 91.949. 

3. What must be paid for lining a rectangular cistern with 
lead at 2d. a pound, the thickness of the lead being such as to 
require libs, for each square foot of surface ; the inner dimen- 
sions of the cistern being as follows, viz. the length 3 feet 2 
inches, the breadth 2 feet 8 inches, and the depth 2 feet 6 inches? 

Ans. 21. 3s. lOfA 

PROBLEM II. 

To find the surface of a regular pyramid. 

Rule. — Multiply the perimeter of the base by half the slant 
height^ and the product will be the convex surface (Book VIL 
Prop. LY.) : to this add the area of the base^ when the entire 
surface is required. 

1. To find the convex surface of a regular triangular pyrci 
mid, the slant height beiilg 20 feet, and each side of the base 
3 feet. Ans. 90 sq.ft* 

2. What is the entire surface of a regular pyramid, whose 
slant height is 15 feet, and the base a pentagon, of which each 
side is 25 feet ? Ans. 2012.798. 

PROBLEM III. 

To find the convex surface of the frustum of a regular 
- pyramid. 

Rule. — Multiply the hatf-sum of the perimeters of the two 
bases by the slant heigM of the frustum^ and tiie product will 
be the convex surface (Book Vlt. Prop. IV. Cor.). 
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1, How many square feet are there in the convex surface of 
the frustum of a square pyramid, whose slant height is 10 feet, 
each side of the lower oase 3 feet 4 inches, and each side of 
the upper base 2 feet 2 inches ? * Ans. IIO sq.ft. 

2. What is the convex surface of the frustum of an hepta- 
ffonal pyramid whose slant height is 55 feet, each side of the 
lower base 8 feet, and each side of the upper base 4 feet? 

Ans. 2310 sq. ft. 

PROBLEM IV 

To find the solidity of a prism. ^ 

Rule. — 1. Find the area of the base. 

2. Multiply the area of the base by the altitude, and the pro 
duct will be the solidity of the prism (Book VII. Prop. XIV.). 

1. What is the solid content of a cube who^e side is 24 
inches? Ans. 13824. 

2. How many cubic feet in a block of marble, of which the 
length is 3 feet 2 inches, breadth 2 feet 8 inches, and height or 
thickness 2 feet 6 inches ? 4^5.21^. 

3. How many gallons of water, ale measure, will a cistern 
contain, whose dimei\sions are the same as in the last example ? 

Ans. 129H. 

4. Required the solidity of a triangular prism, whose height 
is 10 feet, and the three sides of its trisM^gular base 3, 4, and 5. 
feet. Ans. 60. 

PROBLEM V. • 

To find the solidity of a pyramid. 

Rule. — Multiply the area of the base by one-third of the alti- 
tude, and the product will fcs the solidity (Book VII. Prop. 
XVII.). 

1. Required the solidity of a square pyramid, each sidef of 
its base being 30, and the altitude 25. Ans. 7500. 

2. mTo find the solidity of a triangular pyramid, whose ajiti* 
tude is 30, and each side of the base 3 feet. Ans. 38.9711. 

3. To find the solidity of a triangular pyramid, its altitude 
being 14 feet 6 inches, and the three sides of its base 5, 6, and 
7 feet. Ans. 71.0352. 

4. What is the solidity of a pentagonal pyramid, its altitude 
being 12 feet, and each side of its bkse.2 feet? 

; Ans. 27.5276. 

5. What is the solidity of an hexagonal pyramid, whose alti- 
tude is 6.4 feet, and each side of its base 6 inches 7 

Ans. 1.38564, 
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PROBLEM VL 
To find the solidity of the. frustum of a pyramid. 

Rule. — Add together the areas of the two bases of the frustum 
and a mean proportional between them^ and then muUiply the 
sum by one-third of the altitude (Book VII. Prop. XVI1L)« 

1. To find the number of solid feet in a piece of timber, 
whose bases are squares, each side of the lower base being 15 
inches, and each side of the upper base G inches, the altitude 
being 24 feet. Ans. 19.5. 

2. Required the solidity of a pentagonal frustum, whose alti- 
tude is 5 feet, each side of the lower base 18 inches, and each 
side of the upper base 6 inches. An^. 9.31925. 

Dejinitions. 

1. A wedge is a solid bounded by five g__ H 

planes: viz. a rectangle ABCD, called 
the base of the wedge ; two trapezoids 
ABH6, DCHG, wffich are called the 
sides of the wedge, and which intersect 
each other in the edge GH ; and the two 
triangles GDA, HCB, which are called 
the ends of the wedge. 

When AB, the length of the base, is equal to GH, the trape- 
zoids ABHG, DCHG, become parallelograms, and the wedge 
is then one-half the parallelopipedon described on the base 
ABCD, and having the same altitude with the wedge. ' 

The altitude of the wedge is the perpendicular let fall from 
any point of the line GH, on the base ABCD. 

2. A rectangular prismoid is a solid resembling the frustum 
of a quadrangular pyramid. The upper and lower bases are 
rectangles, having their corresponding sides parallel, and the 
convex surface is made up of four trapezoids. The altitude ot. 
the prismoid is the perpendicular distance between its bases. 

PROBLEM VII. 
To find the solidity of a wedge. 

Rule. — To twice the length of the base add the length of the 
edge. Multiply this sum by the breadth of the base, and then 
by the altitude of the wedge, and take one-sixth of the product 
for the solidity. 
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Let L=AB) the length of G H 

the base. y^ 7 

Z=GH, the length of y 

the edge. /// 

fc=BC, the breadth of X // 

the base. >/ -^// 

A=PG, the altitude of D<: "V i 
the wedge. \ / \ / 

Then, L— Z=AB— GH= }t — m ^^ 

AM. 

Suppose AB, the length of the base, to be equal to GH, the 
length of the edge, the solidity will then be equal to half the 
parallelopipedon having the same base and the same altitude 
(Bo6k VII. Prop. VII.). Hence, the solidity will be equal 
to \hlh (Book VII. Prop, XIV.).' 

If the length of the base is greater than that of the edge, 
let a section MNG be made parallel to the end BCH. The 
wedge will then be divided into the triangular prism BCH-M, 
and the quadrangular pjramid G-AMND. 

The solidity of the prism =i5A/, the solidity of the pyramid 
=i6A(L— 0; and their sum, i6AZ+^6A(L— 0=|M3/+iM2L 

— Jft/^2/=i6A(2L+/)• 
If the length of the base is less than the length of the edge, 
the solidity of the wedge will be equal to the difference be* 
tween the prism and pyramid, and we shall have for the solid- 
ity of the wedge, 

\lli1r-^hh{l—\) =iftA3Z— JM2Z+iM2L=i6A(2L+0. 

1. If the base of a wedge is 40 by 20 feet, the edge 35 feet, 
and the altitude 10 feet, what is the solidity? 

Ans. 3833.33. 

2. The base of a wedge being 18 feet by 9, the edge 20 
feet, and the altitude 6 feet, what is the solidity 7 

Ans. 904. 

PROBLETM Vin. 

T6 find the solidity of a rectangular prismoid. 

RvLS. — Add together the areas of the two hoses and four times 
the areja of a parallel section at equal distances from ths 
hoses: then multiply the sum by one-sixth of the altitude. 

Bb 
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Let L and B be the length apd ^ V_ 

breadth of the lower base, / and b the ""' 

length and breadth of the upper base, 

H and m the length and breadth of the 

section equidistant from the bases, and / \j m 

h the altitude of the prismoid. 

Through the diagonal edges L and 
T let a plane be passed, and it will di- 
vide the prismoid into two wedges, 
bavins for bases, the bases of the prismoid, and for edges the 
lines L and f =Z. 

The solidity of these wedges, and consequently of the pris- 
moid, is 

iBA(2L+0+iftA(2HL)=iA(2BL+B/+26/+6L). 

But since M is equally distant from L and ^ we have ^ 
2M=L+Z, and 2m=B + ft; 
hence, 4Mw=(L+0x(B+6)=BL+BZ+feL+W. 

Substituting 4Mm for its value in the preceding equatioR, 
and we have for the solidity 

iA(BL+6Z+4Mm). 

Remark* — ^This rule may be applied to any prismoid what- 
ever. For, whatever be the form of the bases, there may be 
inscribed in each the same number of rectangles, and the num- 
ber of these rectangles may be made so great that their sum 
in each base will differ from that base, by less than any assign- 
able quantity. Now, if on these rectangles, rectangular pris- 
moids be constructed, their sum will differ from the given pris- 
moid by less than any assignable quantity* Hence the rule is 
general. 

1. One of the bases of a rectangular prismoid is 25 feet br 
20, the other 15 feet by 10, and the altitude 12 feet; required 
the solidity, ^ws. 37000. 

2. What is the solidity of a stick of hewn timber, whose 
ends are 30 inches by 27, and 24 inches by 18, its length being 
34 feet? Ans. 102 feet. 



or THB MEASURES OF THE THREE ROUND BODIES. 

PROBLEM K. 

To find the surface of a cylinder. 

fiuLE. — MuUxpJy the circumference of the hose by the alhiua^ 
^nd the product will he the convex surface (Book VIII. Prop* 
I.). To this add the areas of the two bases, when the entire 
surface is required. 
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1. What is the convex surface of a cylinder, the diameter 
of whose base is 20, and whose altitude is 50? 

Ans. 3141.6. 

2. Required the entire surface of a cylinder, whose altitude 
is 20 feet, and the diameter of its base 2 feet. 

Ans. 131.8472. 

PROBLEM X. 

To find the convex surl^ce of a cone, 

HuLE. — Multiply the circumference of the base hy half the tide 
(Book yill. Prop. III.) :to which add the area of the base, 
when the entire surface is required. 

1. Required the convex surface of a cone, whose side is 50 
feet, and the diameter of its base 8} feet Ans. 667.59. 

2. Required the entire surface of a cone, whose side is 36 
and the diameter of its base 18 feet. Ans. 1272.348. 

PROBLEM XI. 

To find the surface of the frustum of a cone. 

Rule. — Multiply the side of the frustum by half the sum of the 
circumferences of the two bases^for the convex surface (Book 
VIII. Frop. IV.) : to which add the areas of the two bases, 
when the entire surface is required. 

1. To find the convex surface of the frustum of a cone, the 
side of the frustum being 12^ feet, and the circumferences of 
the bases 8.4 feet and 6 feet. Ans. 90. 

2. To find the entire surface of the frustum of a cone, the 
side being 16 feet, and the radii of the bases 3 feet and 2 feet. 

Ans. 292.1688. 

PROBLEM Xn. 

To find the solidity of a cylinder. 

VLxTLm.'^Multiply the area of the base by the altitude (Book VIII. 
Prop. II.). 

1. Required the solidity of a cylinder whose altitude is 12 
feet, and the diameter of its base 15 feet. Ans^ 2120.58. 

2. Required the solidity of a cylinder whose altitude is 20 
* feet, and the circumference of whose base is 5 feet 6 inches. 

Ans. 48.144. 



Digitized by 



Googk 



,.M2 MENSURATION OF SOLIDS. 

PROBLEM Xm. 

To find the solidity of a cone. 

Rule. — Multiply the area of the base by the altitude, aid tab 
one-third of the product (Book VIII. Prop. V.). 

1. Required the solidity of a cone whose altitude is 27 feet, 
and the diameter of the base 10 feet. Ans. 706.86. 

2. Required the solidity of a cone whose altitude islOjfeet, 
and the circumference of*its base 9 feet. Ans. 22.56. 

PROBLEM XIV. 

To find the solidity of the frustum of a cone. 

Rule. — Add together the areas of the two bases and a mean 
vroportional between them, and then multiply the sum by one- 
third of the altitude (Book VIII. Prop. VI.). 

1. To find the solidity of the frustum of a cone, the altitude 
being 18, the diameter of the lower base 8, and that of the 
upper base 4. Ans. 627.7888. 

2. What is the solidity of the frustum of a cone, the altitude 
being 25, the circumference of the lower base 20, and that of 
the upper base 10? Ans. 464.216. 

3. If a cask, which is composed of two equal conic frustuiM 
joined together at their larger bases, have its bung diameter 28 
inches, the head diameter 20 inches, and the length 40 inches, 
how many gallons of wine will it contain, there being 231 cubic 
inches in a gallon? Ans. 79.0613. 

PROBLEM XV. 
To find the surface of xi sphere. 

Rule I. — Multiply the circumference of a great circle by thi 

diameter (Book VIII. Prop. X.). 
Rule II. — Multiply the sqicare of the diameter, or four times 

the square of the radius, by 3.1416 (Book VIIl. Prop. X 

Con). 

1. Required the surface of a sphere whose diameter is 7» 

Am. 154.9384. 

2. Required the surface of a sphere whose diameter is 24 
inches. Ans. 1809,5616 in. 

3. Required the area of the surface of the earth, its diam- 
eter being 792 1 miles. Ans. 1 971 1 1 024 sq. miles. 

4. What is the surface of a sphere, the circumference of it» 
great circle being 78,64 ? Jlws, 1963.5. 
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PROBLEM XVI. 
To find the surface of a spherical zone. 

Rule. — Multiply the altitude of the zone by tlie circumference 
of a great circle of the .sphere, and the product unit be the 
surface (Book VIII. Prpp. X. Sch. 1). . . 

1. The diameter of a sphere being 42 inches, what » the 
convex surface of a zone whose altitude is 9 inches ? 

Ans. 1187.5248 5^. in., 

2. If the diameter of a sphere is 12^ fe^t, what will be the 
surface of a zone whose altitude is 2 feet ? 

Ans. 18.54k sq.ft. 

PROBLEM XVII. 
To find the solidity of a sphere. 

RiTLE I. — Multiply the surface by one-third of the radius (Book 
VIII. Prop. XIV.). 

Rule II. — Cuhe the diameter^ and multiply the number thus 
found by in : that is, by 0.5236 (Book VIII. Prop. XIV. 
Sch. 3). 

1. What is the solidity of a sphere whose diameter is 12? 

Ans. 904.7808. 

2. What is the solidity of the earth, if the mean diameter 
be taken equal to 7918.7 miles? Ans. 259992792083. 

PROBLEM XVIIL 
To find the soliitity of a spherical segment. '"* 

Rule: — Find the areas of the two bases, and,fnultiply their sum 
by half the height of the segment; to this product add the 
solidity of a sphere whose diameter is equal to the height of 
the segment (Book VIII. Prop. XVIL). . 

Remark. — ^When the segment has but one base, the other is 
to be considered equal to (Book VIII. Def. 14). 

1. What is the solidity of a spherical segment, the diameter 
of the sphere being 40, and the distances from the centre to the 
bases, 16 and 10. Ans. 4297.7088. 

2. What is the solidity of a spherical segment with one base^ 
the diameter of the sphere being 8, and the alritude of the 
segment 2 feet? Ans. 41.888. 

Bb2 
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3. What is the solidity of a ^herical segment with one base, 
the diameter of the sphere being 20, and the altitude of the 
segment 9 feet ? Ans. 1781.2872. 

PROBLEM XIX. 

To find the smface of a spherical triangle. 

RuxE. — 1. Compute the surface of the sphere on which the trian- 
gle is formedj and divide itbyS; the quotient will he the ntr- 
f€u:e of the tri-rectangular triangk. 

2. Add the three angles together ; from their sum subtract 
180^, and divide the remainder by 00^ : then multiply the tri- 
rectangular triangle by this quotient, and the product wiU ie 
the surface of the triangle (Book IX. Prop. XX.). 

1. Required the surface of a triangle described on a sphere, 
whose diameter is 30 feet, the angles being 140"", 92°, and 68^. 

Ans. 411.24: sq. ft, 

2. Required the surface of a triangle described on a sphere 
of 20 feet diameter, the angles being 120° each. 

Ans. 314.16 sq.ft. 

PROBLEM XX. 
To find the surface of a spherical polygon. 

Rule. — 1. Find the tri-rectangular triangle, as before. 

2. From the sum of all the angles take the product of two 
right angles by the number of sides less two. Divide the re- 
mainder by 90°, and multiply the tri-rectangular triangle by 
the quotient : the product will be the surface of the polygon 
(Book IX. Prop. XXI.). 

L What is the surface of a polygon of seveii sides, de- 
scribed on a sphere whose diameter is 17 feet, the sum oJf tbft 
angles being 1080° ? Ans. 226.98. 

2. What is the surface of a regular polygon of eight sides, 
described on a sphere whose diameter is 30, each angle of tho 
polygon being 140°? Am. 151.08. 



OF THE REGULAR POLYEDRONS. 

In determining the solidities of the regular polyedrons, it 
becomes necessary to know, for each of them, the angle con- 
tained between any two of the adjacent faces. The detemu- 
nation of this angle involves the following property of a regu- 
lar po!yg<?n, vif. — 
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Half the diagonal which joins the extremities of two adjacent 
sides of a regular polygon^ is equal to the side of the polygon 
multiplied by the cosine of the angle which is obtained by di- 
viding 360° by twice tlie numbei^ of sides : the radius being 
equal to unity. 

Let ABCDE be any regular poly- 
gon. Draw the diagonal AC, and from 
Sie centre Fdraw FG, perpendicular 
to AB. Draw also AF, FB ; the lat- 
ter will be perpendicular to the diag- 
onal AC, and will bisect it at H (Book 
IILProp.VLSch.). 

Let the number of sides of the poly- 
gon be designated by n : then, 

j^YB=—, and AFG=CAB 




360° 



n 2n 

But in the right-angled tri^gle ABH, we have 



AH=ABcosA= 



: AB cos ?^ (Trig. Th. L Cor.) 
, 2» 



Remark 1 . — ^When the polygon in question is the equilateral 
triangle, (he diagonal becomes a side, and consequently half 
the diagonal becomes half a side of the triangle. 

360° 
Remark 2. — ^The perpendicular BH=AB sin -^^-— (Trig. 

Th. I. Cor.). 



2n 



To determine the angle included between the two adjacent 
faces of either of the regular polyedrons, let us suppose a plane 
to be passed perpendicular to the axis of a solid angle, and 
through the vertices of the solid angles which lie adjacent. 
This plane will intersect the convex surface of the polyedron 
in a regular polygon ; the number of sides of this polygon will 
be equal to the number of planes which meet at the vertex of 
either of the solid angles, and each side will be a diagonal of 
one of the equal faces of the polyedron. 

Let D be the vertex of a solid angle, 
CD the intersection of two adjacent faces, 
and ABC the section made in the convex 
surface of the polyedron by a plane per- 
pendicular to the axis through D. 

Through AB let a plane be drawn per- 
pendicular to CD, produced if necessary, 
and suppose AE, 13B, to be the lines m 
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vrhich this plane intersects the adjacent 
faces. Then will AEB be the angle in- 
cluded between the adjacent faces, and 
FEB will be half that angle, which we 
will represent by JA. 

Then, if we represent by n the num- 
ber of faces which meet at the vertex of 
the solid angle, and by m the number of 
vides of each face, we shall have, from. what has ak^ady 
been shown, 




BF==:BC cos 



360^ 



and EB=BC sin 



360^ 



But 



BP. 
EB 



hence, 



2n 2m 

=sin FEB = sin ^A, to the radius of unitv; 

360^ 
2n 



cos 



sin iA=- 



sm . 



360° 
2m 



This formula gives, for the plane angle formed by every two 
adjacent faces of the 

Tetraedron 70° 31' 42" 

Hexaedron 90° 

Octaedron lOO^ 28' 18" 

Dodecaedron . . . , . • .116° 
loosaedron 138° 



33' 54" 
11' 23" 



Having thus found the^gle included between the adjacent 
faces, we can easily calculate the perpendicular let fall from 
the centre of the polyedron on one of its faces, wjien the faces 
themselves are known. 

The following table shows the solidities and surfaces of the 
regular polyedrons, when the edges are equal to 1. 



A TABLE OF THE REGULAR POLYEDRONS WHOSE EDGES ARE 1* 



Surface. Solidity. 

1.7320508 .... 0.11785ia 

6.0000000 .... 1.0000000 

3.4641016 .... 0.4714046 

20.6457288 .... 7.6631189 

8.6602540 .... 3.1816950 



Names. 


No. of Faces. 


Tetraedron . . 


. . . 4 . . . 


Hexaedron . . 


. . . 6 . . . 


Octaedron. . . 


. . . 8 . . . 


Dodecaedron . 


. . . 12 . . . 


Icosaedron . . 


. . . 20 . . . 
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PROBLEM XXL 

To find the solidity of a regular polyedron. 

Rule I. — Multiply the surface by one-third of the perpendicular 
let fall from the centre on one of the faces^ and the proditct 
will be the solidity. 

Rule II. — Multiply the cube of one of the edges by the solidity 
,iof a similar polyedron, whose edge is I, 

The first rule results from the division of the pplyedron into 
as many equal pyramids as it has faces. The second is proved 
by considering that two regular polyedrons having the same i 
number of faces may be divided into an equal number of simi- 
lar pyramids, and that the sum of the pyramids which make 
up one of the polyedrons will be to the sum of the pyramids 
which make up the other polyedron, as a pyramid of the first 
sum to a pyramid of the second (Book II. Prop. X.) ; that is, 
as the cubes of their homologous edges (Book VII. Prop. XX.) ; 
that is, as the cubes of the edges of the polyedron. 

1. What is the solidity of a tetraedron whose edge is 15? 

Ans. 397.76. 

2. What is the solidity of a hexaedron whose edge is 12? 

Ans. 1728. 

3. What is the solidity of a octaedron whose edge is 20 ? 

Ans. 3111.236. 

4. What is the solidity of a dodecaedron whose edge is 25 ? 

• Ans. 119736.2328. 

5. What is the solidity of an icosaedron whose side is 20? 

Ans. 17453.56. 
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A TABLE 



OF 



LOGARITHMS OF XUMBERS 

FKOM 1 TO 10,000. 



N. 

1 


Lob. 


N. 
26 


Log. 


N. 
51 


Lr«j. 
1.707570 


N. 

76 


Lo«. 


0.000000 


1.414973 


1.880814 


2 


0.301030 


27 


1.431364 


52 


1.716003 


77 


1.886491 


3 


0.477121 


28 


1.447158 


53 


1.724276 


78 


1.892095 


4 


0.602060 


29 


1.462398 


54 


1.732394 


79 


1.897627 


5 


0.698970 


30 


1.477121 


55 


1.740363 


80 


1.903090 


6 


0.778161 


31 


1.491362 


56 


1.748188 


81 


1.908485 


7 


0.846098 


32 


1.605150 


57 


1.755875 


82 


1.913814 


8 


0.903090 


33 


1.618514 


58 


1.763428 


83 


K919078 


9 


0.954243 


34 


1.631479 


59 


1.770852 


84 


1.924279 


1ft 


1.000000 


35 


1.544068 


60 


1.778151 


85 


1.929419 


U 


*1. 041393 


36 


1.556303 


61 


1.785330 


86 


1.934498 


12 


1.079181 


37 


1.568202 


62 


1.792392 


87 


1.939519 


13 


1.113943 


38 


1.679784 


63 


1.799341 


88 


1.944483 


li 


1-146128 


39 


1.591065 


64 


1.806180 


89 


1.949390 


16 


1.176091 


40 


1.602060 


65 


1.812913 


90 


1.954243 


16 


1.204120 


41 


1.612784 


66 


1.819544 


91 


1.959041 


17 


1.230449 


42 


1 .J623249 


67 


1.826075 


92 


1.9:>3788 


18 


1.255273 


43 


1.633468 


08 


1.832509 


93 


1.968483 


19 


1.278754 


44 


1.643453 


69 


1.838849 


94 


1.973128 


560 


1.301030 


45 


1.653213 


70 


1.845098 


95 


1.977724 


21 


1.322219 


46 


1.662758 


7T 


1.831258 


96 


1.982271 


22 


1.342423 


47 


1.672098 


72 


1.857333 


97 


1.986772 


23 


1.361728 


48 


1.681241 


73 


. 1.863323- 


98 


1.991226 


24 


1.380211 


49 


1.690196 


74 


1.869232 


99 


1.995635 


25 


1.397940 


50 


1 1.698970 


75 


1.875061 


100 


2.000000 



N,B. In the following table, in the last nine columns of each 
page, where the first or leading figures change from 9'8 to O's, 
points or dots are introduced instead of the O's through the rest 
of the line, to catch the eye, and to indicate that froa *^eiice 
Ac annexed first two figures of the Logarithm in the seLs.r»>! 
•olumn stand in the next lower line. 
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A TABLE OF LOOARITinCS FSOX 1 


TO io,ooa 




N. 1 |l|2|3J4i5i6|7|8|9lD| 


100 1 000000 


0434 0868 


13011 1734. 2166; 2598 3U29 3461 3891 4;<2 


101 


4321 


4761 6181 


56091 6038: 6466} 68941 7321 7748 8174 42b 


102 


8600 


9026 9451 


98761 .300, .7241 1147 1570 1993 2415 424 


103 


012837 


3259; 3680 


4100 45211 4940; 5360, .'>779, 6197 6616:419 


104 


7033 


745l| 7868; 8284: 87001 9116' 9532' 9947] .361 


.77.> 416 


105 


021189 


1603; 2016 


242S; 2841 3252; 3664, 4075 4486 


48961412 


106 


5306 


5715 6125 


6533: 6942 7350 77671 8164| 8671 


8978 j 408 


107 


9384 


9789 .195 


.600j 1004 1408| 1812! 22161 2619 


3021 404 


108 


033424 


3826 4227 


4628i 5029 5430i 5830! 6230 


6629 


,7028 40<l 


109 
110 


7426 


7825| 8223 
17871 2182 


8620! 9017 
2576' 2969 


941419811 
33621 3755 


.207 


.602 


.998 


396 


041393 


4148 


4540 


4932 


393 


111 


6323 


5714 6105 


64951 6885 


75175; 7664 


8053 


8442 


8830 


389 


112 


9218 


9606) 9993 


.380} .766 


11531 1538 


1924 


2309 


2694 


386 


113 


053078 


3463: 3846 


4230 '4013 


49961 5378 


5760 


6142 


6524 


382 


114 


6905 


7286 7666 


80461 8426 8805, 9185, 9563 


9942 


.320 


379 


116 


060698 


10751 1452 


18291 2206' 2582 2958 


3333 


3709 


4083 


376 


116 


4458 


4832 


5206 


56801 5953 6326 6699 


7071 


7443 


7815 


372 


117 


8186 


8557 


8928 


9298,96681 ..38 .407 


.7^^ 


1145 


1514 


369 


118 


071882 


2250 


2617 


2985 


3352 371814085 


4451 


4816 


5182 


366 


119 
120 


5547 


6912 
9543 


6276 
9904 


6640 
.266 


7004 
.626 


7368; 7731 


8094 
1707 


8457 


8819 


363 


079181 


.987 


1347 


2067 


2426 


360 


121 


08278^ 


3144 


3503 


3861 


4219 


4576 


4934 


5291 


5647 


6004 


357 


122 


6360 


6716 


7071 


74261 7781 18136 


8490 


8845 


9198 


9552 


355 


123 


9905 


.258 


.611 


.963 


1315 


1667 


2018 


2370 


2721 


307r 


351 


124 


093422 


3772 


4122 


4471 


4820 


5169 


5518 


5866 


6215 


6562 


349 


125 


6910 


7257 


7604 


7951 


8298 


8644 


8990 


9335 


9681 


..26 


346 


126 


100371 


0716 


1059 


1403 


1747 


2091 


2434 


2777 


3119 


3462 


343 


127 


3804 


4146 


4487 


4828 


5169 


6510 


5851 


6191 


6531 


6871 


340 


128 


7210 


7549 


7888 


8227 


8565 


8903 


9241 


9579 


9916 


.253 


338 


129 
130 


110590 


0926 
4277 


1263 
4611 


1599 
4944 


193412270 
5278 5611 


2605 
5943 


2940 


3275 


3609 
6940 


335 
333 


113943 


6276 


660i 


131 


7271 


7603 


7934 


8265 


8595 


8926 


9256 


9586 


9915 


.245 


330 


132 


120574 


0903 


1231 


1560 


1888 


2216 


2544 


2871 


3198 


3515 


328 


133 


3852 


4178 


4504 


4830 


5156 


5481 


5806 


6131 


6456 


6781 


325 


134 


7105 


7429 


7753 


8076 


8399 


8722 


9045 


9368 


9690 


..12 


323 


135 


130334 


0655 


0977 


1298 


1619 


1939 


2260 


2580 


2900 


3219 


321 


136 


3539 


3858 


4177 


4196 


4814 


5133 


5451 


5769 


6086 


6403 


318 


137 


6721 


7037 


7354 


7671 


7987 


8303 


8618 


8934 


9249 


95b'4 


315 


138 


9879 


.194 


.508 


.822 


1136 


1450 


1763 


2076 


2389 


2702 


314 


139 
140 


143015 


3327 

6438 


3639 


3951 
7058 


4263 
7367 


4574 
7676 


4885 
7985 


5196 


5507 
8603 


5818 
8911 


311 
309 


146128 


6748 


8294 


141 


9219 


9527 


9S35 


. 142 


.449 


,756 
^815 


1063 


1370 


1676 


1982 


307 


142 


152288 


2594 


2900 


3205 


3510 


4120 


4424 


4728 


5032 


305 


143 


5336 


5640 


5943 


6246 


6549 


6852 


7154 


7457 


7759 


8061 


303 


144 


8362 


8664 


8965 


9266 


95l67 


9868 


.168 


.469 


.769 


1068 


301 


145 


161368 


1667 


1967 


2266 


2564 


2863 


3161 


3460 


,3758 


4055 


299 


146 


4353 


4650 


4947 


5244 


5641 


5838 


6134 


6430 


6726 


7022 


297 


147 


7317 


7613 


T908 


8203 


8497 


8792 


9086 


9380 


9674 


9968 


295 


148 


170262 


0555 


0848 


1141 


1434 


1726 


2019 


2311 


2603 


2395 


293 


149 
150 


3186 


3478 
6381 


3769 


4060 


4351 


4641 


4932 


5222 


5512 


5802 


291 

289 


176091 


6671; 


^6959 


7248 


7536 


7825 


8113 


8401 


8689 


161 


8977 


9264 


9552 


9839 


.126 


.413 


.699 


.985 


1272 


1558 


287 


152 


181844 


2129 


2415 


2700 


2985 


3270 


3556 


3839 


4123 


4407 


285 


153 


4691 


4975 


5259 


5542 


5826 


6108 


6391 


6674 


6956 


7239 


283 


154 


7521 


7803 


8084 


8366 


8647 


8928 


9209 


9490 


9771 


..51 


281 


155 


190332 


0612 


0892 


1171 


1461 


1730 


2010 


2289 


2567 


2846 


279 


156 


3125 
6899 


3403 


3681 


3959 


4237 


4514 


4792 


5069 


5346 


5623 


278 


157 


6176 


6453 


6729 


7005 


7281 


7656 


7832 


8107 


8382 


276 


168 


8667 


8932 


9206 


9481 


9755 


..29 


.303 


.577 


.850 


1124 


274 


159 2013971 16701 194312216 


2488 


276113033 


3305 


3577" 3848 


'272 


N. i 1 1. 1 2 1 3 1 4 1 5 1 6 1 7 1 8 1 9 1 D. 1 
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9 


N. 


11 


3 


3 1 4 1 5 1 6 1 7 1 


8 9 ID. J 


w 


204120 


4391 


4663 


4934 


5204 


5475 


[5746 


6OI61 


6286 


6556 


iTF 


161 


0826 


7096 


7365 


7634 


7904 


8173 


8441 


8710 


8979 


9247 


269 


162 


9515 


9783 


..61 


.319 


.686 


.863 


1121 


1388 


1654 


1921 


267 


163 


212188 


2454 


2720 


2986 


3252 


3518 


3783 


4049 


4314 


4579 


266 


164 


4844 


5109 


5373 


6638 


5902 


6166 


6430 


6694 


6967 


7221 


264 


165 


7484 


7747 


8010 


8273 


8536 


8798 


9060 


9323 


9585 


9846 


262 


166 


220108 


0370 


0631 


0892 


1153 


1414 


1675 


1936 


2196 


2466 


261 


167 


2716 


2976 


3236 


3496 


3755 


4015 


4274 


4633 


4792 


6051 


259 


168 


5309 


6668 


5826 


6084 


6342 


6600 


6858 


7116 


7372 


7630 


268 


169 
170 


7887 


9144 


8400 
0960 


8657 
1215 


8913 


9^ 


9426 


9682 


9938 


.193 


256 
254 


230449 


0704 


1470 


1724 


1979 


2234 


2488 


2742 


171 


2996 


3250 


3504 


3757 


4011 


4264 


4517 


4770 


6023 


6276 


253 


172 


5528 


5781 


6033 


6286 


6537 


6789 


7041 


7292 


7544 


7795 


252 


178 


8046 


8297 


8548 


8799 


9049 


9299 


9550 


9800 


..50 


.300 


250 


174 


240549 


0799 


1048 


1297 


1546 


1795 


2044 


2293 


2541 


2790 


249 


175 


3038 


3286 


3534 


3782 


4030 


4277 


4525 


4772 


5019 


5266 


248 
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